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Abstract

The inverse spectral problem of recovering for a quadratic pencil of
Sturm-Liouville operators with the interaction point and the eigenvalue
parameter linearly contained in the boundary conditions are studied.
The uniqueness theorem for the solution of the inverse problem accord-
ing to the Weyl function is proved and a constructive procedure for
finding its solution is obtained.
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1. Introduction

We consider the boundary value problem (BVP) L = L(q(z),a, h;, Hj, 7 =0,1) :
(1.1)  ly:=y"+ N —qx)y=0, z¢€ (O,g) U (g,ﬂ') ,
(1.2)  U(y) =y'(0) = (haA + ho)y(0) = 0,
(13) Vi) =
(1.4) I(y);:{y,y( +0)=y(5-0)=vy(3),

where the potential g(x) € L1(0,7) is a complex-valued function, a, hj, H; € C, 5 =0, 1;
hiHy = —1 and a(h1 + H1) — 2 # ti(h1 + H1 + 2a), A is a spectral parameter.

Notice that, we can understand problem (1.1),(1.4) as one of the treatments of the
equation
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(1.5) ¢+ (X =2Xp(x) —q(z))y =0, z€(0,7),

when p(z) = ad (z — %) (see[1]), where §(z) is the Dirac function.

Differential equations with linear or non-linearly dependence on the spectral parameter
arise in various problems of mathematics as well as in applications. In particular, several
examples of spectral problems arising in mechanical engineering and having differential
equations and boundary conditions depending on the spectral parameter are provided in
[18, 21, 22].

Inverse problems for differential pensils are more diffucult to investigate and nowadays
there exists only a small number of papers in this direction. In particular, in the case
p(z) = 0, the inverse problems for equation (1.5) with A-dependent boundary conditions
were investigated in [3, 4, 8, 12]. Such problems play an important role in mathematics
and have many applications in natural sciences and engineering (see[11, 16, 17, 19] and the
references therein). Some aspects of inverse spectral problems for second order differential
pensils (p(z) € W1 (0,7), h1 = Hy = 0) were investigated in [6, 13, 14, 15, 20, 24]. For
this inverse problem, which in the case p(z) € W{ (0, ) is proved in [7, 23].

In this paper uniqueness theorem is proved and a constructive procedure for solving
the half inverse problem is given. As the basic spectral characteristic we introduce and
investigate the so-called Weyl function, which is an analogue of the classical Weyl function
for the Sturm-Liouville operators (see[12]).

2. Properties Of The Spectral Characteristics

Let y(z) and z(z) be continuously differentiable functions on (0,%) and (3,7). De-
note (y, z) := yz’ — y'2. If y(x) and z(x) satisfy the matching conditions (1.4), then
(21) <y7 Z> =T _0 <y? Z>x:£+0 ’

-z
i.e. the function (y, z
Let o(x, ), ¥(z, A

is continuous on (0, 7).
, C(z, A), S(x, \) be solutions of equation (1.1) under the conditions

:ﬂQM:MmM:
=Ulp) = V() =0.
Denote

AA) = (p(z,A), ¥ (2, N)) -

By virtue of (2.1) and the Ostrogradskii-Liouville theorem (see[9]), A(A) does not depend
on z. The function A()) is called characteristic function of L. Clearly,

(22)  AQ) =-V(e) =U®).

Let Co(x, A) and Sp(x, A) be smooth solutioons of (1.1) on the interval [0, 7] under the
initial conditions

Co(z, \) = So(x, ) = 1,Ch(z,\) = So(z,A) = 0.
(2.3)  C(z,\) = Co(z,\), S(z,\) =So(z,)\), =<,

2
C(z,\) = A1Co(x,\) + B1So(x, \),

S(z, ) = AsCo(z, \) + BaSo(w, ), * * 7

I

|9

(2 5) A1 =1- 20()\00 ( ) (g ) B1 = 204)\03 (g )
' Az = —2aAS5 (3 ,A),lbzzl 2aACb( ) So (5,4)
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It is easy to verify that the function Co(x, \) satisfies the following integral equation

(2.6)  Colz, \) = cos Aa + / wq(t)a)(t, N
0
It follows from (2.6) that

(2.7) Co(z, A)-cos)\x—i—smqu (t)dt + 55 [ q(t)sin A(z — 2t)dt
. 0
+0O (72 exp(|7|z)) ,
(2.8) Co(z,\) = —Asin Az + 222 fq )dt + 1 fq )cos Az — 2t)dt
+0O(x eXP(\T| ),
Analogously,
(2.9) So(z,\) = StAz CZS‘AQI qu )dt + 53z fq )cos Az — 2t)dt
O (35 exp(|7] ))
So(m, ) = cos Az + 22 [q(t)dt — L [ q(t) sin Nz — 2t)dt
(2.10) 0 229
+0 (% p(|7]2))

where 7 = ImA.
By virtue of (2.5) and (2.7)-(2.10)

A = 1—asin)\7r+o<§>,Blza)\(1+cos)\7r)+asin)\7r q(t)dt—|—O<§),

22 o).

0

[SNElN-) \NH

Ay = a%—k@(%), Bgzl+asin)\7r—a

Since p(z,A) = C(z, \) + (hiA + ho)S(z, A), we calculate using (2.3)-(2.10)

(2.11)  p(z,A) = cos Az + hysin Az + O ( exp(|7] )) z<Z

27
(2.12) o(z,A) = (1 — hia) cos Az + (ha +a)sin)\x+hlozcos>\(7r—x) 5
’ —asinA(r —z) + O (5 exp(|7] z)) DN
(2.13) @' (x,\) = A(=sin Az + h1 cos Ax) + O (exp(|7|2)), z < g,
(2.14) @' (2, \) = M(hia — 1) sin Az + (h1 + @) cos Az + hiasin A(m — x) s T
' tacos A(m — z)) + O (exp(|7] z)) ’ 2’

Can be obtained analogously

(2.15)  P(z,A) =cosA(m —x) + HisinA(w —z) + O (f exp(|T| (m — x))) , x> g,

(2.16) Pz, \) = (1—H1a)cos)\(7r—:c)+(H1+oz) sin \(m — )
. +Hiacos Az — asin Az + O (1 exp(|7| (7 — x))) )
(217) ¥/(@,3) = MsinA(x — 2) — Hy cos A(x —)) + O (exp(f7| (x —2))), @ > 7.

P'(z,\) = AM((1 — Hia) sin A(m — z) — (H1 + a) cos A\(m — z) s
—Hiasin Az — acos \z) + O (exp(|7| (7 — x))) . ’ 2’

™
IE<§7

(2.18)
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It follows from (2.2), (2.12) and (2.14) that
(2.19) AN = ADsin(A —w)m + Q (exp(|7| 7)),

where

D =/(h1 + Hi 4+ 2a)? + (2 — ah1 — aH;)?
1 ’L(hl +H1+2a)—|—a(h1+H1)—2
2.20 = —
(2:20) v = I S TH ¥ 20) —a(h + Hh) T 2
By the standard method using (2.19) and Rouche’s theorem (see, for example,[2]) one
can show that the eigenvalues A\, n € Z := {n : n = 0,41, £2, ...} have the form

(2.21) )\n:n—l—w—kO(%), In| = oo

According to (2.21) for sufficiently large |n| the eigenvalues A, are simple. By virtue of
(2.20), (2.21) the specification of the spectrum determines the value w up to an integer
summand.

Using Hadamard’s factorization theorem [10, p.289] and the asymptotics (2.19) one
can expand the characteristic function A(X) into an infinite product. We have

(2.22)  A(X) = cexp(ciA)A™ H <1 - %) exp <%) , ¢,c1 — const,

An#0

where m > 0 is the multiplicity of the zero eigenvalue. Consider the function Ag(A\) =
Asin(A — w)m, whose expansionhas the form

(2.23)  Ao(A) = ¢ exp(c2)) ﬁ (1 - A%) exp (A%o) ,

where
(2.24) ® = limx 0 AOA()‘) = —sinwm,

A‘me = —mcotwm, Apo=n—+w

c(f = limy_o % In
According to (2.19) we have
A
Ag(N)

:D—I—Q(%), AeGy ={A:|[A=n—-w| >8>0, n€Z},|\ = oo.

3. Half Inverse Problem

Let ®(x, A) be the solution of (1.1) under the conditions U(®) = 1, V(®) = 0 and
under the matching conditions (1.4). We set M (A) := ®(0, A). The functions ®(z, A) and
M(X) are called the Weyl solution and the Weyl function for the BVP L, respectively.
Clearly,

31 ) = L2 g )+ M),

A(N)
(3'2) <<,0(£U,)\),<I)($,)\)> =1,
63 MW= 35

where A°(\) := (0, \) is the characteristic function of the BVP L; for equation (1.1)

with the boundary conditions y(0) = 0,V (y) = 0 and with the matching conditions (1.4).

Let {An,1} be zeros of A°()), i.e. the eigenvalues of L;. Clearly, {\,} N {\n1} = @.
Consider the following inverse problem
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Problem: Let the spectrum {A,}, ., of L be given. Find L, provided the numbers
ho, h1 and the function ¢(x) on (0, g) are known a priori.

3.1. Theorem. The specification of the spectrum {An}, cy
vided the numbers ho, h1 and the function q(z) on (O, g) are known a priori.

determines L uniquely, pro-

Proof. The formula (3.1) give
(34)  $(@,A) = AN)S(A) + A°(N)p(z, \).

Denote

(35) M) == (G A), AT = (g, ),
(3:6) 8200 := ¢ (5.0, As(N) = —(5,A),

We note that A;()) is a characteristic function of the BVP
™
. ly=0, =

37 =0 5

<z <m, y'(g) =V(y) =0
The function
_ AT
A
is the Weyl function for (3.7).
The functions Az(\) and As(A) are the characteristic functions of the BVPs

(3.8) M)

(3.9) ly=0, O<x<g, U(y):g/(f):o

2
™ ™
(310) ly=0,0<z< 7, U(y)—y(i)—o

respectively. According to (3.4) - (3.6) we have

si) AN = A)S(5,0) — AYN)AS(N),
(3. “AL(N) = ANS(E +0,0) + AN AL (N).

According to (2.15) - (2.17) we get

(3.12) { bo(A) := AJ(N) — /T + HF cos § (A = 2°) = O (exp(|7| §)) .
: bi(N) := Ar(A) + A1+ HEsin T(A — 20°) = O (exp(|7] 7)),

where

o._ 1 In i - H
To2mi i+ Hy
Let {An2},cz and {An 3}, o, be the spectra of the BVPs (3.9) and (3.10). Thus, we have

A2=2n+w +O (1),

w

(3.13) )\n’3:2n+w2+o(%)7,n—>oo
where
w '—Llni_h1 wy = w —1
YT omi it b PN T2

Let msll) and m£l2) be the multiplicities of the zeros A, 2 and A, 3 respectively. By virtue
of (3.13) we have m = m{P =1 for sufficiently large |n|. Using the known method
(see[12]) one can prove the following estimates for sufficiently large |A|:

[A2(N)] > csexp(|T] 5), Ae{A:|]A=2n—wi| > >0, n€Z}
[Az(N)| > csexp(|T] §), A€ {A:|]A=2n—w2| >6 >0, n€Z}
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(2 . )
U:O,mf)fl,nGZ

The specification of the numbers {An2},cs » {A3taess {bﬁ“)()\n,g)}
— and the value w® uniquely determines the functions Aj(\),
—1,ne

{bév) (>\n,2) }U:() m
AY()\) by the formula

(3.14) Ay (\) = —A 1—|—H12sing()\—2w0)+b1()\),

(3.15)  AY\) = 4/1+ H? cos g(A —20°%) + bo(N),

where
A
b(A) =3 ln(»@%’
nez A (2 7
bo(A) = 3 bo(An2) xS ATy

nez
if all zeros of the functions Aa(X), Az(A) are simple (A5(An,3) # 0, A3(An,2) # 0). The
case of multiple zeros requires minor modifications.
Using the given numbers ho, h1 and the function ¢(z), = € (0, %) , we find the number
a, the functions S(£40,A) = S(5—-0,A), S(540,A) = 5 (5 -0, ) +2aAS(5—0,\) and
the functions Az(X), Az(A) by formula (3.6). Then using the given spectrum {An}, .,
we find the number w from the asymptotics (2.21) by the formula w = nan;o(An —w) and

construct the function A(\) by formula (2.22). Find the number « by formula (2.20).
According to (3.11), (3.12)we have

v d” .
bg >(/\n73) = (—A(A)S'(g +0,\)+ X /14 HZsin g(/\ — 2w0)) [A=An.5

v dU
B (An2) = Y <A(>\)S(g, A) — A /1 + H?cos g(,\ - 2w0)> Ixmrm 25

According to formula (3.8) the function M;()) is uniquely determined by specifying
the given data. According to the uniqueness theorem in [5] the specification of M;(X)
uniquely determines the number Hy and the function ¢(z) on (g, 7r) . O

The proof of Theorem is constructive for solving the half inverse problem.
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