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Abstract

In this paper criterion for L1- convergence of a certain cosine sums with
third quasi hyper-convex coefficients is obtained.
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1. Introduction

It is well known that if a trigonometric series converges in L1-metric to a function f ∈
L1, then it is the Fourier series of the function f. Riesz [1] gave a counter example showing
that in a metric space L1 we cannot expect the converse of the above said result to hold
true. This motivated the various authors to study L1-convergence of the trigonometric
series. During their investigations some authors introduced modified trigonometric sums
as these sums approximate their limits better than the classical trigonometric series in
the sense that they converge in L1-metric to the sum of the trigonometric series whereas
the classical series itself may not. In this contest we was introduced in [3], new modified
cosine series given by relation

N (3)
n (x) = − 1(

2 sin x
2

)6 n∑
k=1

n∑
j=k

(∆5aj−3 −∆5aj−2) cos kx−

a1(15− 6 cosx+ cos 2x)(
2 sin x

2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6
and we will prove that this sums L1-converges to g(x), under conditions that coefficients
(an) are third quasi hyper-convex. In the sequel we will briefly describe the notations
and definitions which are used throughout the paper. In what follows we will denote by

(1.1) g(x) =
a0
2

+

∞∑
k=1

ak cos kx,
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with partial sums defined by

(1.2) gn(x) =
a0
2

+

n∑
k=1

ak cos kx,

and

(1.3) g(x) = lim
n→∞

gn(x).

Dirichlet’s kernels are denoted by

Dn(t) =
1

2
+

n∑
k=1

cos kt =
sin
(
n+ 1

2

)
t

2 sin t
2

D̃n(t) =

n∑
k=1

cos kt

Dn(t) =
n∑
k=1

sin kt =
cos t

2
− cos

(
n+ 1

2

)
t

2 sin t
2

Dn(t) = −1

2
cot

t

2
+Dn(t) = −

cos
(
n+ 1

2

)
t

2 sin t
2

In the following we will mention some known facts which will be very useful for us (see
[6]):

S0
n = Sn = a0 + a1 + · · ·+ an

Skn = Sk−1
0 + Sk−1

1 + · · ·+ Sk−1
n , k = 1, 2, · · · ;n = 1, 2, · · · ;

A0
n = 1, Akn = Ak−1

0 +Ak−1
1 + · · ·+Ak−1

n , k = 1, 2, · · · ;n = 1, 2, · · ·(1.4)

The An’s are called the binomial coefficients and are given by the following relation:

(1.5)

∞∑
k=0

Aαkx
k = (1− x)(−α−1),

whereas Sn’s are given by

(1.6)

∞∑
k=0

Sαk x
k = (1− x)−α

∞∑
k=0

Skx
k,

and

Aαn =

n∑
k=0

Aα−1
k , Aαn −Aαn−1 = Aα−1

n ,

Aαn =

(
n+ α

n

)
∼=

nα

Γ(α+ 1)
(α 6= −1,−2, · · · ).(1.7)

In what follows we will consider that α > 0.
The Cesaro means Tαk of order α are denoted by Tαk =

Sαk
Aα
k
. Also for 0 < x ≤ π, let

S0
n(x) = D̃n(x) = cosx+ cos 2x+ · · ·+ cosnx

S1
n(x) = S0(x) + S1(x) + · · ·+ Sn(x),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Skn(x) = Sk−1
0 (x) + Sk−1

1 (x) + · · ·+ Sk−1
n (x).(1.8)

The Cesaro means Tαk (x) of order α are denoted by Tαk (x) =
Sαk (x)

Aα
k
.
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1.1. Lemma. (see [2]) If α ≥ 0, p ≥ 0, εn = o(n−p), and
∑∞
n=0A

α+p
n |∆α+1εn| < ∞,

then
∞∑
n=0

Aλ+pn |∆λ+1εn| <∞,

for −1 ≤ λ ≤ α, Aλ+pn ∆λεn is of bounded variation for 0 ≤ λ ≤ α and tends to zero as
n→∞.

The same holds with 0 in place of o in εn = o(n−p)(see Lemma 2 in [2]).

1.2. Definition. A sequence of scalars (an) is said to be quasi-convex if an → 0 as
n→∞, and

(1.9)

∞∑
n=1

n|∆2an−1| <∞, (a0 = 0),

where ∆an = an − an+1, ∆n = ∆(∆n−1).

1.3. Definition ([5]). A sequence of scalars (an) is said to be quasi hyper-convex if
an → 0 as n→∞, and

(1.10)

∞∑
n=1

nα|∆α+1an−1| <∞, (a0 = 0),

for α > 0. For α = 1, this class reduces to the class defined in Definition 1.2.

1.4. Definition. A sequence of scalars (an) is said to be third quasi hyper-convex if
an → 0 as n→∞, and

(1.11)

∞∑
n=1

n3α|∆3α−1an−1| <∞, (a0 = a−1 = a−2 = 0).

1.5. Definition. [4] A sequence of scalars (an) is said to be third generalized semi-convex
if an → 0 as n→∞, and

(1.12)

∞∑
n=1

n3α|∆3α−1an−1 + ∆3α−1an| <∞, (a0 = a−1 = a−2 = 0).

1.6. Remark. If (an) is a third quasi hyper-convex null scalar sequence, then it is third
generalized semi-convex scalars sequence too.

2. Results

In this paper we consider the modified cosine sums defined in [3] as follows:

N (3)
n (x) = − 1(

2 sin x
2

)6 n∑
k=1

n∑
j=k

(∆5aj−3 −∆5aj−2) cos kx−(2.1)

a1(15− 6 cosx+ cos 2x)(
2 sin x

2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6
and we will prove that this sums L1-converges to g(x), under conditions that coefficients
(an) are third quasi hyper-convex and α ∈ N. In paper [3], was proved that the above
modified cosine sums L1-converges to g(x) under condition that coefficients (an) are third
semi-convex. We will use this trivial fact:
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2.1. Lemma. If (an) is a third quasi hyper-convex null sequence of scalars, then the
following relation holds

∞∑
k=1

k3α|(∆3α−1ak−1 −∆3α−1ak)| <∞.

2.2. Theorem. Let (an) be a third quasi hyper-convex null sequence, then N
(3)
n (x) con-

verges to g(x) in L1 norm.

Proof. Let us start from the modified cosine sums:

N (3)
n (x) = − 1(

2 sin x
2

)6 n∑
k=1

n∑
j=k

(∆5aj−3 −∆5aj−2) cos kx−

− a1(15− 6 cosx+ cos 2x)(
2 sin x

2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6
In what follows we will prove that

||g(x)−N (3)
n (x)||L1 → 0, n→∞,

where (an) are third quasi hyper-convex null coefficients, taking in consideration Cesaro’s
mean of integral order.

Applying Abel’s transformation, we have

N (3)
n (x) = − 1(

2 sin x
2

)6 n−1∑
k=1

(∆5ak−3 −∆5ak−2)D̃k(x) +
∆5an−3 · D̃n(x)(

2 sin x
2

)6 +

+
∆5an−2 · D̃n(x)(

2 sin x
2

)6 − a1(15− 6 cosx+ cos 2x)(
2 sin x

2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6
If we use Abel’s transformation 3α− 5 times, we obtain:

N (3)
n (x) = − 1(

2 sin x
2

)6 n−3α+5∑
k=1

(∆3α−1ak−3 −∆3α−1ak−2)S3α−6
k (x)−

3α−6∑
k=1

(∆k+4an−k−3 −∆k+4an−k−2)Skn−k(x)(
2 sin x

2

)6 +
∆5an−3 + ∆5an−2(

2 sin x
2

)6 D̃n(x)

− a1(15− 6 cosx+ cos 2x)(
2 sin x

2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6 .(2.2)

Since Skn(x), Tn(x), D̃n(x) are uniformly bounded in any segment [ε, π− ε], for any ε > 0,

and T kn (x) =
Skn(x)

Akn
we have (see [3])

g(x) = lim
n→∞

N (3)
n (x) = − 1(

2 sin x
2

)6 ∞∑
k=1

(∆3α−1ak−3 −∆3α−1ak−2)S3α−6
k (x)−

(2.3)
a1(15− 6 cosx+ cos 2x)(

2 sin x
2

)6 +
a2(6− cosx)(

2 sin x
2

)6 − a3(
2 sin x

2

)6 .
From relations (2.2) and (2.3) we have:

g(x)−N (3)
n (x) = − 1(

2 sin x
2

)6 ∞∑
k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S3α−6
k (x)+
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3α−6∑
k=1

(∆k+4an−k−3 −∆k+4an−k−2)Skn−k(x)(
2 sin x

2

)6 − ∆5an−3 + ∆5an−2(
2 sin x

2

)6 D̃n(x).

Hence

||g(x)−N (3)
n (x)|| ≤

∥∥∥∥∥∥ 1(
2 sin x

2

)6 ∞∑
k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S3α−6
k (x)

∥∥∥∥∥∥+

∥∥∥∥∥ 1(
2 sin x

2

)6 3α−6∑
k=1

∆k+4an−k−3S
k
n−k(x)

∥∥∥∥∥+

∥∥∥∥∥ 1(
2 sin x

2

)6 3α−6∑
k=1

∆k+4an−k−2S
k
n−k(x)

∥∥∥∥∥
+

∥∥∥∥∥∆5an−3D̃n(x)(
2 sin x

2

)6
∥∥∥∥∥+

∥∥∥∥∥∆5an−2D̃n(x)(
2 sin x

2

)6
∥∥∥∥∥

Finally we will have

||g(x)−N (3)
n (x)|| ≤ C1

∫ π

0

∣∣∣∣∣∣
∞∑

k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S3α−6
k (x)

∣∣∣∣∣∣dx+

C1

∫ π

0

∣∣∣∣∣
3α−6∑
k=1

∆k+4an−k−3S
k
n−k(x)

∣∣∣∣∣dx+ C1

∫ π

0

∣∣∣∣∣
3α−6∑
k=1

∆k+4an−k−2S
k
n−k(x)

∣∣∣∣∣dx+

C1

∫ π

0

∣∣∣∆5an−3D̃n(x)
∣∣∣dx+ C1

∫ π

0

∣∣∣∆5an−2D̃n(x)
∣∣∣dx

≤ C1 ·
∞∑

k=n−(3α−5)

A3α−6
k

∣∣(∆3α−5ak−3 −∆3α−5ak−2)
∣∣ ∫ π

0

∣∣Tα−1
k (x)

∣∣ dx+

C1·
3α−6∑
k=1

Akn−k

∣∣∣∆k+4an−k−3

∣∣∣ ∫ π

0

∣∣∣T kn−k(x)
∣∣∣ dx+C1·

3α−6∑
k=1

Akn−k

∣∣∣∆k+4an−k−2

∣∣∣ ∫ π

0

∣∣∣T kn−k(x)
∣∣∣ dx+

(2.4) C1 ·A0
n · |∆5an−3|

∫ π

0

|T 0
n(x)|dx+ C1 ·A0

n · |∆5an−2|
∫ π

0

|T 0
n(x)|dx.

The second summand in the relation (2.4) can be expressed as follows:

3α−6∑
k=1

Akn−k

∣∣∣∆k+4an−k−2

∣∣∣ ∫ π

0

∣∣∣T kn−k(x)
∣∣∣ dx =

3α−6∑
k=1

Akn−k

∣∣∣∆kan−k−3 − 4∆kan−k−2 + 6∆kan−k−1 − 4∆kan−k + ∆kan−k+1

∣∣∣ ∫ π

0

∣∣∣T kn−k(x)
∣∣∣ dx

Based on Lemma 1.1 and Lemma 2.1, it tends to zero. For the same reasons the third

summand in the relation (2.4) tends to zero, too. Finally we get ||g(x)−N (3)
n (x)|| → 0,

where n→∞. �
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