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Abstract

In this work, by Green’s functional concept, in order to obtain Green’s
solution we concentrate on a new constructive technique by which a
linear completely nonhomogeneous nonlocal problem for a second-order
loaded differential equation with generally variable coefficients satisfy-
ing some general properties such as p-integrability and boundedness is
transformed into one and only one integral equation. A system of three
integro-algebraic equations called the special adjoint system is obtained
for this problem. A solution of this special adjoint system is Green’s
functional which enables us to determine Green’s function and Green’s
solution for the problem. Two illustrative applications are provided.

Keywords: Green’s function; loaded differential equation; nonlocal condition; adjoint
problem.
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1. Introduction

Some boundary value problems with loaded equations involving local and nonlocal
conditions arise in the various areas of mechanics frequently. However, the studies on the
ones with nonlocal conditions are fewer than the studies with local conditions in literature.
In [5], priori bounds for the stability of solutions to boundary value problems with some
loaded equations are obtained. In [8], a boundary value problem for loaded equation
involving nonlocal condition is considered in order to obtain the sufficient conditions for
Fredholm property.

Green’s functions of linear boundary value problems for ordinary differential equations
with sufficiently smooth coefficients have been investigated in detail in several studies [11,

*Istanbul Technical University, Department of Mathematics, 34469 Maslak, istanbul,
TURKEY.

TNamik Kemal University, Department of Mathematics, Degirmenalti Campus, 59030
Degirmenalt1, Tekirdag, TURKEY. E-Mail: ozenke@itu.edu.tr

fE-Mail: koruc@itu.edu.tr

§Corresponding author



438 K. Ozen, K. Orugoglu

12, 13, 14, 15]. In this work, a linear, generally nonlocal problem is studied for a second-
order loaded differential equation. The coefficients of the equation are assumed to be
generally nonsmooth functions satisfying some general properties such as p-integrability
and boundedness. The operator of this equation, in general, does not have a formal
adjoint operator, or any extension of the traditional type for this operator exists only
on a space of distributions [9, 13]. In addition, the considered problem does not have
a meaningful traditional type adjoint problem, even for simple cases of a differential
equation and nonlocal conditions. Due to these facts, some serious difficulties arise in
application of the classical methods for such a problem. As can be seen from [11],
similar difficulties arise even for classical type boundary value problems if the coefficients
of the differential equation are, for example, continuous nonsmooth functions. For this
reason, a Green’s functional approach is introduced for the investigation of the considered
problem. This approach is based on [1, 2, 3, 4] and on some methods of functional
analysis. The main idea of this approach is related to the usage of a new concept of the
adjoint problem named adjoint system. Such an adjoint system includes three integro-
algebraic equations with an unknown element (f2(£), f1, fo) in which f2(€) is a function,
and f; for j = 0,1 are real numbers. One of these equations is an integral equation with
respect to f2(£) and generally includes f; as parameters. The other two equation can
be considered as a system of algebraic equations with respect to fo and fi, and they
may include some integral functionals defined on f2(§). The form of the adjoint system
depends on the operators of the equation and the conditions. The role of the adjoint
system is similar to that of the adjoint operator equation in the general theory of the
linear operator equations in Banach spaces [6, 10, 11]. The integral representation of
the solution is obtained by Green’s functional which is introduced as a special solution
f(@) = (f2(& ), fi(x), fo(x)) of the corresponding adjoint system having a special free
term depending on x as a parameter. The first component f2(€, z) of Green’s functional
f(z) is corresponded to Green’s function for the problem. The other two components
fi(x) for j = 0,1 correspond to the unit effects of the conditions. To summarize, this
approach is principally different from the classical methods used for constructing Green’s
functions [14].

2. Statement Of The Problem

Let R be the set of real numbers. Let G = (zo,z1) be a bounded open interval in
R. Let Ly(G) with 1 < p < oo be the space of p-integrable functions on G. Let Lo (G)
be the space of measurable and essentially bounded functions on G, and let WISZ)(G)
with 1 < p < oo be the space of all functions u = u(z) € L,(G) having derivatives
d*u/dz* € Ly(Q), where k = 1,2. The norm on the space W1§2)(G) is defined as

2
o gy = 2‘

We consider the following boundary value problem

(2.1)  (Veu)(z) = u”(z) + Ao(z)u(x) + A1 (z)u(zo) = 22(z), = € G,

&
dx

Lp(G)

subject to the nonlocal conditions
1
Viu = aru(zo) + biu'(zo) +/ g1 (U (€)dE = 21,

o

(2.2)  Vou = aou(wo) + bou' (xo) + /11 go()u" (€)d¢ = 20,

o
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which are more general conditions than the ones in [4]. We investigate a solution to

the problem in the space W, = WZSQ)(G). Furthermore, we assume that the following
conditions are satisfied: A; € L,(G) and g; € Lq(G) for i = 0,1, where % + % =1, are
given functions; a;,b; for ¢ = 0,1 are given real numbers; z2 € L,(G) is a given function
and z; for ¢ = 0,1 are given real numbers.

Problem (2.1)-(2.2) is a linear completely nonhomogeneous problem which can be

considered as an operator equation:
(2.3)  Vu=z,

with the linear operator V = (V2, V1, V) and z = (22(z), 21, 20).
The assumptions considered above guarantee that V' is bounded from W, into the
Banach space E, = Lp(G) x R x R consisting of element z = (2z2(x), 21, 20) with

lzlle, = ll22llL, @) + l21] + |20], 1 <p<oo.

If, for a given z € E,, the problem (2.1)-(2.2) has a unique solution v € W, with
lullw, < collz||E,, then this problem is called a well-posed problem, where co is a constant
independent of z. Problem (2.1)-(2.2) is well-posed if and only if V' : W}, — E}, is a (linear)
homeomorphism.

3. Adjoint Of The Solution Space

The solution to problem (2.1)-(2.2) is sought by virtue of a new concept of the adjoint
problem. This concept is introduced in the papers [2, 3] by the adjoint operator V* of
V. On the other hand, some isomorphic decompositions of the solution space W}, and its
adjoint space W, are employed. Any function v € W, can be represented as

x

(G1) @) =u(0) +u' (@)@ -a)+ [ (o= u(©de

where « is a given point in G which is the set of closure points for G. Furthermore,
the trace or value operators Dou = u(y), Diu = u'(7) are bounded and surjective from
W, onto R for a given point v of G. In addition, the values u(c),u («) and the de-
rivative u”(x) are unrelated elements of the function u € W, such that for any real
numbers v, 1 and any function v € L,(G), there exists one and only one u € W,
such that u(a) = vo,u’(a) = v1 and v'(z) = va(z). Therefore, there exists a linear
homeomorphism between W, and E,. In other words, the space W), has the isomorphic
decomposition W), = L,(G) x R x R.

3.1. Theorem. If 1 < p < oo, then any linear bounded functional F' € W, can be
represented as

z1
(2 F@= [ v @pae)ds @) +u@so
0
with a unique element ¢ = (p2(x), p1,v0) € Eq where % + é = 1. Any linear bounded
functional F' € W2, can be represented as

Tl

(33 F@= [ @de+ o) + uleo)ion
z0
with a unique element ¢ = (p2(e), p1,¥0) € E, = (BA(D -, 1)) x R x R where p is the
Lebesgue measure on R, > is o-algebra of the p-measurable subsets e C G and BA(>_, i)
is the space of all bounded additive functions @2(e) defined on > with @2(e) = 0 when
w(e) =0 [10]. The inverse is also valid, that is, if ¢ € Eq, then (3.2) is bounded on W)
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for 1 <p< oo and % + % =1. Ifpe E\h then (3.3) is bounded on Wes.

Proof. The operator Nu = (v (z),u'(z0),u(x0)) : W, — E, is bounded and has a
bounded inverse N ! represented by

u(@) = (V1)) = [ (0= ha(€)de + (o = 20) + ho,
o
(3.4) h = (hg(l‘)7 hi, ho) S Ep.

The kernel Ker N of N is trivial and the image Im N of NV is equal to E,. Hence,
there exists a bounded adjoint operator N* : E; — W) with Ker N* = {0} and Im
N* =W, . In other words, for a given F' € W there exists a unique ¢ € E} such that
(35) F=N"% or F(u)=¢(Nu), uec W,.

If 1 < p < oo, then E; = E; in the meaning of an isomorphism [10]. Therefore, the
functional ¥ can be represented by

(3:6) v = [ ea@hala)de + ik + poho, € B,

xo
with a unique element ¢ = (p2(z),¥1,90) € Eq. By expressions (3.5) and (3.6), any
F € W, can uniquely be represented by (3.2). For a given ¢ € F,, the functional F
represented by (3.2) is bounded on W,. Hence, (3.2) is a general form for the functional
Fewy.
The proof is complete due to that the case p = co can also be shown [4]. 0

Theorem 3.1 guarantees that W, = E, for all 1 < p < oo [4].

4. Adjoint Operator And Adjoint System Of The Integro-algebraic
Equations

An explicit form for the adjoint operator V* of V is tried to investigate in this section.
For this purpose, any f = (f2(x), f1, fo) € Eq is taken as a linear bounded functional on
E, and also

41)  f(Vu)= / " (@) (Vaw)(@)de + f(Vew) + fo(Vou), u € Wy,

can be presumed. By substituting expressions (2.1) and (2.2), and expression (3.1) (for
a = o) of u € W, into (4.1), we have

f(Vu) = /I1 fa(@)[u” (x) + Ao(w){u(zo) + v’ (z0)(x — w0)

+ /z(«’ﬂ — &u" (€)de} + Ai(x)u(wo)ldz + fr{aru(zo) + bru'(xo)

o
Tl

(4.2) + / " g1 (E(€)dE} + folavu(zo) + bou! (o) + / go(€)u (€)de}.

o zo

After some calculations, we can obtain
T 1
v = [ bW + 3 iV
zo i=0

- / " (wa £)(€)u” (€)dE + (wr f)u! (z0) + (w0 fulo)

zo

(4.3) = (wf)(u), Vf € Eq YueW, 1<p<
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where
(w2f)(E) = £(6) + Fr91(€) + fosol€ / fa(s) Ao(5)(s — €)ds,
wif = bifi + bofo+ . fz(s)Ao(s)(s — xo)ds
(4.4) wof = a1 fi + aofo + /: f2(s)[Ao(s) + Ai(s)]ds.

The operators wa, w1, wo are linear and bounded from the space E; of the triples f =
(f2(x), f1, fo) into the spaces Lq(G),R,R respectively. Therefore, the operator w =
(we, w1, wo) : Eq — E4 represented by wf = (waf, w1 f,wof) is linear and bounded.
By (4.3) and Theorem 3.1, the operator w is an adjoint operator for the operator V'
when 1 < p < oo, in other words, V* = w. When p = co, w : E1 — E; is bounded; in
this case, the operator w is the restriction of the adjoint operator V* : EX, — W2 of V
onto B1 C E%,.
(2.3) can be transformed into the following equivalent equation

(45)  VSh=z,
with an unknown h = (hs, h1, ho) € E, by the transformation « = Sh where S = N~

If w = Sh, then v’ (z) = ha(z), u'(z0) = h1, u(zo) = ho. Hence, (4.3) can be rewritten
as

f(VSh) = / fa(z)(VaSh) (z dm—&—Zfl (ViSh)

-/ " (ws £)(©)ha(E)dE + (wn s + (w0 fho
(4.6) = (wf)(h), Vf € E;, YVheE, 1<p<oco.

Therefore, one of the operators V.S and w becomes an adjoint operator for the other one.
Consequently, the equation

(4.7 wf=¢,

with an unknown function f = (f2(z), f1, fo) € Eq and a given function ¢ = (p2(x), ¢1,
€ E, can be considered as an adjoint equation of (4.5)(or of (2.3)) for all 1 < p < co
(16) can be written in the explicit form as the system of equations

(4.8) (w2 f)(§) = p2(§), £€G, wif =1, wof = o.

By the expressions (4.4), the first equation in (4.8) is an integral equation for f2(§)
and includes fi and fo as parameters; on the other hand, the other equations in (4.8)
constitute a system of two algebraic equations for the unknowns f; and fo and they
include some integral functionals defined on f2(£). In other words, (4.8) is a system of
three integro-algebraic equations. This system called the adjoint system for (4.5)(or (2.3))
is constructed by using (4.3) which is actually a formula of integration by parts in a
nonclassical form. The traditional type of an adjoint problem is defined by the classical
Green’s formula of integration by parts [14], therefore, has a meaning only for some
restricted class of problems.
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5. Solvability Conditions For Completely Nonhomogeneous Prob-
lem

The operator @ = w — I, is considered where I, is the identity operator on Eg, i.e.
I,f = f for all f € E4. This operator can also be defined as Q = (Q2, @1, Qo) with

(Q2)(8) = (w2f)(&) — f2(§), £€G,

(5.1) Qif =wif — fi, i=0,1

By the expressions (4.4) and the conditions imposed on Ag and g; fori = 0,1, Qm : Eq —
L4(G) is a compact operator, and also Q; : E; — R for ¢ = 0,1 are compact operators
where 1 < p < oo. That is, @ : E;, — E, is a compact operator, and therefore has a
compact adjoint operator Q" : E, — Ep. Since w = Q + I and VS = Q* + I, where
I, = I, (4.5) and (4.7) are canonical equations, and S is a right regularizer of (2.3) [11].
As a result, we can have the following theorem [4]:

5.1. Theorem. If1 < p < oo, then Vu = 0 has either only the trivial solution or a
finite number of linearly independent solutions in W,:

(1) If Vu = 0 has only the trivial solution in Wp, then also wf = 0 has only the trivial
solution in E,;. Then, the operators V. : W, — E, and w : Eq; — E4; become linear
homeomorphisms.

(2) If Vu = 0 has m linearly independent solutions ui,uz,...,um in Wy, then wf = 0
has also m linearly independent solutions

f*l* — (fz*l*(x)7 fl*,f(;l*)yu-,f*m* :( Q*m*(l‘)7 l*m*7 gm*)

in Eq. In this case, (2.3) and (4.7) have solutions u € W, and f € Eq for given z € E,
and ¢ € Eq if and only if the conditions

(5.2) /Il 7 (€)z(O)dE + fi" 2+ 620 =0, i=1,2,..,m,

(5.3) /I1 @2(£)Uél(£)df + sﬁlui‘(xo) + woui(zo) =0, i =1,2,...,m,

0

are satisfied, respectively.

6. Green’s Functional and Special Adjoint System

Consider the following equation given in the form of a functional identity
(6.1)  (wf)(u) =u(z), Yue W,
where f = (f2(£), f1, fo) € E4 is an unknown triple and = € G is a parameter.
6.1. Definition. Suppose that f(z) = (f2(¢,2), f1(2), fo(x)) € By is a triple with pa-

rameter € G. If f = f(z) is a solution of (6.1) for a given = € G, then f(z) is called a
Green’s functional of V' (or of (2.3)).

Since the operator Iw, c of the imbedding of W), into the space C(G) of continu-
ous functions on G is bounded, the linear functional () defined by 8(x)(u) = u(x) is
bounded on W, for a given z € G. Moreover, (wf)(u) = (V*f)(u). Thus, (6.1) can also
be written as [2, 3, 4]

(V7f) =6(x).
In other words, (6.1) can be considered as a special case of the adjoint equation V* f = ¢
when ¢ = 0(z).
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By substituting oo = xo into (3.1) and using (4.3), we can rewrite (6.1) as

T

/ﬁmn@wwﬁ+mwmuw+wwwmna/@—@M@&

0 zo

(6.2) +u' (x0)(x — z0) + u(zo), Vf € Ey, Yu € Wp.

The elements u”(£) € Ly(G),u'(z0) € R and u(xg) € R of the function u € W, are
unrelated. Then, we can construct the following system

(6.3) (w2 f)(§) = (@ - H(z =§), £€G, wif=x—z0, wof =1,

where H(xz — &) is a Heaviside function on R.

(6.1) is equivalent to the system (6.3) which is a special case for the adjoint system (4.8)
when ¢2(€) = (x — §)H(x — £), ¢1 = x — xo and o = 1. Therefore, f(x) is a Green’s
functional if and only if f(x) is a solution of the system (6.3) for an arbitrary = € G. For
a solution u € W, of (2.3) and a Green’s functional f(z), we can rewrite (4.3) as

x1

/mhwﬂm@%+ﬁ@m+hmm:/)@*OH@*QM@%

EN)
(6.4) 4+ (20) (@ — 20) 4+ u(zo).
The right hand side of (6.4) is u(x). Therefore, we have the following theorem:

6.2. Theorem. If (2.3) has at least one Green’s functional f(x), then any solution
u € Wy of (2.3) can be represented by

(6.5) u@:/mh@@@©%+ﬁmn+h@%

Additionally, Vu = 0 has only the trivial solution.

Since one of the operators V : W, = E, and w : By, — E4 is a homeomorphism, so
is the other, and, there exists a unique Green’s functional, where 1 < p < co. Necessary
and sufficient conditions for the existence of a Green’s functional can be given in the
following theorem for 1 < p < oco.

6.3. Theorem. If there exists a Green’s functional, then it is unique. Additionally, a
Green’s functional exists if and only if Vu = 0 has only the trivial solution.

From Theorem 5.1 and Theorem 6.2, Theorem 6.3 can be shown easily.

6.4. Remark. If Vu = 0 has a nontrivial solution, then a Green’s functional correspond-
ing to Vu = z does not exist due to Theorem 6.2. In this case, Vu = z usually has no
solution unless z is of a specific type. Therefore, a representation of the existing solution
of Vu = z can be constructed by a generalized Green’s functional concept [3, 4].

It must be noticed that the proposed Green’s functional approach can also be applied
some classes of nonlinear equations involving linear nonlocal conditions to transform into
the corresponding integral equations and then solve them. The corresponding integral
equations will naturally become nonlinear type. These nonlinear integral equations can
be solved approximately even if they can not be solved exactly.

7. Illustrative Applications

In this section, two simple problem involving nonlocal boundary condition are consid-
ered in order to emphasize the preferability of the presented approach.
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7.1. Example. Firstly, we seek for a Green’s function to the following problem

(Veu)(z) = u”(z) =2 + 2 —u?(z) = 22(z), z€G=(0,1),
Viu=u'(1) =2 = 2,

1
Vou = u(0) + 3/ u(z)dr =1 = zo.
0

Thus, we have Ag(z) = A1(z) =0 and

3 1
a; =0, by =1, 91(5)217‘10:47 b0:§7 90(5):/ 3($U—§)d$
3

Hence, the special adjoint system (6.3) corresponding to this problem can be constructed
in the following form

(7.1) h@HﬁkhmA3@Awa=@fOH@f©,

3
(7.2) fitsh=a,
(7.3) 4fo =1,
where £ € (0,1). In order to solve (7.1)-(7.3), we firstly determine f; and fo by using

only (7.2) and (7.3) owing to the condition A = 4 # 0 where A is the determinant of
coefficients matrix for (7.2) and (7.3). Thus, we have

3 1
f1:$—§7 fozz-

After substituting f1 and fo into equation (7.1), f2(§) becomes

_ 3 3(1-¢)?°
f2(§)—($—§)H(I—§)—w+§—T.

Thus, Green’s functional f(z) = (f2(&, z), fi(z), fo(x)) for the problem has been de-
termined. The first component f2(§,z) = f2(§) is Green’s function for the problem.
By (6.5) in Theorem 6.2, for the representation of the existing solution to the problem,
the following equality

u(z) :/0 [((z —&§H(z— &) —a:+g— %][2%4—&(5)]%”%%

can be written easily. By the definition of Heaviside function, this last equality can also
be written as

u@) = ["e+ 5 - Mg+t - e
(7.4) +/1[7m+gfW][zuku?(gﬂdemf%.

As can be seen, (7.4) is a nonlinear integral equation of Volterra type. In order to solve
this equation exactly or approximately, the various analytical or numerical techniques
can be utilized.
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7.2. Example. Finally, we seek an integral equation yielding a Green’s function to the
following problem

(Vau)(x) = u”(x)

> 91(5):*_54—%,@0:07 bo=2, go(é)=1—¢.

Hence, the special adjoint system (6.3) corresponding to this problem can be constructed
in the following form

a1:1, 61:

(75) £+ Al5 6+ S+ fo(l- ) = (2~ OHz ~ ),

(7.6) Sh+2fe=s,

(7.7) fi+ /1 sf2(s)ds =1,
0

where £ € (0,1). In order to solve (7.5)-(7.7), we firstly determine fi and fo by using
only (7.6) and (7.7) owing to the condition A = —2 # 0 where A is the determinant of
coefficients matrix for (7.6) and (7.7). Thus, we have

1 1
flzl—/o sfa(s)ds, fozg—%—l—gfo sf2(s)ds.

After substituting f1 and fo into equation (7.5), an equation yielding f2(£) can be written

as follows:
O+ - [ sy -+ Sl -7+7 [ speao-9

(7.8) — (z—&)H(x —€).

As can be seen, (7.8) is a linear integral equation of Fredholm type. By solving this
integral equation, firstly f2(£) and then fi1 and fy are identified. Thus, Green’s functional
f(x) = (f2(&, ), fi(z), fo(z)) for the problem has been determined. The first component
f2(&,z) = f2(€) is Green’s function for the problem.

z 3 3

8. Concluding Remarks

The proposed approach principally differs from the known classical methods used to
construct of Green’s function, it is based on the use of the structural properties of the
solution space instead of the classical Green’s formula of integration by parts, it decreases
the difficulties emphasized in the introduction, and it has a natural and constructive
property which can be easily applied to a very wide class of linear and some nonlinear
boundary value problems involving nonlocal conditions. Owing to these properties, it is
one of the useful methods which derive of a solution to such problems by reducing to an
integral equation in general.

The introduced special adjoint system corresponding to the problem allows us to
clarify about the existence and uniqueness of the solutions. A unique solution to the
special adjoint system exists if and only if Green’s function uniquely exists subject to the
solvability conditions of the problem.
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