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Abstract

In this work we investigate the approximation problems of the functions
by Fejér sums of Fourier series in the reflexive weighted Orlicz spaces
with Muckenhoupt weights and of the functions by Fejér sums of Faber
series in weighted Smirnov-Orlicz classes defined on simply connected
domains with a Dini-smooth boundary of the complex plane.
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1. Introduction, main results and some auxiliary results

A convex and continuous function M : [0, 00) — [0, 00) for which M (0) =0, M(z) >0
for x > 0 and

im M g g M@
x—0 T T—00 xT
is called a Young function.
Let T := [—m, |, and let M be a Young function. We denote by L (T) the linear
space Lebesgue measurable functions f : 7' — R satisfying the condition

/M(a\f(t)\)dt < 00
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for some a > 0. Equipped with the norm

£l L, (ry = inf a>0:/M(‘fiit)|>dt<1 ,

the space La(T') become a Banach space [43, pp.52-68].

The norm |||, () is called Orlicz norm and the Banach space L (T) is called
Orlicz space. 1t is known [43, p.50] that every function in Ly/(T) is integrable on T, i.e.
Ly (T) C Li(T).

Let M~ :[0,00) — [0,00) be the inverse of the Young function M. The lower and
upper indices o, B
log h(x)

+—0 logx > B = xILHOIO log x

of the function
h:[0,00) = [0,00), h(z):= lim sup

first considered by Matuszewska and Orlicz [38] are called the Boyd indices of the Orlicz
space Ly (T). It is known that 0 < apy < 1. The Boyd indices o, Ba said to be
nontrivial if 0 < aa and By < 1. The Orlicz space La(T) is reflexive if and only if
0 < am < Bm < 1, ie. if the Boyd indices are nontrivial. The detailed information
about Orlicz spaces and the Boyd indices can be found in [29] and [6], respectively.

A function w is called a weight on T if w : T — [0, c0] is measurable and w™! ({0, c0})
has measure zero (with respect to Lebesgue measure). With any given weight w we
associate the w-weighted Orlicz space Ly (T, w) consisting of all measurable functions f
on T such that

Il (rwy = 1@l () -

Let 1 <p < oo, 1/p+1/p' =1 and let w be a weight function on T w is said to satisfy
Muckenhoupt’s A,-condition on T if

1/p 1/p’

1 / p 1 —y
sup | — [ P (¢)dt —/w Pr(t)dt < o0,
7\l ||

J J

where J is any subinterval of T and |J| denotes its length.

Let us denote by A, (T') the set of all weight functions satisfying Muckenhoupt’s Ap-
condition on T'.

Note that by [34, Lemma 3.3], [ 35, Theorem 4.5 | and [ 33, Section 2.3] if Las(T)
is reflexive and w weight function satisfying the condition w € Ay ,q,, (T) N A1yg,, (T),
then the space Ly (T, w) is also reflexive.

Let L (T,w) be a weighted Orlicz space, let aar and B be nontrivial, and let
w € Aﬁ (T)ﬂAﬁ (T'). For f € La (T,w) we set

h

(vnf) (z) :=%/f(:1c—i—t)dt7 O<h<mzel.

—h

By reference [20, Lemma 1] the shift operator v, is a bounded linear operator on
Ly (T,w):

lvn (f)HLM(T,w) <C HfHLM(T,w) .
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The function
k

[0

=1

QM w (5 f sup
O<h <5
1<z<k

,0>0,k=1,2,...

L (T,w)

is called k-th modulus of smoothness of f € Ly (T,w), where I is the identity operator.
It can easily be shown that Q’f%w (-, f) is a continuous, nonnegative and nondecreasing
function satisfying the conditions

lim Q7 (8, f) = 0, Qv (0, f +9) < Qs (0, F) + Dir (8,9)

for f,g € Ly (T, w).
Let

oo

Z ) cos kx + by (f) sin kx)
k=1
be the Fourier series of the function f € Ly(T), where ax(f) are Si(f) the Fourier
coefficients of the function f.
The n-th partial sums and Fejér sums of series (1.1) are defined, respectively as

(1.1) %

Sn (z, f) = %—FZ(% (f) coskx + by (f) sinkx),

o () = 7 D0 Sk (@ ).
k=0

Note that Fejér sums were introduced by Fejér [9].
The best approximation to f € Las (T,w) in the class [],, of trigonometric polynomials
of degree not exceeding n is defined by

Bu (D = {1f = Tull ey - To € [T }-
Note that the existence of T,y € II,, such that
E, (f)M,w =|f- T;”LM(T,w)

follows, for example, from Theorem 1.1 in [17, p.59].
We put

pn,M(f) = Hf — On—1 ("f)”L]W(T,w) .

We use ¢, c1, c2, ... to denote constants (which may, in general, differ in different relations)
depending only on numbers that are not important for the questions of interest.

The problems of approximation theory in weighted, non-weighted Lebesgue spaces
and weighted, non-weighted Orlicz spaces have been investigated by several authors (see,
for example, [1-5, 8, 11-14,18-28, 30, 31, 36, 37, 39, 40, 42, 44, 45 ]). Note that the
approximation problems by trigonometric polynomials in weighted Lebesgue spaces with
weights belonging to the Muckenhoupt class A,(7T") were investigated in [11], [36] and
[37].

Detailed information on weighted polynomial approximation can be found in the books
[15] and [40].

In this work we obtain the general estimate for the deviation pn,as(f) of the function
f from its Fejér sums o, (f) in weighted Orlicz spaces Las(T,w). Note that the estimate
obtained in this study depends on sequence of the best approximation E,(f)ar,.. This
result was applied to estimate of approximation of Fejér sums of Faber series in weighted
Smirnov-Orlicz classes defined on simply connected domains of the complex plane in
terms of the modulus of smoothness.
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The following results hold.

1.1. Theorem. Let Ly (T,w) be a weighted Orlicz space with Boyd indices 0 < ay <
Bum <1, and let w € Ay)q,, (T)N A1/s,, (T). Then for f € Ly (T, w), the inequality

n

prast (£) = 1f = 01 (Dl iy € 2 D7 B (Nigs (1= 1,2,.0)

m=1
holds with a positive constant ci, not depend on n.

1.2. Corollary. Let Ly (T,w) be a weighted Orlicz space with Boyd indices 0 < an <
Bum <1, and let w € Ay, (T)NAy,, (T). Then for every f € L (T,w), the estimate

n
m=

1D 1f =0 Dy < 2 3 Bhna (777

holds with a c2 > 0 independent of n.

Now, we obtain the analogs of the above results in the weighted Smirnov-Orlicz classes,
defined on the finite simple connected domains of the complex plane.
Let G be a finite domain in the complex plane C, bounded by a rectifiable Jordan
curve I', and let G~ := extI'. Further let
T:={weC:|lw=1},D:=intT and D™ :=extT.
Let w = ¢(z) be the conformal mapping of G~ onto D~ normalized by
p(c0) =00, lim #(z)

Z—00 VA

>0,

and let ¢ denote the inverse of .

Let w = ¢1(z) denote a function that maps the domain G conformally onto the disk
|lw| < 1.

The inverse mapping of ¢1 will be denoted by ;. Let I', denote circular images in
the domain G, that is, curves in G corresponding to circle |p1(z)| = r under the mapping
z =1 (w).

Let us denote by Fj,, where p > 0, the class of all functions f(z) # 0 that are analytic
in G and have the property that the integral

[1r@r e

is bounded for 0 < r < 1. We shall call the E,-class the Smirnov class. If the function
f(2) belongs to E,, then f(x) has definite limiting values f(z’) almost every where on T,
over all nontangential paths; |f(2’)| is summable on T'; and

tim [ 17 14l = [ 1G] a1,
T, r

It is known that ¢ = E1(G~) and ¢’ € E1(D~). Note that the general information
about Smirnov classes can be found in the books [10, pp. 438-453] and [16, pp. 168-185].

Let Lar (T,w) is a weighted Orlicz space defined on I'. We define also the w-weighted
Smirnov-Orlicz class En (G,w) as

Env (G,w) = {f c k1 (G) : f € Ly (F,w)} .
With every weight function w on I', we associate another weight wo on 7" defined by

wo(t):=w@(t)),teT.
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For f € Ly (I',w) we define the function
fo@) :==F (), teT.
Let h be a continuous function on [0, 27]. Its modulus of continuity is defined by
w(t,h) :==sup{|h(t1) — h(t2)| : t1,t2 € [0,27],|t1 — t2| < t},t > 0.
The curve I' is called Dini-smooth if it has a parameterization
I':¢o(s), 0<s<27m

such that ¢g(s) is Dini-continuous, i.e.
/7("}( QWO)dt < o0

0

and ) (s) £ 0 [ 41, p. 48].
If I’ Dini-smooth curve, then there exist [46] the constants ¢z and ¢4 such that

(13)  0<es <[y ()] <eca<oo, Jt|>1.

Note that if ' is a Dini-smooth curve, then by (1.3) we have fo € L (I'ywo) and
f c Ly (F, w).

Let 1 < p < o0, % + 2 and let w be a weight function on I'. w is said to satisfy
Muckenhoupt’s A, -condition on IT" if

1/p 1/p

swpsup |+ [ il || [ e | <o
zel’ r>0 r r
I'nD(z,r) I'ND(z,r)
where D(z,r) is an open disk with radius r and centered z.

Let us denote by A, (") the set of all weight functions satisfying Muckenhoupt’s A,
-condition on I'. For a detailed discussion of Muckenhoupt weights on curves, see, e.g.
[7].

Let I be a rectifiable Jordan curve and f € L1 (I"). Then the function f* defined by

1 f(s)ds
Tl e
F@): 2mi s—z
r
is analytic in G. Note that if 0 < an < fu < 1, w € Ayjq,, ()N Ay/g,, (I') and
f € Ly (T',w), then by Lemmal in [25] f* € Eux (G,w).

Let pr(z), k = 0,1,2,... be the Faber polynomials for G. The Faber polynomials

vk (z), associated with G UT, are defined through the expansion

gy PO e

, z€G

= te D™
Ty tk+1’Z€G’ €
k=0
and the equalities
1 [ty (1)
1. =—— [ ———~dt
15 o) =5 | pydt 2€ G,
T
(1.6) (2) = ’“(z)+i/“0k(s)ds 2€G™
’ Pr s 2ri ) s—z
r

hold [45, p.33-48].
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Let f € Em (G,w). Since f € E1(G), we have

_ 1 [f(s) f@ )
) = omi | s— z ~ omi / dt,

T

for every z € G. Considering this formula and expansion (1.4), we can associate with f
the formal series

(L7 FE)~ Y an(fen(),

1
) [ L0,

This series is called the Faber series expansion of f, and the coefficients ax(f) are said
to be the Faber coefficients of f.
The n-th partial sums and Fejér sums of the series (1.7) are defined, respectively, as

H=>a(f)er(2)
k=0

1 n
Un(z,f):n+1kzz()5k(z

Let ' be a Dini-smooth curve. Using the nontangential boundary values of fJ on T
we define the r—th modulus of smoothness of f € Ly (T, w) as

Q]li:‘,l\/l,w (67 f) = QIICM,UJO (67 f(;r) ) 6 > 07
for k=1,2,3,...
The following theorem holds.

where

1.3. Theorem. Let I' be a Dini-smooth curve, Ly (I',w) be a weighted Orlicz space
with Boyd indices 0 < am < fu < 1, and w € Ay)q,, T) N Ayg,, (). Then for
f € Em (G,w) the inequality

05 1
19 =001 G lasrr < 2 32 Ohane (557.)

holds with a constant cs > 0 independent of k.

Let P := {all polynomials (with no restriction on the degree)}, and let P(D) be the
set of traces of members of P on D. We define the operator

T:P(D)— Eu(G,w)
as
1 [ Pw)y (w)
2mT Y (w) —z

Then using (1.5) and (1.6) we get

T (Zakwk> = Zak (e (z), z€q.
k=0 k=0

The following theorems hold for the linear operator T' [25].

T(P)(z) := dw, z€G.

1.4. Theorem. Let I’ be a Dini-smooth curve and Lnr(T") be a reflexive Orlicz space. If
w€ Aija,, )N Ays,, (T), then the linear operator T : P (D) — En (G,w) is bounded.
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1.5. Theorem. IfT is a Dini-smooth curve, 0 < an < By <1 and w € Ayq,, (I')N
Ay, (I'), then the operator

T: Enm (D,WQ) — Em (G7 w)
is one-to-one and onto.
The following theorem was proved in [20, Theorem 2].

1.6. Theorem. Let Ly (T,w) be a weighted Orlicz space with Boyd indices 0 < ay <
B <1, and let w € Ay, (T)N Ay, (T). Then for every f € Ly (T,w) the estimate

k 1
E, (f)]\/l,w SCGQ]W,L«) (mmf 5 k= 1727“'
holds with a constant ce > 0 independent of n.

2. Proofs of the Main Results
Proof of Theorem 1.1 We can write the following equality:

(18)  out () =2 3 S () =
Han+Y X st Y sulh)
Using (1.8) we get
(19) = onr ()=
-5+ ¥ U-sa+ X G-Snl)

By using ineguality
If—5n (. f)HLM(T,w) < crEn (f)M,w
given [20] and (1.9) we obtain
15 = on—1 Wl .y <
cg

izt s i1 j—1
(1.10) < o E1 (e + igl (2 +2 - 1) Eyic1 (e + (2" -2 - 1) E, _2i-1 (NDm,w

€9 ISt i j—1
< B Dare + B1 D + 52 Eyii1 (D + (20 =277 E, i1 (Dare| -

By [20 ] the following inequality holds:
2i—1

(111) 27 'Eyir (£ <2 Y. Em (D -

)
m=2t—241

Selecting j such that 2/ < n < 297! from (1.11) we get

j—1 on — 2771 2
(1.12) (2” -2 )EHJ'* Drw <o 53 2 Em (D
m=20—"241
n—27—1

:(2+m) > En(Duw<co Y, En(Pu.

m=2t—241 m=2J—241
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By (1.10), (1.11) and (1.12) we obtain

j—1  2i_-1

(113) 1 =t (Dl < A B (Dprs + > D B (N +

n ‘ -
=2 m=21-241

S B Daep £ 2N En (D

m=2/—241 m=1

which completes the proof of Theorem 1.1.
Proof of Corollary 1.2. By Theorem 1.6 the following inequality holds

E 1
(114) E, (f)]\/l,w < 613Q]b1,w (myf) k= 1727

Then using (1.13) and (1.14) we obtain inequality (1.2).

Proof of Theorem 1.3. Let f € Ea (G,w). Then by Theorem 1.5 the operator
T : Ey (D,wo) = Eu (G,w) is bounded, one-to-one and onto and T (f0+) = f. The
function f has the following Faber series

F(z) ~ Y an(fee(z).

Since wo € Aija,, (T) N Aiyp,, (T), by Lemma 1 in [25, p. 760] we have f;" €
En (D, wo). For the function fi the following Taylor expansion holds:

fo (w) = a(fHw*.
k=0

It is known that f* € Ei (D) and boundary function f;" € L (T,wo). Then using
[16, Th. 3.4] for the function f;" we have Fourier expansion

Fo (w) ~ Y ar(Hw™.
k=0
Using the boundedness of the operator 7' Theorem 1.1 and Corollary 1.2 we get

If =on-1 (Dl = 1T (£57) =T (o0 ('7f0+))HLM(r,w) <

n
< e |l = ona Iy iy € 5 20 B (1) <
m=1

€16 N ok 1 + C17T = ok 1
<Gy (L ey _arshgr (L f)
<50 3 0oy (g ) = 5 X O (57 )

The proof of Theorem 1.3 is completed.
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