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Solution of n.th Order Constant Coefficients Complex
Partial Derivative Equations by Using Fourier
Transform Method
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Abstract

The aim of this article is to find a specific solution for constant coefficients complex partial differential
equations using Fourier transform. Firstly, equality of complex derivatives have been obtained from kind
real derivatives. Later Fourier Transforms have been used for obtained equation. Finally a formula has
been given for a special solution of these kind equations. Also, examples are given to display the validity
of the present method.
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1. Introduction

There is no real solution of some algebraic equations. For example 2* 4+ 1 = 0 equation has no to a solution in R.
Similarly general solutions of some differential equations in real space can not be found, too. For example

Uze +Uyy = 0. (1.1)
Laplace equation does not have general solution in R?. But
Uz =0. (1.2)

which is equivalent to (1.1) Laplace equation has general solution in complex space and the solution of (1.2) is
U = f(2) + ¢ (%), where g is anti-analytic, f is analytic and z = x + iy. That is, although an equation doesn’t have
a general solution in real, it can have general solution in complex space. The existence of solution of complex
differential equations, exact and numerical solution methods are important research topics for mathematicians. The
most basic works in the theory of complex differential equations are "Theory of Pseudo Analytic Functions" which
is written by [2] and "Generalized Analytic Functions" which is written by [11]. There are also recently studies on
complex differential equations. Complex differential equations in the form f”(z) + A(z) f(z) = 0 have been studied
in [5, 6, 9]. Approximate solutions of linear complex differential equations which have variable coefficients were
studied in [9] and [10]. Similarly numerical solutions of linear complex differential equations have been studied
with complex operational matrix method in [12]. In studies [13] and [14], the numerical solutions of linear complex
differential equations have been obtained by using Legendre and Hermite polynomials. In this study, the equations
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of the following form has been studied.

o™ w 0" w 0" w o tw o tw o tw
An an An— aon—19= A na—n An— aon—1 An— an—2 0= A n—1"_"p_"71
0 A Gyt T Ao A0t T A sy et Ao et
w w
Alg— +Ag1—+ A =F(z,7).
+A10 B + Ao 9z + Ag,ow (2,%)

(1.3)
Where A4;; (1 <i<n,1<j<n) are real constants. Fourier transform has been used for solution . Fourier
transform is an important integral transform. Integral transform is a method such that it is used for solutions
of linear differential equations. Integral transforms are transformations that transform one function into another
function under integral. These transformations are in the following form

b
g(a) = / F (1)K (a,t) dt. (14)

where K (a,t) is called the kernel of the transform. In (1.4), f (¢) is input function and g(«) is output function.
Integral transforms have been used to solve many problems in mathematical physics, applied mathematics and
engineering sciences. The Fourier Transform was given by Jean-Baptiste Joseph Fourier. This transform is used
in many areas of engineering and it has been very useful for analyzing harmonic signals. The sound analysis
can be given as example to applications of Fourier transform. The problem of finding who a sound belongs to
can be given as an example of the applications of Fourier transform. The Fourier transform is also very useful in
mathematics. Differential equations, generalized integrals, integral equations can be computed with the help of
Fourier transforms. For example, it can be seen with aid Fourier transform of

1 -l<t<l1
f(t):{ 0 ;teR—[-1,1].

function that [° stdt = 7.

Linear complex partial derivative equations with constant coefficients from first order has been solved by using
Fourier transform in [8]. This study is a generalization of [8]. A theorem has been given for (1.3) differential
equation. This work has been organized as follows: Basic definitions and theorems are given in Section 2. In the next
section, we mention that the relationship between complex derivatives and real derivatives. Then, a formulation to
solution of the equation (1.3) has been obtained and some examples are given for validity of the method. In final
section, conclusion is given.

2. Basic Definitions and Theorems

Definition 2.1. Fourier transform of f (t) is defined as

Fro- [ T r e, 21)

As integral (2.1) is function of w

is written.

Definition 2.2. If F[f (t)] = F (w) then f (¢) is called inverse Fourier transform of F (w), where

f(t) = 1 / h F (w) e™dw. (2.2)

2r J_
and it is denoted by f (t) = F~! [F (w)].
Theorem 2.1. [1] and [3] The Fourier Transform is linear. Let ¢y, co € R. Then,

Flenfi () +eaf2 ()] = aaF [f1 ()] + 2 F [f2 (1)].
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Theorem 2.2. [1]and [3] Let f (t) be continuous or partly continuous in the interval (—oo, 0o) and f (), f' (t) , ..., ™~V (t) —
0 for [t| — oo. If f, f/, ..., F=1 are absolutely integrable in the interval (—oo, 00), then

Flro @] = )" Fw).

Now let’s give the definition of the Dirac delta function, which is a commonly used function in Fourier transform.

6(t):{ 0 t#0

o ;t=0.

The Dirac delta function has some following properties [3] and [4].

[ 6(t)dt =

S f®)é (t—to)dt f (to),
(w— guo)” 5 (w —wp) = (I C)[Z nld (w — wp) ,
LD P e A

~% (w —wo) n!

w = wyp) .

n!  dwn
Theorem 2.3. [1] and [3]. Fourier transforms of some functions are following:
(i) F[1] =2né (w),
(ii) F[t"] = 27i"0™) (w),

A" F [y]
dw™

(ifi) F[t".y] =

(iv) F[e0t] = 2m6 (w — wp),
(©) I Flyl =Y (w), then F [ei“ot.y] =Y (w — wp),
(i) Fle™] = 276 (w + ia),
(i) IFFly] = Y (w) then F [e¥ot.y] = Y (w + iwp).
(viii) F[5(t)] = L.

Lemma 2.1. [7]

2 n—1
Let f (x,y) be continuous or partly continuous in the interval (—oo, o) and f (z,y) , of (w,y) O°f (@y) o f(@.y)

5 52 o Ox ' oz2 77 Qan-l
0 for |z| = co. If f(z,y), I, y), / (Z’ v) e ];(_xl’ v) are absolutely integrable in (—oo, 00), then Fourier trans-

7] x
forms of partial derivatives n.th order of f (z,y) are following:

0 7 (TLE) = o) F (.,

3 Of (z,y)\ _ 9"F (w,y)
(Zl)f( ay" > ayn

where is F (w,y) = F (f (x,y)) .

Lemma 2.2. [7] Fourier transforms of partial derivatives (n + m).th order of f(x, y)are following:

It (x,y)] L a OTF (w,y)
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3. Equivalent of Complex Derivatives in the Real Derivatives

3+.2
Ox Z@y'

Definition 3.1. Derivative operators

0 _1(0 ;0\ 9 _1
0z 2\ 0x 8y "0z 2

are called complex derivative operators.

Lemma 3.1. Let n and r be a positive integer number and n > r, then

()+(m)= ()

Lemma 3.2. From sum symbols following equality is valid :

Z%th = Zzakbh-
k=0 h=0

k=0h=0

Lemma 3.3. Let w = w (2, %) be a complex variables and valued function. Then,

omw 1 ~ (72.)1@ n o"w
dzn 2n Pt k) Oxn—koyk’

Proof. Proof can be made by induction. For n = 1, due to equality then we have

o) O (5] e Dt

As a result, it is true for n = 1. Let n = r is true. So, we have

O™ w 1 — ( ,)k (r) O"w

r = or - r—k k"
0z 2 = k) 0xm—k0y
Then, we must show that it is true forn = r + 1.

Otlw 90w 91T ko OTw 10 /1 ko OTw
9z7+t1 T 9z 92 %27%2::0(7@) (k) oz koyk — 20z (2";;_:0(2) (’“) 8x7'—k8y’f) B

10 /1 o"w 1L ~k /r w
587 ( Z (— ) ( )8$rkayk) = ort1 kZ::O(_Z) (v) D7 1=k Qyk

r 87-+1 1 87-+1w ,87'+1w . a7-+1w o 87-+1,w
2r+1 Z (= ) ( )(%r RQyk+1 = or+1 |:(8Ir+1 _Z&Cray) + (_2(1)My + (—1) (1)3IT—13y2>}

b e i (o
2r+1 dxdy™  rightoytl )|’

If we take the common multiplier in paranthesis, than we get following equality

LT (T ) i ()0 (e
T ortl | gt ! drroy Y azrdy t Vagr—19y2 " \2) gpr—1g,2
1 O lw ) O w . O lw 9 . O w . o 1w
=51 {azm —1 <3zray + (1)M> + (=) <(1)3x’“13y2 + (2)3:&1@2)}

1 SO0 1 0w
2r+1 |:+ + ( ) ((rl) 8x8y” + (7‘) 3x8yr) + (_Z) ayr+1:| .
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From Lemranii%.l i1 1
1 wo L, T w N2 T
= ort1 1 —i( Tl) T (_1)2( 451) —19,2
2 ox oz" 0y dz" 10y

1 AT (41 o w A7T+1 r41 O w
o {+~-~+(—1) () agyr T OO (i) g

ortlw
_ r+1
= 721"-%1 kgo (*Z) ( k ) 8$7'+17_k8yk .
As a result proof is completed. O

Lemma 3.4. Let w = w (2,%) be a complex variables and valued function. Then,
ow 1 - (z)k n o"w
oz 2n P k) Ozn—koyk”

Proof. The proof is similar to proof of the Lemma 3.3. O

Theorem 3.1. Let w = w (2, Z) be a complex variables and valued function. Then,

8n+r n r “h. an+rw
02m97" 2”+’“hz,:0k;)(_l) () () Qxrtr—(h+k) gyh+k -
Proof.
O trw o o'w 0" (1 & O"w 1 & NS o r d"w
0207”027 9z" 9" ( ; @ G )axr—kayk> - 2n+rh§0(_’> " )633" h@yh (kZO() G )833’" kQyk )
1 2 N PPN I I"rw
= 2””;12::0162::0(_2) (4) (h) (k) Q= (htk) gyhtk”

O

Theorem 3.2. Let A; ; are real constants (1 <i<n,1 <j<mn,i+j<n), w=w(zZz)isa polynomial of z,Z. Then a
special solution of

0" w o™ w o"w o tw o tw
Ay, A, _ Ao + A, 1 0o——+A 21— +...
Oz T A Gy T T Ao W0 gt T A2 g ey et
o lw ow ow _
AOnlynl‘i‘ +A106‘ +A018 + Ao ow = F (2,%)
is
_ F(F(z,7)
— —1 )
w(z,2) = F n n—k 1 n—k—1 1 ’
> ZAn bl 5T > P(w,D)
k=0i= m=0 h=0

where P(w, D) = (— )’"zh(" RV () (iw) T Dl

m
Proof. Using Theorem 3.1, the above equation which has been given in theorem can be written from kind of real
derivatives as follows:

1 n E /n O™ w 1n=11 bk el O w
An,OQ*nkZ::O (—1) (k)m + Anf1,127h2=:0k§=:0 (=i)" i ( h )W +ot
1 2 O™ w 1 n=zl o1y 0" lw

n Nk —
Aongm 21 () grmmrggr T An-1051 & (07 () gramrg e

oLl o tw
h n—2
+An_21 122( i)t (", )al.n 1-h—kQy iR o T Aon- 12n 12 e )m

1
+...+ Aoz (wy —iwy) + A0’1§ (wg + twy) + Ag,ow = F (2,2).
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We let apply Fourier transform for above equation

A=0k=0 oxn— h— k:athrk

1 L0 ~k /n o"w An_171 n-l 1 h g m—1 o"w

Ao P (155 0 () e ) + 5 (555, (0 3
1 o 9w 1 n-l o o lw

+... +A0,n27f (kZ_:OZ (k)axn—kayk) +An—1,02n_1f< (_Z) ( )

ot dan1koy*
527 (S 8 0" 400 ity ) o Ao (SO i)
ot Al,oé]-"(wx iwy) + AOJ%}" (ws + iwy) + AooF () = F (F (2,7)).
We can write from Fourier transform of partial derivatives that
Aoz 35 0 ) o CED g U S ik o SR
AOn ZZ (1) (iw)" " (W + An—1 02,} 1n21( " (") Gw) T WJ“
A 550 (5 o O g S ) g S L)
by 3 () ) EEL gy L5y 2L L)

52 T AaoF (w.y) = F(F (2,2)).

We can write under a single sum if the sum of the indices is equal. In that case

1 nk m n— . \n—m— ah-HRF w 1 n-1-k k .
EA” kkon ZOhE (=)™ i"(".5) (i) (iw) hW+ ZAn -k k5T > (=it

1
2n=1 520 h=o

h+m w Lk (BN 7o Nl h+m w,
()0 Gyt PO S d TS ) 8 Gy E )

m h
mOh

athrm
+A0,0F (w,y) = F (F(2,%))
If we rearrange these sum symbols then we get that:
n n—=k -1 1
Z ZAn k— ll2n k Z Z ( ) (n_yi,_k) (fll) (iw)nimih Dh+m} F(w7y) :]:(F (Z,E)),
k=01= m=0 h=0
F(F(z,z
F(w’y) n n— ( 1( nf)k)fl 1
> > An—k-tig—y 2 2 P(w,D)
—0i= m=0 h=0
where P(w, D) = (=)™ i" (" F) () (iw)" ™" Dt
From inverse Fourier Transform
w(z,%) = F 1 (F(w,y))
O

Example 3.1. Find the a special solution of following equation



Solution of n.th Order Constant Coefficients Complex Partial Derivative Equations... 163

9w B
0207
Solution. For the equationn =2, As g = Aoz = A1,0 =401 =A00=0,411=1,F (2,Z) =4

F(w,y) to be Fourier transform of w (z, Z), we can write that

Flw,y) = 14.27;5 (u))2 _ 3276 (wl))2 _ _327;()52(10)

From inverse Fourier transform

_ (iz)* LR N
e dw = —IGT =8x* =8 =22 + 427 + 2zZ°.

_ 1 [e%e] jwx fe'e) *166 w
w(z,z):%j;ooF(w,y)e dw:f A 5

Example 3.2. Find the a special solution of the following equation:
0w N 0w n 0w
022 020z 072
Solution. For the equationn =2, A3 = Ago = A11=1,410=A01 = A00=0,,F (2,%) =2z — 3z. From theorem
F(w,y) to be Fourier transform of w (z,%) , we can write that

=2z — 3Z.

—2mid’ (w) + 107yid (w)
1 [w? +2wD — D? — w? — wD + wD + D? — w? — 2wD — D?|

F(w,y) =

—8mid’ (w) 4+ 40mé (w)  —8mid (w) + 407myid (w)  —8mid’ (w) + 407iyd (w)

—3w? — D? B ) D? B —3w?
—3w 1+ 372

—8mid (w) N 40miyd (w)
w3 —3w?

From inverse Fourier tmnsform

—8mid (w)  40miyd (W) \ e
w ( o f— (w,y) e dw = f_ ( 3w3 + —3w? etdw
4i oo 6(w) Oiy 2% | 10yia?
- _ led < Lw‘l«d _
3 f—oo wS 3 f_ 9 3

2(z+7% 3 z2+7Z z—Z
=—9(2)+( ) (% )
4. Conclusion

In this study, it is shown that a special solution of complex partial differential equations with general constant
coefficients can be found with the help of Fourier transform. In other words, an alternative way of finding a special
solution for such equations is shown. The result which is obtained is given with a theorem and applied to the
examples.
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