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ON A FUNCTIONAL EQUATION

ORIGINATING FROM A MIXED ADDITIVE
AND CUBIC EQUATION AND ITS STABILITY
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Abstract

In this paper, we study solutions of the 2-variable mixed additive and
cubic functional equation

+2f($—y,2—t)+2f(2$,221)—4f(3,’,21),

which has the cubic form f(z,y) = az® + bz’y + cxy® + dy® as a so-
lution. Also the Hyers—Ulam—Rassias stability of this equation in the
non-Archimedean Banach spaces is investigated.
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normed space, Derivation.
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1. Introduction and preliminaries

The study of stability problems for functional equations is related to a question of
Ulam [26] concerning the stability of group homomorphisms, affirmatively answered for
Banach spaces by Hyers [8]. Subsequently, the result of Hyers was generalized by Aoki
[1], Bourgin [5] and Rassias [24].

During the last decades several stability problems for various functional equations have
been investigated by numerous mathematicians. We refer the reader to the survey articles
[7, 9, 23] and monographs [6, 10, 13, 22] and references therein.

Department of Mathematics, Ferdowsi University of Mashhad, Mashhad, P. O. Box 1159-
91775 Iran.

*Email: mjanfada@gmail.com

PFacaulty of Mathematics and computer sciences, Hakim Sabzevari University, Sabzevar, Iran.

"Email: t.shateri@gmail.com

°Department of Mathematics, Hakim Sabzevari University, Sabzevar, Iran.

*Email: rshurvarzyGgmail.com



28 M. Janfada, T. L. Shateri, and R. Shourvarzi

Let X and Y be real vector spaces. For a mapping f : X x X — Y, consider the
following 2-variable mixed additive and cubic functional equation:

f(2$+y,2,z+t)—|—f(21’—y,2z—t):2f(x—|—y,z—|—t)+2f(:c—y,z—t)

(1.1) +2f(2z,22) — 4f(z, 2)

One can see that the cubic form f(z,y) = ax® + bx’y + cxy® + dy® is a solution of (1.1),
when X =Y =R.

The one variable cubic equation

(12)  fRzx+y)+ f2z—y)=2f(z+y) +2f(z —y) +2f(2z) — 4f(x)

is considered in [17] and the general solutions of this equation and its Hyers—Ulam—Rassias
stability in quasi-Banach spaces is studied.

Several-variable functional equations and their stability have been studied in many
papers (see, for example, [3, 4], [12, 11], [14], [18, 19], [20, 21], [25]).

In this paper first we study solutions of (1.1) and its relations with (1.2) and then the
Hyers—Ulam—Rassias stability of (1.1) in non-Archimedean Banach spaces is investigated.

By a non-Archimedean field we mean a field K equipped with a function (valuation)
| - | from K into [0, 00) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + s| <
max{|r|,|s|} for all r,s € K. Clearly |1| =|—1] =1 and |n| < 1 for all n € N. By the
trivial valuation we mean the mapping |-| taking everything but 0 into 1 and |0] = 0. Let
X be a vector space over a field K with a non-Archimedean non-trivial valuation |- |. A
function || - || : X — [0, 00) is called a non-Archimedean norm if it satisfies the following
conditions:

(i) ||z|| = 0 if and only if z = 0;

(ii) for any r € K,z € X, ||rz|| = |r||lz||;

(iii) the strong triangle inequality (ultrametric); namely,

[z +yll < max{[l], lyl[} (z,y € X).
Then (X, || - ||) is called a non-Archimedean normed space. Due to the fact that
o — @l < max{llzies — ol im<j<n—1}  (n>m),

a sequence {z,} is Cauchy if and only if {zn,+1 — z»} converges to zero in a non-
Archimedean normed space. By a complete non-Archimedean normed space we mean
one in which every Cauchy sequence is convergent.

The stability problem in non-Archimedean normed spaces has been studied by many
authors. In [2], the stability of approximate additive mappings f : Q, — R is investigated.
In [15, 16], the authors investigated the stability of Cauchy, quadratic and cubic functional
equations, in the context of non-Archimedean normed spaces.

We need the following lemmas from [17] for our stability results.

1.1. Lemma. If a mapping [ : X — Y with f(0) = 0 satisfies (1.2), then the mapping
g: X =Y defined by g(x) = f(2z) — 8f(x) is additive.

1.2. Lemma. If a mapping f: X — Y with f(0) = 0 satisfies (1.2), then the mapping
h:X =Y defined by h(z) = f(2z) — 2f(x) is cubic.
2. Relations between (1.2) and (1.1)

In this section we show that equations (1.2) and (1.1) are closely related and so by
knowing the solutions of (1.2), we may find solutions of (1.1). Next some useful examples
are considered.
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2.1. Theorem. Suppose f: X x X — Y is a mapping satisfying (1.1), then g: X =Y
defined by g(x) := f(z,x) satisfies (1.2).

Proof. From (1.1) and definition of g,

92z +y)+9Q2z—y) = [fRr+y2r+y)+fQ2z—y 2z —y)
2f(a:—|—y,a:—|—y)+2f(ar—y,x—y)+2f(2x,2x) —4f($,$)
29(x +y) + 29(x — y) + 29(2x) — 4g(x).

(]

2.2. Theorem. Let a,b,c,d € R and g : X — Y be a mapping satisfying (1.2). If
f: X XX =Y is defined by

c c+b c—b b
21)  flz,y) = (a = 3)9(@) + (=5 =)g(z +y) + (—=)9(@ —y) + (d = 3)9(y),
then f satisfies (1.1). Furthermore if £(0,0) =0, a+d =1 and ¢ = —b, then g(z) =
[z, ).

Proof. We have

c+b

f@r 4y, 2240+ fQr—y,2: 1) = (a— 92w +y)+ ("9 +y+22 +1)

+ (D by - 224 0) + (- Dg22+1)

+ (a- S)g0r—y)+(CF

©PYg(ar —y— (22— 1) + (A~ D)g(2z ~ 1)

= (a— g) [9(2x 4+ y) + g2z — )]

)g(2x —y + 2z — t)

+ (

+ (c_gb)[g(Qx—l—sz—i—t)+g(2x—|—22—(y—i—t))]
+ (C;b)[g(Qm—Qz—&-y—t)+g(2x—2z—(y—t))]
(2.2) + (d- g) [9(2z + 1) + g(22 — t)].

On the other hand
2f(x+y,z+t)+2f(x —y,2 —t) + 2f(2x,22) — 4f(x, 2)
= (a—5)[29( +y) +29(x —y) + 29(22) — 49()]

c+b
6

c—b
6

v od- g) [29(z +t) +2g(z — t) + 29(22) — 4g(2)]

+

20z +y+2z+1t)+29(x+ 2 — (y + 1) + 29(2x + 22) — 4g(x + 2)]

+

J29(z —z+y—t)+2g9(x — 2 — (y — t)) + 29(2x — 22) — 4g(z — 2)]

= (a— %) [9(2x 4+ y) + g2z — )]

+ (Cgb)[g(2m+2zy+t)+9(2$+2Z_(y+tm
+ (cgb)[g(zm—2z+y—t)+g(2w-2z-(y_tm

(23) + (d- g) [9(2z + 1) + g(22 — t)].
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Thus (2.2) and (2.3) imply that f satisfies (1.1). O

For the following example, we recall that a mapping D from an algebra X into itself
is called derivation if, for any z,y € X, D(zy) = D(z)y + zD(y).

2.3. Example. Let X be a real algebra and let D; be a derivation on X. Suppose
D5 : X — X satisfies

Da(zy) = Da2(z)y + D1(z)D1(y) + zDa2(y).

Now define f: X x X — X by f(z,y) = D2(xy), then f satisfies (1.1). Also g: X — X
defined by g(x) = Do (2?) satisfies (1.2).

2.4. Example. Let M, be the algebra of n X n-real matrices. Define the mapping
g: M, — M, by g(A) = A®>, A € M, then one can easily see that g satisfies (1.2). For
a,b,c,d € R, set

3 2b 2 2c 2 b b

where AoB is the Jordan product %(AB + BA) of A and B, for any A, B € M,,. Then
f satisfies (2.1). So by Theorem 2.2, f satisfies (1.1).

3. Stability of Eq. (1.2)

Throughout this section, assume that X is a vector space and that Y is a non-
Archimedean Banach space. In this section, we study some stability results from [17]
in non-Archimedean Banach spaces. Indeed, we consider the stability of functional equa-
tion (1.1), and the fact the X x X with the point-wise operations is also a vector space
implies a similar stability result for (1.2). For convenience, we use the following abbrevi-
ation for a given mapping f: X — Y,

Df(z,y) = f2x+y)+ f(2x —y) — 2f(z +y) — 2f(z — y) — 2f(22) + 4f(z)
for all z,y € X.

3.1. Theorem. Let ¢, : X X X — [0,00) be a mapping such that

1
(3.1) lim ——pq(2"x,2"y) =0

n—00 |2|

(3.2) Mq(z,y) :== lim max{ﬁ@a(Qim,Ziy) 1 0<i<n}<oo
n— oo z

1 o
(3.3) lim lim max{wgaa(?x, 2'y):t<i<t+n}=0

t— 00 n—o0

for ally € X and all x € {0,y,%}. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

(34)  [[IDf(@ Yy < ¢alz,y)
for all xz,y € X. Then the limit

Aw) = lim [F2" )~ 87(2")

ezists, for all x € X, and the mapping A : X — Y is the unique additive mapping
satisfying

(3.5) Hﬂ%%%ﬂ@—ﬂwhééﬁdn

for all x € X, where
@a(iﬂ) = max{‘2‘Ma(m7 x)a |2‘M¢l(07x)7 Ma(l', 2$)}
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Proof. Letting z =0 in (3.4), we get

3.6) W)+ f(=v)lly < ¢a(0,9)

for all y € X. Replacing y by = and 2z in (3.4), respectively, we get the following
inequalities

37 IfBz) —4f(22) +5f(2)lly < pa(w,z)
(3.8)  [[f(4z) —2f(3x) — 2f(22) — 2f (=) + 4f (@) [ly < @a(w,22)

for all z € X. It follows from (3.6)-(3.8) that for any z € X,
3.9)  [If(4x) = 10f(2z) + 16 (2)[ly < max{[2|pa(x, z),|2[¢a(0, 7), pa(z, 22)}.
Let g : X — Y be a mapping defined by g(z) := f(2z) — 8f(x) and let
Ya(x) := max{|2|pa(z, ), [2|¢a (0, 2), pa(z, 27)},
for all z € X. Therefore (3.9) means
(3.10)  llg(2z) = 29(z)lly < ¢a(2),

for all € X. By relations (3.1)-(3.3) we infer that for all z € X,

(3.11)  max{ Ya(2') 1 0<i<n}<oo, lim ﬁwa@nm) =0.

2] oo
Replacing z by 2™z in (3.10) and dividing both sides (3.10) by |2|™™" we get

1 n 1 n 1 n
(312) N5y a@" ') = 50020l < ey da(2"a)

n

for all x € X and all non-negative integer n, and so for any x € X and every non-negative
integers n and m with n > m,

920) = a2y < g7 max{ 52

1 —
(3:19) 7 7

1
[ on im < i< n}.
Therefore we conclude from (3.11) and (3.12) that the sequence {55 g(2"x)} is a Cauchy
sequence in Y, for all z € X. The sequence {5 g(2"x)} converges in Y for any = € X,
since Y is complete. So one can define the mapping A: X — Y by

(3.14) A(x) = lim —g(2"a)

n—oo 2"
for all z € X. Letting m = 0 and passing to the limit when n — oo in (3.13), we get
(3.5). Now we show that A is an additive mapping. It follows from (3.11), (3.12) and
(3.14) that

. 1 n n
[A22) - 24()]ly = lim [57g(2 Tlz) - o192 )y
_ . 1 n+1 i n
= 2] lim |l59(2" ) — o g(2" @)y
< lim i1/)a(2":10),

n— oo |2|”
for all x € X. So
(3.15)  A(2z) = 2A(x)
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for all x € X. On the other hand it follows from (3.1), (3.4) and (3.14) that

IDA, )y = lim. W”Dg@ 2, 2"y)|lv

~ 1im \2\n{||Df( 2", 2" y) — 8DF(2"2,2"y)[lv }

. 1 n n n n
< Jim o max{[DF (22,2 ) Iy BI1DS Q" 2"l )

1
< Jim o max{oa (22,274 y), 8o (270,27} =0,
n—oo
for all z,y € X. Hence the mapping A satisfies (1.2). So by Lemma 1.1, the mapping
x +— A(2z) — 8A(x) is additive. Therefore (3.15) implies that A is additive. To prove
the uniqueness of A, let T': X — Y be another additive mapping satisfying (3.5). So it
follows from (3.5), (3.14) and (3.3) that

Jim a2 = Jim ma"{'z'Ma(Q\;Tt’ = (|g|t2t g Ma@lt;f%)}
= tll>rgo max{nli_)rr;o max{|2|% : 0<i<n},
nh_}rr;o max{|2|%ﬁm0 <i<n},
lim max{ pa(2 e, 2T ) :0<i<n}}

n—oo |2‘t+i)

0a(2ix, 24) ©a(0,2'2) @q (2%, 2" )

= lim lim {2 ,12] —, : ct<i<t+n}
% e 2] 2f 2f
= 0.
Hence it follows
[A(z) = T(z)|ly = lim T Hg(2t$) T(2'z)|ly
1 1 tx
< .(2%) =0,
S o] A (%) =0
forallz € X. So A=T O

3.2. Theorem. Let <pa : X X X = [0,00) be a mapping such that

lim [2]"¢q Jy =,

im_[2]"pa( Qn 2n)

(3.16)  Ma(z,y) = lim max{J2] Lpa(; 2{). 1<i<n}< oo,
(3.17)  lim lim max{[2[' %(E,%)- t+1<i<t+n}=0,

forally € X and all x € {0,y,%}. Suppose that a mapping f : X — Y with f(0) =
satisfies the inequality

HDf($7y)HY S Lpa(a:,y),
for all x,y € X. Then the limit
Alz) = lim 2"[f(=—

n—oo 2”71

T

_8f(=
)~ 8]
exists for all x € X and the mapping A : X — Y is the unique additive mapping satisfying

(3.18)  [[f(22) = 8f(x) — A(@)[ly < rba(®),

1
2%
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for all x € X, where
Pa(z) := max{|2|Ma(z, x),|2| M (0, z), Mo(x, 22)}.

Proof. Let g: X — Y be a mapping defined by g(z) := f(2z) — 8f(z) and let
Ya(z) := max{|2|pa(z, 2), |2|¢a(0, ), pa(z, 22)},

for all z € X. Similar to the proof of Theorem 3.1, we have

(3.19)  llg(2z) — 29(z)lly < ¢a(2),

for all x € X. From our assumptions, we infer that
. n x . i €T .
. a(—) = a(=—) : < ,
(3.20) nh_}rr;o 12| (2") 0, nh_)nrolO max{|2| (21) 1<i<n}<oo

for all x € X. Replacing = by 557 in (3.19) and multiplying both sides of (3.19) by |2",
we get

(3.21) 2" g(

x x x
2n+1) - 2”9(27)|\y < \2|n7/)a(ﬁ)v
for all z € X and all non-negative integer n. So we have

T
9i+1

x 1 (i41)

2WHY < 7] max{|2]| ha(
for all x € X and all non-negative integers n and m with n > m. Therefore we conclude
from (3.20) and (3.21) that the sequence {2"g(5%} is a Cauchy sequence in Y, for all
x € X and so converges in Y, for all z € X, since Y is complete. Thus one can define

the mapping A : X — Y by

(822) |2"g(5; —2"g( ): m<i<nl,

T

A(z) := lim 2"g(=),
n—oo 2n
for all z € X. Letting m = 0 and passing to the limit when n — oo in (3.22) we get
(3.18). The rest of the proof is similar to the proof of Theorem 3.1. O

3.3. Corollary. Let 0,r,s be non-negative real numbers such thatr,s > 1 or0 <r;s <1
and |2| < 1. Suppose that a function f: X — Y with f(0) =0 satisfies the inequality

0, r=s=0
Oz, r>0,s=0
< alz,y) = S
I1Df (@, y)lly < palz,y) 0llyl%, r=0,5>0

Ozl +llyllx), rs>0
for all x,y € X. Then there exists a unique additive mapping A : X — 'Y satisfying

[f(22) = 8f(z) — A(@)]ly <

17 r=s=20
0 )zl r>0,s=0
2] 2z, r=0,5>0

max{[2|([lz[/x + llz]l%), (=% + [[2z]/%)}, r.s>0
for all x € X where r,s > 1 and satisfying

2], r=s=20
g | 2o r>0.5=0
2 T b b
_ _ < L e
I$(22) =87~ Al < g 4l os=0

21055 + llzll%), s >0

for all x € X where r,s < 1.
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Proof. The result follows by Theorem 3.1 when 0 < r,s < 1, and by Theorem 3.2 when

r,s > 1. O
The following corollary also can be deduced from Theorems 3.1 and 3.2.

3.4. Corollary. Let 0 > 0 and r,s > 0 be non-negative real numbers such that \ :=
r+ s # 1. Suppose that the function f: X — Y with f(0) = 0 satisfies the inequality

(3.23) [IDf(2,y)lly < palz,y) :=0lzllxlylly

for all z,y € X. Then there exists a unique additive mapping A : X — Y satisfying the
inequality

We T S
£ (2z) —8f(z) — A(z)lly < W||$||x||y||y
for all x,y € X when A > 1 with W = max{|2|, |2|°}, and satisfying
2 6 s S
1£(22) = 87(z) = Al < SRl i

for all x,y € X when X\ < 1.

3.5. Theorem. Let . : X x X — [0,00) be a mapping such that

(324) lim @%(2%,2@) —0

1 o
(3.25) Mc(z,y) = lim max{@@c(fx,fy) : 0<i<n}<oo
n— o0

1 o
(3.26) lim lim max{wgoc(fa:, 2y): t<i<t+n}=0

t—oo n—oo

for ally € X and all x € {0,y,%}. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

(3.27)  [[IDf(z,y)lly < pelz,y)
for all x,y € X. Then the limit
C(z) = lim —[f(2"'2) — 2f(2"2)]
n—oo &M

exists, for all x € X, and the mapping C : X — Y is the unique cubic mapping satisfying

(3:28) [£(22) = 2f(@) = C@)lly < 6e(w)
for all x € X, where

Pe(z) = max{|2|M.(z, z), |2|M:(0, x), Mc(z,2x)}.
Proof. Similar to the proof of Theorem 3.1 we have

(329)  [If(4z) —10f(2z) + 16f(2)|ly < ¢e(),

for all x € X, where ¢c(z) := max{|2|pa(z, x), |2|¢a (0, z), pa(x,2x)}. Let h: X — Y be
a mapping defined by h(z) := f(2z) — 2f(z) for all x € X. Therefore (3.29) means that

(3.30)  [[h(2z) — 8h(z)[ly < Ye(x)
for all z € X. By the relations (3.24) and (3.25), we infer that

(3.31) lim max{wc(Qix) :

n—sco0 |8

1
0<i<n}<oo, lim —1(2"z)=0
n—oo |8|"
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for all z € X. Replacing = by 2"z in (3.30) and dividing both sides of (3.30) by |8|" 1!
we get

1 n 1, on 1 n
(332) gk a) = Rl < grprve"e)

for all z € X and all non-negative integer n. So we have

{¢c( z)
|8| 18]°
for all x € X and all non-negative integers n and m with n > m. Therefore we conclude
from (3.31) and (3.32) that the sequence {gh(2"x)} is a Cauchy sequence in Y for all
x € X. The sequence {g-h(2"z)} converges in Y, for all z € X, since Y is complete. So
one can define the mapping C : X — Y by

(3.33) |\8inh(2"x) - 8imh(2m Wy < m<i<n),

D S
(3.34) C(z):= nh_}rr;o 8—nh(2 x),

for all x € X. Letting m = 0 and passing to the limit when n — oo in (3.33), we get
(3.28). Now we show that C is a cubic mapping. It follows from (3.31), (3.32) and (3.34)
that
1
87171
1 n
< lim ——1.(2"x) =0,

~ n—oo |8|

. 1 n n
[C(22) — 8C(@) Iy = lim || h(2™e) = —rh(2"2)ly

for all z € X. So
(3.35) C(2z) = 8C(z),
for all x € X. On the other hand it follows from (3.24), (3.27) and (3.34) that

IDC (@, y)lly = lim =l Dh(272, 2%y)lly

n—oo |8 |
= Jim (1D e 2y~ 2DF@ 0,27 )
. 1 n n
< i i max{[DF" 2 v 21012 2 )
1
< Jim g max{e(2 e, 2 ), 20 (27, 2"y)} = 0

for all z,y € X. Hence the mapping C satisfies (1.2). So by Lemma (1.2), the mapping
x — C(2x) — 2C(z) is cubic. Therefore (3.35) implies that C' is cubic.

To prove the uniqueness of C, let T : X — Y be another cubic mapping satisfying
(3.28). So it follows from (3.26) that lim;_, e ‘PC‘(;l =0, forall z,y € X and =z €
{0,3,¥}. So by relations (3.28) and (3.24)

[C(z) = T(2)]ly = lim [h(2"z) = T2"2)|ly <

1 m L
—oo [8]" |8| Yo 18]
forallz € X. SoC=T. O

SBC (2"1) = 07

3.6. Theorem. Let <,oc : X X X = [0,00) be a mapping such that
3.36 1 8" e =0
(336)  lim [§"pe(5, L)

(3:37) Me(w,y) = lim max{|s’ %(x ;{). 1<i<n}<oo
(3.38) lim hm max{|8|" <pc( ) t+1<i<t+n}=0

t—oo n— i ’ i
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for ally € X and all x € {0,y,5}. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

IDf(9)lly < pe(@,y)

for all x,y € X. Then the limit
. n x x

Cfz) = lim 8"[f(5 =) = 2f(5;)]

ezists, for allx € X, and the mapping C' : X — Y is the unique cubic mapping satisfying
1 .
(3.39) £ (2z) —2f(z) — C(a)[ly < @wc(x),

for all x € X, where
Pe(z) = max{|2|M.(z, z), |2|M:(0, z), Mc(z, 2x)}.

Proof. Let h: X — Y be a mapping defined by h(z) := f(2z) — 2f(x) and let
be(w) = max{[2la(w, 3), 1219 (0, 2), gz, 22)}

for any x € X. Similar to the proof of Theorem 3.5, for every x € X, we have

(3.40) [[B(22) — Sh(2)lly < ().

From (3.36) and (3.37) we infer that

(3.41) nli_}n;o |8|"'¢C(2£n) =0, and nh_>rr;o max{\8|i1/)c(%) 11 <i<n} <oo,

for all x € X. Replacing = by %7 in (3.40) and multiplying both sides of (3.40) by [8]",
we get

n X n x n T
(342) 8" hlGay) = 8" Al < 181" e(5y)

for any « € X and all non-negative integer n. Thus we have

n,, T m., T 1 i
(3:43)  I8"h(gz) — 8" h(gm)lly < gr max{|8" ke
for all x € X and all non-negative integers n and m with n > m. Therefore we conclude
from (3.41) and (3.42) that the sequence {8"h(5r} is a Cauchy sequence in Y for all
x € X. Hence the sequence {8"h(5% } converges in Y, for all z € X, since Y is complete.
So one can define the mapping C' : X — Y by

.oy T
C(x) :== nlirlgo8 h(Z—n)

x
Qit1

): m<i<n},

for all z € X. Letting m = 0 and passing to the limit when n — oo in (3.43) we get
(3.39). The rest of the proof is similar to the proof of Theorem 3.5. O

The following two corollaries follow from Theorems 3.5 and 3.6.

3.7. Corollary. Let 0,7, s be non-negative real numbers such thatr,s >3 or0<r,s <3
and |2| < 1. Suppose that a function f: X — Y with f(0) = 0 satisfies the inequality of
Corollary 3.3, for all xz,y € X. Then there exists a unique cubic mapping C : X —'Y
satisfying

£ (2x)=2f(x) — C(a)lly

1, r=s=20
0 ) llzlx, r>0,5=0
Si s
8] 12[l|z]%, r=0,s>0

max{[2[([[z]% + [=ll%), (I=llx + 122[/%), r,5>0,
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for all x € X when r,s > 3 and satisfying

£ (22) = 2f(z) = C(2)lly

1, r=s=20

‘@W r>0,5=0
SOQ l=lx

B max{|2],]2]°}, r=0,s>0

maxc{[2|(Lehx + By (bl 4 jz)5), 75> 0,
for all x € X when r,;s < 3.

3.8. Corollary. Let & > 0 and r,s > 0 be non-negative real numbers such that A :=
r+ s # 3 and |2| < 1. Suppose that the function f: X — Y with f(0) = 0 satisfies the
inequality (3.23), for all z,y € X. Put W = max{|2|,|2|°}. Then there exists a unique
cubic mapping C : X — 'Y satisfying the inequality

IU@@AQf@%*C@WY<|&
for all x € X, when A > 3 and satisfyzng
£ (2z) = 2f(z) = C()lly < 5%

for all x € X, when X < 3.

Wollz|x ]y

3.9. Theorem. Let ¢ : X X X — [0,00) be a mapping such that

lim —— 1 e(2"z,2"y) =0

1 o
M.(z,y) = li_)m max{wgo(le,Zly) 1 0<i<n}<oo
n oo}

lim lim max{
t—00 n—o00

for ally € X and all x € {0,y,%}. Suppose that a mapping f : X — Y with f(0) =
satisfies the inequality

IDf(x, y)lly <e(r,y), z,yeX.

Then there exist a unique additive mapping A : X — Y and a unique cubic mapping
C: X =Y such that for every x € X,

(3.44) Hf@)—A@)—C@NY_|%“mMHM%A)@J@}

where

1
||(2@2y) t<i<t+n}=0

1 o
My (z,y) == lim max{wcp(Tx,Ty)O <i<n}

Pa(z) = max{|2| M. (z, x), |2| M (0, z), Mo (x,22)}
Pe(z) == max{|2|M.(z, z), |2|M:(0, x).M(z, 22)}

Proof. By Theorems 3.1 and 3.5, there exist an additive mapping Ao : X — Y and a
cubic mapping Cp : X — Y such that

1£(22) — 8f(2) - Ao(@)]ly < |§| W(@), 1£(22) = 2/(2) - Co(@)lly < ‘; ()
for all z € X. This implies that for any x € X,
15(0)+ §40(@) = gCol@)lly < pr max{[4lga(z). fela))
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So we obtain (3.44), by letting A(z) = £ Ao(x) and C(z) = :Co (), for all z € X

To prove the uniqueness of A and C, let A;,C1 : X — Y be other additive and cubic
mappings satisfying (3.44).

Put A =A—A;and C'=C - C1. So

A" () + C'(2)]ly < max{”f(;r:) — Az) = C@)ly, [If (z) — Ar(z) — Cr(@) (v}
(3.45) |48| max{[4|pa(x), pe ()}
for all z € X. The fact that for every x € X,
1 1
A g #e(272) = lim 5 2" Pa(2"2) =0,

and (3.45) 1mp1y that

lim L 4'(2%) + O )y =0,
n—oo |2|
for all z € X. Therefore A’ = 0. So it follows from (3.45) that
., C'(2 ) 1 Pa(z) Pe(z)
[C"(x)[ly = lim HiHY < lim max{]4| 747 }
n—oo 8" oo [4] 8™ " [8["
for all x € X. Therefore C’ = 0. O

The next theorem is an alternative result of Theorem 3.9.

3.10. Theorem. Let ¢ : X x X — [0,00) be a mapping such that

Tim 2" (o7 2n 2n)=
My (z,y) == hm max{\2|iap(§, %) : 1<i<n}<oo

lim lim max{|2|'p(= g =)

t—00 n—oo 22 ’ 21
forally € X and all x € {0,y,%}. Suppose that a mapping f : X — Y with f(0) =
satisfies the inequality

IDf(z, Yy < e(z,y),

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — Y such that

[f(z) = A(z) = Cla)|ly <

t+1<i<t+n}=0,

max{|4|4pa( ) 950(33)}7 T € X,

|48|
where
M(z,y) = hm max{|8|" <p( 21) : 1<i<n},
Pa(z) = max{|2|Ma(z, x),|2|Ma(0,z), Ma(x, 22)}
Pe(x) := max{|2|M.(z, x), |2|M(0, z), Mc(x,2z)}
foralzxe X.

3.11. Corollary. Letr,s, 8 be non-negative real numbers such thatr,s >3 or0 <r,s <1
and |2| < 1. Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality
Corollary 3.3, for all x,y € X. Then there exist a unique additive mapping A : X —Y
and a unique cubic mapping C : X — Y such that

[f(z) = A(z) = C(a)|ly <

|48|'ya1f0rall;r:€Xwhen0<rs<l
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and
If(z) — A(z) — C(z)|ly < |48| max{Ya2,Ve} for all x € X when r,s > 3,
where
1816, r=s=0
|8\f‘)|\|xr||x P> 0,5=0
(O W ERIELY r=0,5>0
slo(tx + Jlz)%), 7.5 >0,
‘4|97 r=s=020
_ [410]|]| % , r>0,s=0
T el r=0,5>0
410 max{|2[([l«]% + [[«]l%), (=[x + [122[%), s >0,
1816, r=s=0
|8‘9é\|ii”x7 r> O,S =0
T B a2, (213, r=0,5>0

816 max{ |21 (1 + 1), (g +llel%)}, ros > 0.

3.12. Corollary. Let § > 0 and r,s > 0 be real numbers such that A := r + s €
(0,1) U(3, +00) and |2| < 1. Suppose that a function f: X — Y with f(0) = 0 satisfies
the inequality (3.23) for all x,y € X. Then there exist a unique additive mapping A :
X — Y and a unique cubic mappmg C:X =Y such that

If(z) — A(z) — C(z)|ly < |48| Wo|z|x ||z|ly for allz € X and X\ > 3,

where W = max{|2],|2]°}

| f(x) — A(z) — C(z)||y < |6|H|2\A0HxHX”I”Y forallz € X and 0 < A < 1.

3.13. Theorem. Let ¢ : X X X — [0,00) be a mapping such that

lim ia,o(?":v, 2"y) =0,

1 o
M, (z,y) := nhﬁn;Q max{wgo(Q’m,Qly) : 0<i<n} <o,

lim lim max{ﬁgo(fm, 2y): t<i<t+n}=0,

t—oco n—oo

forally € X and all x € {0,y, 5}. Also suppose

=0
2n 2n) ;

i LY
Me(w,y) = lim max{|s|'e(5;, %) -

lim lim max{|8|<p(x y)' t+1<i<t+n}=0,

t—00 n—00 i’ 9i

hrn 18]" (=

1<i<n} < oo,

for all z,y € X and all x € {0,y, ¥}. Suppose that a mapping f : X — Y with f(0) =
satisfies the inequality

IDf(x, y)lly < (,y)



40 M. Janfada, T. L. Shateri, and R. Shourvarzi

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — 'Y such that

[f(z) = A(z) = C(a)lly < ﬁ max{|4|@a(z), Pe()}
where
Pal(x) := max{|2|My(z, ), |2|Ma (0, ), Mo (z,22)}
Gelw) = max{|2 Mo (z,2), [2|M.(0, 2), M. (x, 20)}
foralzxe X.
Proof. The proof is similar to the proof of Theorem 3.9. O

3.14. Corollary. Let 0,7,s be non-negative real numbers such that 1 < r,s < 3 and
2| < 1. Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality
IDf(z, )y < 0(lzllx + llyllx) for all z,y € X. Then there exist a unique additive
mapping A: X — Y and a unique cubic mapping C : X — 'Y such that

[f(z) — A(z) — C(z)|ly < ﬁ max{|4[va(z),vc(z)} for allz € X,
where

Ya(x) = max{[2|0(||z[x + ll=lI%), 0(ll=(x + [12z]%)},

]l

lzll y - 2l
2"

Ye() = 8]0 max{|2]( S O

+ + [lzl%)-
3.15. Corollary. Let 0,r,s be non-negative real numbers such that 1 < X\ :=r + s < 3.
Suppose that a function f: X — Y with f(0) =0 satisfies the inequality

Ollx|’%, r>0,s=0
IDf(z,y)lly <4 Ollyllx, r=0,5>0
Ollzlxlyll%, rs>0

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — 'Y such that

1
If(z) = A(z) — C(x)|ly < 48] max{|4|va(z),ve(z)} forallz e X
where,

Ol r>0,s=0
Ya(z) = ¢ [2[0]]z]%, r=0,5>0

0|||x max{|2],2|°}, r,s>0,

%, r>0,s=0
ve(w) = 3 B max{2] 2}, v =0,5>0

810z || %
BEEE max{|2], |2°}, 7,5 > 0.

3.16. Remark. The hypothesis f(0) = 0 is not essential in the statement of the theo-
rems, since it is possible to deal with the auxiliary function g(z) := f(z) — f(0) for which
we have Dg(z,y) = Df(z,y).
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