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Abstract

The non-self-adjoint operators appear in many branches of science, from kinetic theory and quantum me-
chanics to linearizations of equations of mathematical physics. Non-self-adjoint operators are usually difficult
to study because of the lack of general spectral theory. In this paper, our aim is to study the resolvent and
the spectral properties of a class of non-self-adjoint differential operators.

Keywords: resolvent, asymptotic spectrum, distribution of eigenvalues, non-self-adjoint differential

operator.
2010 MSC: 35P20, 35J99, 35P99.

1. Introduction

Let Q be a bounded domain in R™ with smooth boundary 99 (i.e., 9Q € C*). We introduce the
weighted Sobolev space H = VV22 o(€2) as the space of complex value functions u(z) defined on € with finite

norm: . 1/2
= a2 (2|, (2)|Pdx u(z)|?dz
‘““_(;/Q <>ui<>|d+/ﬂr<>rd)

where 0 < a < 1, and Here o () is weighted function, u(z) € C%(Q). We denote by ’}C-)[ the closure of C§°(€2)

in H with respect to the above norm. i.e., 7?[ is the closure of C§°(f2) in Wia(ﬂ). The notion C§°(£2) stands
for the space of infinitely differentiable functions with compact support in 2. In this paper we investigate the
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spectral properties, in particular we estimate the resolvent of a non-self adjoint elliptic differential operator

of type (Au)(x) = — 371, (o2 (2)ai; (:zr)u(x)ufr(az)); acting in Hilbert space H = L?(Q2). Now, we need
5. g J

to extend its domain as follows:

DA ={yc HN WQQJOC(Q) : "21 (Ugo‘aijuy’xi)’xj € H}
1,)=

(see cite2, [3]) where the local space I/V22 10c(€2) is the class of the functions u(z) (x € Q) in this form
W227ZOC(Q) - {’LL((L') : Z?:O f] ]u(l)(x)ﬁdm < 00, J C Qa Open}

Here o(x) is weighted function, 0 < a < 1, p(z) € C%(Q), a;j(z) € C*(Q),

a;j(z) = aj;(x) and the functions a;;(x) satisfies the uniformly elliptic condition, i.e., there exists ¢ > 0 such
that: c|s|> < > i j=10ij(x)si55 where s = (s1,...,5,) € C", x € Q. Assume that u(z) € C\®, Vr € Q
where ® = {z € C: |arg z| < ¢}, ¢ € (0,7) (i.e., the value of p(x) lie on the complex plane and outside of
the closed angle ®). To get a feeling for the history of the subject under study, refer to our earlier papers
[9], [10]. Indeed this paper was written in continuing with earlier our papers, the paper is sufficiently more
general than earlier our papers.

2. Main Results

Theorem 2.1. Let (Au)(z) = —>71, (oQa(x)aij(x)u(x)u;,(:L"));_ acting in Hilbert space H = L*(Q) with
2 ? i .

Dirichlet-type boundary conditions. Here o(x) is weighted function, 0 < a < 1, u(z) € C%*(Q), Choose a

closed sector S C ® with its vertex at zero (for more explain see [8]), such that SN Ry = . Let the complex

function u(x) satisfies the following conditions

w(z) € C1(Q), u(x) € C\S, (Vz € Q), (2.1)

larg{p(en) ™ (@)} < o, (V22 € Q). (2.2)

T
ga
Then, for sufficiently large in modulus X\ € S, the inverse operator (A — XI)~' ewxists and is continuous in
H, and the following estimates are valid

(A= AN < MsA ™ (Ve S, X > C), (2.
0% 24~ AL < MEAE (A € 5, N> Cs), (24)
fori=1,...,n

where Mg, Cs > 0 are sufficiently large numbers depending on S. The symbol ||.|| stands for the norm of a
bounded arbitrary operator T in H.

Proof. Here, to establish Theorem [2.1] we will first prove the assertion of Theorem [2.I]together with estimate
(2.3). So, as in Section 1 for the closed extension the operator A (for more explain see chapter 6 of [§]), we
need to extend its domain to the closed set

n

D(A)={y € H NW5,,.(2): > (02“aijuy/mi)’wj € H}
ij=1

Let the operator A, now satisfy (2.1), (2.2). Then there exists a complex number Z € C' (noticed that we
can take Z = €', for a fix real v € (—m, 7)), then we have |Z = €"7| = 1, and so

d < Re{Zu(z)}, N <—Re{Z)\}, ¢ >0(NVzeQ, \e€d). (2.5)
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In view of the uniformly elliptic condition, we have

0\5\2—c2|31|2< Z a;j(z)si55, (¢>0, s=(s1,...,8,) € C", x € Q)
i,j=1

take s; = g/, implies that ¢ Y I, |y} (z)]* < > oi = i ()Y, ()%, (z). From this, and according to ¢’ <
Re{Zp(x)} in (2.4), we then multiply these two positive relations with each other implies that

n

012\% (@) < ReZp(x) Y aij(@)y}, (2)yh, (x).for y € D(A)

i,j=1

Multiply both sides of the latter relation by the positive term o?¥(z), and then integrate from both sides,
we will have

c12 / Dl (@) < Bez 3 | @y @l @ e

3,j=1

Now by applying the integration by parts, and using Dirichlet-type condition, then the right sides of the
latter relation without multiple ReZ becomes:

= (= Y (@ (@)ay()o(2)ys, ()7, » y(x) = (Ay,y). (2.6)
Since (Ay)(z) = — >, (o2(@)aij(z) p(x)ul, (a:));] Here, the the symbol (,) denotes the inner product in
H. Notice that the above equality in (2.6) obtains by the well known theorem of the m-sectorial operators
which are closed by extending its domain to the closed domain in . These operators are associated with
the closed sectorial bilinear forms that are densely defined in H (for more explanation see the well known
Theorem chapter 6 of [§]). The reason we extend the domain of the operator A to the closed domain in
space H, above is now specified.
therefore

612/ )|y, (@))*dx < ReZ(Ay , y)

from (2.4) we have: ¢|A| < —Re{Z\}, ¢ >0, VA € ®. Multiply this inequality by [, |y(z)* dz = (y, y) =
lyl[? > 0. Tt follows that c/|A| [, [y(z)|* dt < —Re{ZA}(y , y). From this and the above inequality we will
have

clz / D)l ()P + | / y@)Pde < Re{Z(Ay.y) — ZM(y.y)}

Re{Z((A—=A)y,y)}
1Z][ Iyl (A = ALyl
[yllI(A = ADyll;  (2.7)

IN



R.Alizadeh, A.Sameripour, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 316-320. 319

ie.,
clz/ D)l (x |dw+c|A|/|y )2 de < Iyl (A — A Dyl

Since ¢1 Y iy [ 02 (@) |yh, (x)[*dx is positive. We will have either ¢[A|ly(z)|? = |A| [q ly(z)]* dz <

IylllI(A = A Dyl Or
Allly(@)|] < Ms[[(A =X Dyl (2.8)

This inequity ensures that the operator (A — A I) is one to one, which implies that ker(A — X I) = 0.
Therefore the inverse operator (A4 — AI)~! exists, and its continuity follows from the proof of the estimate
(2.3) of Theorem To prove (2.3), we set v = (A — M)~ f, f € H in (2.7) implies that

A /Q (A=A 2 de < Ms|[(A— AD7'FII(A — AT)(A - ADLf].
Since (A — ANI)(A—X)"'f =I(f) = f. Then
A / (A — D)V de < Ms(A — MDA FIS.
Q

So
A =ADTHAIP < Msl(A = XD~

Which this implies that |A||(A — AI)7L(f)|| < Mg|f|. Since A # 0. Then [[(A — XI)7Y(f)|| < Mgs|A|7Lf];
ie., |[(A—AX)~Y| < Mg|A|~!. This estimate completes the proof of the assertion of Theorem together
with the estimate (2.3). Now, we start to prove the estimate (2.4) of Theorem [2.1| As in the above argument,
we drop the positive term ¢|A| [, |y(2)[* dz from

clz/ )l (= |dw+cw/\y )2 de < Iyl (A — A D)yl

It follows that

clz | o @l @) < Iyl 1A = A Dyl

Eminently,

.0 .
(A= AN < Il A = A Dyl

Set y = (A — XI)~'f, f € H in the latter relation, and proceeding by similar calculation as in the proof
(2.3) we then obtain:

D (A=A < A=A IA — MDA =)

Since (A — ANI)(A—=X)"1f =I(f) = f, then

a0 - -
(A= ADTHIP < [I(A = ADHI£11%,
T
consequently, by (2.3) this implies that

a9 - -
o (A= AD TP < Mg £

to this end we will have

o 0 _ _1
am(A—AI) L < MGIN 2. (2.7)

Thus, here the proof of the estimate (2.4) is finished; i.e., this completes the proof of Theorem O
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