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Abstract

In this paper, we present a generalization (and unification) of a class
of Humbert polynomials which include well known families of Chan-
Chyan-Srivastava, Lagrange-Hermite and Erkus-Srivastava multivari-
able polynomials. We derive various families of multilateral and multi-
linear generating functions for these polynomials. We also obtain other
miscellaneous properties of these polynomials. Furthermore, for some
special cases of these polynomials, we present hypergeometric repre-
sentations and give expansions of these polynomials in series of some
orthogonal polynomials.
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1. Introduction

An interesting generalization of Humbert, Gegenbauer, Legendre, Tchebycheff, Pincherle
and Kinney polynomials, which is called generalized Humbert polynomials, was presented
by Gould [10] and it is generated by

(1.1) (c−mxt+ ytm)p =

∞∑

n=0

Pn (m,x, y, p, c) tn
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where m is a positive integer and other parameters are unrestricted in general (see also
[20, p. 77, 86] and [19, 21]). For c = 1, p = −ν and y = 1, (1.1) reduces to Humbert
polynomials hνn,m (x) , generated by

(1−mxt+ tm)−ν =

∞∑

n=0

hνn,m (x) tn.

The polynomials
{
pλn,m

}∞
n=0

considered by Milovanović and Dordević [14, 15] are defined
by

(1.2) (1− 2xt+ tm)−λ =

∞∑

n=0

pλn,m (x) tn

where m is a positive integer and λ > −1/2. For the special cases of (1.2), including
Horadam polynomials, Horadam-Pethe polynomials and Gegenbauer polynomials, see
[11, 12, 17]. Sinha [18] introduced the polynomials Sνn (x) , generated by

(1.3)
[
1− 2xt+ t2 (2x− 1)

]−ν
=

∞∑

n=0

Sνn (x) tn.

Pathan and Khan [16] considered a generalization of polynomials mentioned above,
defined by

(1.4)
[
c− axt+ btm (2x− 1)d

]−ν
=

∞∑

n=0

pνn,m,a,b,c,d (x) tn.

In [1], Aktaş et.al presented a multivariable generalization of Humbert polynomials
including Chan-Chyan-Srivastava, Lagrange-Hermite and Erkus-Srivastava multivariable
polynomials, generated by

(1.5)

r∏

i=1

{
(ci −mixit+ yit

mi)−αi
}

=

∞∑

n=0

P (α1,...,αr)
n (m,x,y, c)tn

(|mixit− yitmi | < |ci| , ci 6= 0 , αi ∈ C ; i = 1, 2, ..., r)

where x = (x1, ..., xr) ,y = (y1, ..., yr) , c = (c1, ..., cr) , m = (m1, ...,mr) . For i = 1, 2, ..., r;
mi is a positive integer and other parameters are unrestricted. (1.5) yields the following
explicit representation:

P (α1,...,αr)
n (m,x,y, c)

=
∑

m1k1+...+mrkr+n1+...+nr=n

(α1)n1+k1
... (αr)nr+kr

n1!...nr!k1!...kr!
c−α1−n1−k1
1 ...c−αr−nr−krr

×mn1
1 ...mnr

r (−1)k1+...+kr xn1
1 ...xnrr yk11 ...ykrr(1.6)

where, as usual, (λ)k denotes the Pochhammer symbol given by

(λ)k :=
Γ (λ+ k)

Γ (λ)
(k ∈ N0 : = {0, 1, 2, 3, ...}) .

Note that the case

ci = 1, mi = 1, yi = 0 , i = 1, 2, ..., r

of the polynomials given by (1.5) is reduced to the Chan-Chyan-Srivastava multivariable
polynomials which is a multivariable extension of the Lagrange polynomials (see [8, p.
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267]), generated by [4]

r∏

i=1

{
(1− xit)−αi

}
=

∞∑

n=0

g(α1,...,αr)
n (x1, ..., xr) t

n

(
αi ∈ C (i = 1, 2, ..., r) ; |t| < min

{
|x1|−1 , ..., |xr|−1}) .(1.7)

Getting ci = 1, mi = i, xi = 0, yi = −xi , i = 1, 2, ..., r in (1.5) gives the multivariable
Lagrange-Hermite polynomials presented by Altın et al. [3]

r∏

i=1

{(
1− xiti

)−αi}
=

∞∑

n=0

h(α1,...,αr)
n (x1, ..., xr) t

n

(
αi ∈ C (i = 1, 2, ..., r) ; |t| < min

{
|x1|−1 , |x2|−1/2 , ..., |xr|−1/r

})
(1.8)

which is a multivariable generalization of the familiar (two-variable) Lagrange-Hermite
polynomials considered by Dattoli et al. [5, 6].

Moreover, the special case

ci = 1, xi = 0, yi = −xi , i = 1, 2, ..., r

is reduced to the Erkus-Srivastava multivariable polynomials generated by [9]

r∏

i=1

{
(1− xitmi)−αi

}
=

∞∑

n=0

u(α1,...,αr)
n (x1, ..., xr) t

n

(
αi ∈ C (i = 1, 2, ..., r) ; |t| < min

{
|x1|−1/m1 , |x2|−1/m2 , ..., |xr|−1/mr

})
,(1.9)

where mi (i = 1, 2, ..., r) are positive integers. A generalization (and unification) of
various polynomials given above is provided by the definition

r∏

i=1

{(
ci − aixitpi + biy

di
i t

mi
)−αi}

=

∞∑

n=0

P
(α1,...,αr)
n,p,m,a,b,c,d(x,y)tn

=

∞∑

n=0

Φ(α1,...,αr)
n (x,y)tn

(∣∣∣aixitpi − biydii tmi
∣∣∣ < |ci| , ci 6= 0 , αi ∈ C ; i = 1, 2, ..., r

)
(1.10)

where x = (x1, ..., xr) ,y = (y1, ..., yr) , a = (a1, ..., ar) , b = (b1, ..., br) , c = (c1, ..., cr) ,
d = (d1, ..., dr) , p = (p1, ..., pr) , m = (m1, ...,mr) . For i = 1, 2, ..., r; mi, pi and di are
positive integers and other parameters are unrestricted. (1.10) yields

Φ(α1,...,αr)
n (x,y)

=
∑

m1k1+...+mrkr+p1n1+...+prnr=n

(α1)n1+k1
... (αr)nr+kr

n1!...nr!k1!...kr!
c−α1−n1−k1
1 ...c−αr−nr−krr

× an1
1 ...anrr bk11 ...bkrr (−1)k1+...+kr xn1

1 ...xnrr yd1k11 ...ydrkrr .(1.11)

In this paper, we give some basic relations for the generalized (unified) multivariable
polynomials given explicitly by (1.11). We derive various families of multilinear and

multilateral generating functions for Φ
(α1,...,αr)
n (x,y) similar to method given in [1, 2, 3,

7, 9] and obtain several recurrence relations. We also give hypergeometric representations

for some special cases of Φ
(α1,...,αr)
n (x,y) and expansions of these polynomials in series

of some orthogonal polynomials. Furthermore, we present some special cases of our
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results and give some new results for Chan-Chyan-Srivastava, Lagrange-Hermite, Erkus-
Srivastava multivariable polynomials and Humbert multivariable polynomials given by
(1.6).

2. Bilinear and Bilateral Generating Functions

In this section, we consider many general families of bilinear and bilateral generating

functions for the generalized (unified) multivariable polynomials Φ
(α1,...,αr)
n (x,y) which

are generated by (1.10) and given explicitly by (1.11).
We begin by stating the following theorem.

2.1. Theorem. For a non-vanishing function Ωµ(z ) of s complex variables z1, ..., zs
(s ∈ N) and of complex order µ, let

(2.1) Λµ,ν(z;w) :=

∞∑

k=0

akΩµ+νk(z)wk

where (ak 6= 0 , µ, ν ∈ C) ; z = (z1, ..., zs) and

(2.2) Θn,p,µ,ν(x,y; z; ζ) :=

[n/p]∑

k=0

akΦ
(α1,...,αr)
n−pk (x,y) Ωµ+νk(z )ζk

where n, p ∈ N; x = (x1, ..., xr) ; y = (y1, ..., yr) . Then we have

(2.3)

∞∑

n=0

Θn,p,µ,ν(x,y; z;
η

tp
)tn =

r∏

i=1

{(
ci − aixitpi + biy

di
i t

mi
)−αi}

Λµ,ν(z; η)

provided that each member of (2.3) exists.

Proof. For convenience, let S denote the first member of the assertion (2.3) of Theorem
2.1. Then, upon substituting for the polynomials

Θn,p,µ,ν(x,y; z;
η

tp
)

from the definition (2.2) into the left-hand side of (2.3), we obtain

(2.4) S =

∞∑

n=0

[n/p]∑

k=0

akΦ
(α1,...,αr)
n−pk (x,y)Ωµ+νk(z)ηktn−pk.

Using the equality

∞∑

n=0

[n/p]∑

k=0

A (k, n) =

∞∑

n=0

∞∑

k=0

A (k, n+ pk) ,

we may write

S =

∞∑

n=0

∞∑

k=0

ak Φ(α1,...,αr)
n (x,y)Ωµ+νk(z )ηktn

=

∞∑

n=0

Φ(α1,...,αr)
n (x,y)tn

∞∑

k=0

akΩµ+νk(z )ηk

=

r∏

i=1

{(
ci − aixitpi + biy

di
i t

mi
)−αi}

Λµ,ν(z; η),

which completes the proof. �
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In a similar manner, we can easily prove the following result.

2.2. Theorem. Corresponding to an identically non-vanishing function Ωµ(z) of s com-
plex variables z1, ..., zs (s ∈ N) and for p ∈ N, µ, ν ∈ C, z = (z1, ..., zs) , α := (α1, ..., αr) , β :=
(β1, ..., βr) , let

(2.5) Λn,pµ,ν,α,β(x,y; z;w) :=

[n/p]∑

k=0

akΦ
(α1+β1,...,αr+βr)
n−pk (x,y)Ωµ+νk(z)wk

where ak 6= 0; n, k ∈ N0; N0 := N∪{0} . Then

n∑

k=0

[k/p]∑

l=0

alΦ
(α1,...,αr)
n−k (x,y)Φ

(β1,...,βr)
k−pl (x,y) Ωµ+νl(z)wl

= Λn,pµ,ν,α,β(x,y; z;w)(2.6)

provided that each member of (2.6) exists.

3. Special cases and miscellaneous properties

When the multivariable function Ωµ+νk(z) , z =(z1, ..., zs) , k ∈ N0 , s ∈ N is ex-
pressed in terms of simpler functions of one and more variables, then we can give further
applications of the above theorems. For example, if we set

s = r and Ωµ+νk(z ) = u
(β1,...,βr)
µ+νk (z)

in Theorem 2.1, where Erkus-Srivastava multivariable polynomials

u(α1,...,αr)
n (x)

are generated by (1.9), then we obtain the following result which provides a class of
bilateral generating functions for Erkus-Srivastava multivariable polynomials and the

generalized (unified) multivariable polynomials Φ
(α1,...,αr)
n (x,y) given explicitly by (1.11).

3.1. Corollary. If Λµ,ν(z;w) :=
∞∑
k=0

aku
(β1,...,βr)
µ+νk (z)wk , ak 6= 0 , µ, ν ∈ C , z =(z1, ..., zr)

and

Θn,p,µ,ν(x,y; z; ζ) :=

[n/p]∑

k=0

akΦ
(α1,...,αr)
n−pk (x,y)u

(β1,...,βr)
µ+νk (z)ζk

where n ∈ N0; p ∈ N; x = (x1, ..., xr) ; y = (y1, ..., yr) , then

(3.1)

∞∑

n=0

Θn,p,µ,ν(x,y; z;
η

tp
)tn =

r∏

i=1

{(
ci − aixitpi + biy

di
i t

mi
)−αi}

Λµ,ν(z; η)

provided that each member of (3.1) exists.

3.2. Remark. Using the generating relation (1.9) for Erkus-Srivastava multivariable
polynomials and getting ak = 1, µ = 0, ν = 1, we find that

∞∑

n=0

[n/p]∑

k=0

Φ
(α1,...,αr)
n−pk (x,y)u

(β1,...,βr)
k (z) ηktn−pk

=

r∏

i=1

{(
ci − aixitpi + biy

di
i t

mi
)−αi

(1− ziηni)−βi
}
,

(
|η| < min

{
|z1|−1/n1 , ..., |zr|−1/nr

}
;
∣∣∣aixitpi − biydii tmi

∣∣∣ < |ci| ; i = 1, 2, ..., r
)
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where ni,mi, pi and di ( i = 1, 2, ..., r) are positive integers.

By choosing s = 2r and Ωµ+νk(z) = Φ
(γ1,...,γr)
µ+νk (t, ω), µ, ν ∈ N0, t = (t1, ..., tr) ,

ω = (ω1, ..., ωr) in Theorem 2.2, we obtain the following class of bilinear generating

functions for the polynomials Φ
(α1,...,αr)
n (x,y) given explicitly by (1.11).

3.3. Corollary. Let

Ξn,pµ,ν,α,β,γ(x,y; t, ω;w)

:=

[n/p]∑

k=0

akΦ
(α1+β1,...,αr+βr)
n−pk (x,y)Φ

(γ1,...,γr)
µ+νk (t, ω)wk

where ak 6= 0; p ∈ N;n, k, µ, ν ∈ N0;α := (α1, ..., αr) ; β := (β1, ..., βr) ; γ := (γ1, ..., γr) .
Then

n∑

k=0

[k/p]∑

l=0

alΦ
(α1,...,αr)
n−k (x,y)Φ

(β1,...,βr)
k−pl (x,y)Φ

(γ1,...,γr)
µ+νl (t, ω)wl

= Ξn,pµ,ν,α,β,γ(x,y; t, ω;w)(3.2)

provided that each member of (3.2) exists.

Furthermore, for every suitable choice of the coefficients ak (k ∈ N0), if the multivari-
able function Ωµ+νk(z), z =(z1, ..., zs), (s ∈ N), is expressed as an appropriate product
of several simpler functions, the assertions of Theorem 2.1 and Theorem 2.2 can be ap-
plied to derive various families of multilinear and multilateral generating functions for

the generalized (unified) multivariable polynomials Φ
(α1,...,αr)
n (x,y) given explicitly by

(1.11).
We now give some further properties of the generalized (unified) multivariable polyno-

mials Φ
(α1,...,αr)
n (x,y) given by (1.11). The generating function (1.10) yields the following

addition formula for these multivariable polynomials:

Φ(α1+β1,...,αr+βr)
n (x,y) =

n∑

k=0

Φ
(α1,...,αr)
n−k (x,y)Φ

(β1,...,βr)
k (x,y).

On the other hand, the polynomials Φ
(α1,...,αr)
n (x,y) satisfy the following differential

equation:

(3.3)

r∑

j=1

(
pjxj

∂

∂xj
+
mj

dj
yj

∂

∂yj

)
Φ(α1,...,αr)
n (x,y) = nΦ(α1,...,αr)

n (x,y).

If we differentiate each member of the generating function (1.10) with respect to xj
and yj (j = 1, 2, ..., r), we arrive at the following (differential) recurrence relations for

Φ
(α1,...,αr)
n (x,y), respectively:

∂

∂xj
Φ(α1,...,αr)
n (x,y)

=

[
n−pj
pj

]

∑

k=0

[
n−(k+1)pj

mj

]

∑

l=0

(−1)l (k + l)!αjb
l
j (aj)

k+1

k!l!ck+l+1
j

xkj y
ldj
j

× Φ
(α1,...,αr)

n−lmj−(k+1)pj
(x,y)(3.4)
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for n ≥ pj , and

∂

∂yj
Φ(α1,...,αr)
n (x,y)

= −

[
n−mj
mj

]

∑

l=0

[
n−(l+1)mj

pj

]

∑

k=0

(−1)l (k + l)!αjdja
k
j b
l+1
j

k!l!ck+l+1
j

xkj y
dj(l+1)−1

j

× Φ
(α1,...,αr)

n−(l+1)mj−kpj (x,y)(3.5)

where n ≥ mj , and mj , pj and dj (j = 1, 2, ..., r) are positive integers. By applying (3.3),
(3.4) and (3.5), we can easily derive the following recurrence relation for the generalized

(unified) multivariable polynomials Φ
(α1,...,αr)
n (x,y) given explicitly by (1.11):

r∑

j=1

[
n−pj
pj

]

∑

k=0

[
n−(k+1)pj

mj

]

∑

l=0

(−1)l (k + l)!pjαjb
l
ja
k+1
j

k!l!ck+l+1
j

xk+1
j y

ldj
j Φ

(α1,...,αr)

n−lmj−(k+1)pj
(x,y)

−
r∑

j=1

[
n−mj
mj

]

∑

l=0

[
n−(l+1)mj

pj

]

∑

k=0

(−1)l (k + l)!αjmja
k
j b
l+1
j

k!l!ck+l+1
j

xkj y
dj(l+1)

j Φ
(α1,...,αr)

n−(l+1)mj−kpj (x,y)

= nΦ(α1,...,αr)
n (x,y)

where n ≥ max {pj ,mj} (j = 1, 2, ..., r) and, mj and pj (j = 1, 2, ..., r) are positive
integers.

4. Hypergeometric Representations for the special cases of

Φ
(α1,...,αr)
n (x,y)

In this section, we give a hypergeometric representation for the special case pi =

1 (i = 1, 2, ..., r) of the generalized (unified) multivariable polynomials Φ
(α1,...,αr)
n (x,y)

generated by (1.10). In this special case, we denote the polynomials Φ
(α1,...,αr)
n (x,y) by

Ψ
(α1,...,αr)
n (x,y). From (1.10), the polynomials Ψ

(α1,...,αr)
n (x,y) are generated by

r∏

i=1

(
ci − aixit+ biy

di
i t

mi
)−αi

=

∞∑

n=0

Ψ(α1,...,αr)
n (x,y)tn

(∣∣∣aixit− biydii tmi
∣∣∣ < |ci| , ci 6= 0 , αi ∈ C ; i = 1, 2, ..., r

)
(4.1)

The generalized hypergeometric function pFq is defined by [17]

pFq



α1, ..., αp;

z
β1, ..., βq;


 =

∞∑

k=0

(α1)k ... (αp)k
(β1)k ... (βq)k

zk

k!
,(4.2)

from which, we can give the following hypergeometric representation for Ψ
(α1,...,αr)
n (x,y).
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4.1. Theorem. The polynomials Ψ
(α1,...,αr)
n (x,y) have the following hypergeometric rep-

resentation

Ψ(α1,...,αr)
n (x,y) =

∑

n1+...+nr=n

r∏

i=1

(αi)ni (aixi)
ni

ni!c
ni+αi
i

×mi Fmi−1




− ni
mi
, −ni+1

mi
, ..., −ni+mi−1

mi
;

m
mi
i bic

mi−1
i y

di
i

(aixi)
mi (mi−1)mi−1

−αi−ni+1
mi−1

, −αi−ni+2
mi−1

, ..., −αi−ni+mi−1
mi−1

;


(4.3)

where mi ≥ 2 (i = 1, 2, ..., r).

Proof. With the help of the result

(1− z)−α =

∞∑

n=0

(α)n z
n

n!
,

from (4.1), we get

r∏

i=1

(
ci − aixit+ biy

di
i t

mi
)−αi

=

r∏

i=1




∞∑

ni=0

ni∑

ki=0

c−αi−nii (αi)ni
(ni − ki)!ki!

(aixit)
ni−ki

(
−biydii tmi

)ki


 .

Replacing ni by ni + ki (i = 1, 2, ..., r) , we have

r∏

i=1

(
ci − aixit+ biy

di
i t

mi
)−αi

=

=

r∏

i=1




∞∑

ni=0

∞∑

ki=0

c−αi−ni−kii (αi)ni+ki
ni!ki!

(aixit)
ni
(
−biydii tmi

)ki


(4.4)

Getting ni −miki instead of ni (i = 1, 2, ..., r) in (4.4) gives

r∏

i=1

(
ci − aixit + biy

di
i t

mi
)−αi

=
r∏

i=1





∞∑

ni=0

[ni/mi]∑

ki=0

c
−αi−ni+(mi−1)ki
i (αi)ni−(mi−1)ki

(ni −miki)!ki!
(aixi)

ni−miki
(
−biy

di
i

)ki
t
ni





=
∞∑

n=0

∑

n1+...+nr=n





r∏

i=1

[ni/mi]∑

ki=0

c
−αi−ni+(mi−1)ki
i (αi)ni−(mi−1)ki

(ni −miki)!ki!
(aixi)

ni−miki
(
−biy

di
i

)ki



t
n
.

Since it is known that [17, p.58(2)]

(α)n−k =
(−1)k (α)n

(1− α− n)k
, 0 ≤ k ≤ n,

using

(n−mk)! =
(−1)mk n!

(−n)mk
, 0 ≤ mk ≤ n,

(−n)mk = mmk
m∏

s=1

(−n+ s− 1

m

)

k
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and

(1− α− n)(m−1)k = (m− 1)(m−1)k
m−1∏

p=1

(−α− n+ p

m− 1

)

k

, k = 0, 1, 2, ...,

we find
∞∑

n=0

Ψ(α1,...,αr)
n (x,y)tn =

r∏

i=1

(
ci − aixit+ biy

di
i t

mi
)−αi

=

∞∑

n=0

∑

n1+...+nr=n

(α1)n1
... (αr)nr (a1x1)n1 ... (arxr)

nr

cn1+α1
1 ...cnr+αrr n1!...nr!

×





r∏

i=1

[ni/mi]∑

ki=0

(
−ni
mi

)
ki

(
−ni+1
mi

)
ki

...
(
−ni+mi−1

mi

)
ki(

−αi−ni+1
mi−1

)
ki

(
−αi−ni+2
mi−1

)
ki

...
(
−αi−ni+mi−1

mi−1

)
ki

ki!

×
(

mmi
i bic

mi−1
i ydii

(aixi)
mi (mi − 1)mi−1

)ki
 tn.

Considering (4.2) and then comparing the coefficients of tn from both sides, we obtain
the desired hypergeometric representation. �

We can choose some special cases of this theorem here.

4.2. Corollary. If we set ai = mi, bi = di = 1 (i = 1, 2, ..., r) in (4.3), we get
the following hypergeometric representation of the multivariable Humbert polynomials

P
(α1,...,αr)
n (m,x,y, c) given explicitly by (1.6)

P (α1,...,αr)
n (m,x,y, c) =

∑

n1+...+nr=n

r∏

i=1

(αi)ni (mixi)
ni

ni!c
ni+αi
i

×mi Fmi−1




− ni
mi
, −ni+1

mi
, ..., −ni+mi−1

mi
;

c
mi−1
i yi

x
mi
i (mi−1)mi−1

−αi−ni+1
mi−1

, −αi−ni+2
mi−1

, ..., −αi−ni+mi−1
mi−1

;


 .(4.5)

4.3. Remark. For r = 1 and α1 = −p, (4.5) is reduced to the hypergeometric represen-
tation for the generalized Humbert polynomials Pn (m,x, y, p, c)

Pn (m,x, y, p, c) =
(−p)n (mx)n

n!cn−p

×m Fm−1




− n
m
, −n+1

m
, ..., −n+m−1

m
;

cm−1y

xm(m−1)m−1

p−n+1
m−1

, p−n+2
m−1

, ..., p−n+m−1
m−1

;


 .(4.6)

4.4. Remark. If we get c = 1, y = 1 and p = −ν in (4.6), we have the following
hypergeometric representation of Humbert polynomials hνn,m (x)

hνn,m (x) =
(ν)n (mx)n

n!

×m Fm−1




− n
m
, −n+1

m
, ..., −n+m−1

m
;

1
xm(m−1)m−1

−ν−n+1
m−1

, −ν−n+2
m−1

, ..., −ν−n+m−1
m−1

;


(4.7)

which is a known result (see [16]).
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R. Aktaş, A. Altın

4.5. Remark. For m = 2, (4.7) gives the following hypergeometric representation for
Gegenbauer polynomials [16]

Cνn (x) =
(ν)n (2x)n

n!
2F1



−n

2
, −n+1

2
;

1
x2

1− ν − n;




which is a generalization of a known result [17, p. 166(4)].

4.6. Remark. Setting r = 1, y1 = 2x − 1 and α1 = ν in (4.3), we have the following
known result [16] for the polynomials pνn,m,a,b,c,d (x) given by (1.4)

pνn,m,a,b,c,d (x) =
(ν)n (ax)n

n!cn+ν

×m Fm−1




− n
m
, −n+1

m
, ..., −n+m−1

m
;

mmbcm−1(2x−1)d

(ax)m(m−1)m−1

−ν−n+1
m−1

, −ν−n+2
m−1

, ..., −ν−n+m−1
m−1

;




which gives the hypergeometric representation for Sνn (x) for b = c = d = 1 and a = m = 2
[18, p. 442(12)].

5. Series expansions for the special cases of Φ
(α1,...,αr)
n (x,y)

We give expansions of Ψ
(α1,...,αr)
n (x,y), which is the special case pi = 1 (i = 1, 2, ..., r)

of Φ
(α1,...,αr)
n (x,y) given explicitly by (1.11), in series of some orthogonal polynomials.

5.1. Theorem. Some expansions of Ψ
(α1,...,αr)
n (x,y) in series of Legendre, Gegenbauer,

Hermite and Laguerre polynomials are given by

Ψ(α1,...,αr)
n (x,y)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(2ni − 2miki − 4si + 1) (αi)ni−(mi−1)ki

ki!si! (3/2)ni−miki−si

×c−αi−ni+(mi−1)ki
i

(
−biydii

)ki
Pni−miki−2si

(aixi
2

)}
,

Ψ(α1,...,αr)
n (x,y)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(νi + ni −miki − 2si) (αi)ni−(mi−1)ki

ki!si! (νi)ni−miki−si+1

×c−αi−ni+(mi−1)ki
i

(
−biydii

)ki
Cνini−miki−2si

(aixi
2

)}
,

Ψ(α1,...,αr)
n (x,y)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(αi)ni−(mi−1)ki

ki!si! (ni −miki − 2si)!

×c−αi−ni+(mi−1)ki
i

(
−biydii

)ki
Hni−miki−2si

(aixi
2

)}
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and

Ψ(α1,...,αr)
n (x,y)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

ni−miki∑

si=0

(αi)ni−(mi−1)ki
(βi + 1)ni−miki

ki! (ni −miki − si)! (βi + 1)si

×2ni−miki (−1)si c
−αi−ni+(mi−1)ki
i

(
−biydii

)ki
L(βi)
si

(aixi
2

)}
.

Proof. From (4.4), we have

∞∑

n=0

Ψ(α1,...,αr)
n (x,y)tn

=

r∏

i=1

(
ci − aixit+ biy

di
i t

mi
)−αi

=

r∏

i=1




∞∑

ni=0

∞∑

ki=0

c−αi−ni−kii (αi)ni+ki
ni!ki!

(aixit)
ni
(
−biydii tmi

)ki


 .

Using the result [17, p. 181]

(ax)n

n!
=

[n/2]∑

s=0

(2n− 4s+ 1)Pn−2s (ax/2)

s! (3/2)n−s
,

we can write
∞∑

n=0

Ψ(α1,...,αr)
n (x,y)tn

=

r∏

i=1




∞∑

ni=0

∞∑

ki=0

[ni/2]∑

si=0

(2ni − 4si + 1) c−αi−ni−kii (αi)ni+ki
si!ki! (3/2)ni−si

×

×Pni−2si

(aixi
2

)(
−biydii tmi

)ki
tni
}
.

Replacing ni by ni −miki in the last equality, we get

∞∑

n=0

Ψ(α1,...,αr)
n (x,y)tn

=

r∏

i=1





∞∑

ni=0

[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(2ni − 2miki − 4si + 1) c
−αi−ni+(mi−1)ki
i

si!ki! (3/2)ni−miki−si

× (αi)ni−(mi−1)ki
Pni−miki−2si

(aixi
2

)(
−biydii

)ki
tni
}

=

∞∑

n=0

∑

n1+...+nr=n





r∏

i=1

[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(2ni − 2miki − 4si + 1)

si!ki! (3/2)ni−miki−si

×c−αi−ni+(mi−1)ki
i (αi)ni−(mi−1)ki

Pni−miki−2si

(aixi
2

)(
−biydii

)ki}
tn.

If we compare the coefficients of tn from the both sides, we find the desired relation.
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In a similar manner, in (4.4), using the following results respectively [17, p. 283 (36),
p. 194 (4), p. 207 (2)]

(ax)n

n!
=

[n/2]∑

k=0

(ν + n− 2k)Cνn−2k (ax/2)

k! (ν)n+1−k
,

(ax)n

n!
=

[n/2]∑

k=0

Hn−2k (ax/2)

k! (n− 2k)!

and

(ax)n

n!
= 2n

n∑

k=0

(−1)k (α+ 1)n L
(α)
k (ax/2)

(n− k)! (α+ 1)k
,

we can easily give the other expansions of Ψ
(α1,...,αr)
n (x,y) in series of Gegenbauer, Her-

mite and Laguerre polynomials. �

We can give some special cases of this theorem.

5.2. Corollary. Setting ai = mi, bi = di = 1 (i = 1, 2, ..., r) in Theorem 5.1, for

the multivariable Humbert polynomials P
(α1,...,αr)
n (m,x,y, c) given explicitly by (1.6),

expansions in series of Legendre, Gegenbauer, Hermite and Laguerre polynomials are
given by

P (α1,...,αr)
n (m,x,y, c)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(2ni − 2miki − 4si + 1) (αi)ni−(mi−1)ki

ki!si! (3/2)ni−miki−si

×c−αi−ni+(mi−1)ki
i (−yi)ki Pni−miki−2si

(mixi
2

)}
,

P (α1,...,αr)
n (m,x,y, c)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(νi + ni −miki − 2si) (αi)ni−(mi−1)ki

ki!si! (νi)ni−miki−si+1

×c−αi−ni+(mi−1)ki
i (−yi)ki Cνini−miki−2si

(mixi
2

)}
,

P (α1,...,αr)
n (m,x,y, c)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

[
ni−miki

2

]

∑

si=0

(αi)ni−(mi−1)ki

ki!si! (ni −miki − 2si)!

×c−αi−ni+(mi−1)ki
i (−yi)ki Hni−miki−2si

(mixi
2

)}

and

P (α1,...,αr)
n (m,x,y, c)

=
∑

n1+...+nr=n

r∏

i=1





[ni/mi]∑

ki=0

ni−miki∑

si=0

(αi)ni−(mi−1)ki
(βi + 1)ni−miki

ki! (ni −miki − si)! (βi + 1)si

×2ni−miki (−1)si c
−αi−ni+(mi−1)ki
i (−yi)ki L(βi)

si

(mixi
2

)}
.
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5.3. Remark. If we get r = 1 and α1 = −p in Corollary 5.2, we have similar results for
the generalized Humbert polynomials Pn (m,x, y, p, c) .

5.4. Corollary. Setting r = 1, y1 = 2x− 1 and α1 = ν in Theorem 5.1, then we get the
known results for the polynomials pνn,m,a,b,c,d (x) given by (1.4) [16].

Similar to Theorem 5.1, we can give series expansions for Chan-Chan-Srivastava,
Lagrange-Hermite and Erkus-Srivastava multivariable polynomials.

5.5. Theorem. Some expansions of Erkus-Srivastava multivariable polynomials in series
of Legendre, Gegenbauer, Hermite and Laguerre polynomials are as follows

u(α1,...,αr)
n (x1, ..., xr)

=
∑

m1n1+...+mrnr=n

r∏

i=1

[ni2 ]∑

ki=0

(2ni − 4ki + 1) (αi)ni
ki! (3/2)ni−ki

Pni−2ki

(xi
2

)
,

u(α1,...,αr)
n (x1, ..., xr)

=
∑

m1n1+...+mrnr=n

r∏

i=1

[ni2 ]∑

ki=0

(νi + ni − 2ki) (αi)ni
ki! (νi)ni−ki+1

Cνini−2ki

(xi
2

)
,

u(α1,...,αr)
n (x1, ..., xr)

=
∑

m1n1+...+mrnr=n

r∏

i=1

[ni2 ]∑

ki=0

(αi)ni
ki! (ni − 2ki)!

Hni−2ki

(xi
2

)

and

u(α1,...,αr)
n (x1, ..., xr)

=
∑

m1n1+...+mrnr=n

r∏

i=1

ni∑

ki=0

(−1)ki 2ni (αi)ni (βi + 1)ni
(ni − ki)! (βi + 1)ki

L
(βi)
ki

(xi
2

)
.

5.6. Corollary. In Theorem 5.5, getting mi = i and mi = 1 (i = 1, 2, ..., r) respectively
gives the similar results for Lagrange-Hermite and Chan-Chyan-Srivastava multivariable
polynomials.
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