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Abstract

In this paper, we introduce (g, ag’)-continuous functions, (g,o0g’)-
continuous functions, (g,mg’)-continuous functions, and (g,8g")-
continuous functions on generalized topological spaces. These gener-
alized continuous functions are defined by generalized open sets. We
discuss some characterizations and some applications of them.
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1. Introduction

In [1], Csdszar introduced the notions of generalized topological spaces and two kinds
of generalized continuous functions. By using these concepts, Min [8] introduced the no-
tions of (ag, g')-continuity, (og,g’)-continuity, (rg,g’)-continuity, (Bg,g")-continuity on
GTS. In this paper, we introduce the notions of (g, ag’)-continuous functions, (g,og’)-
continuous functions, (g,mg’)-continuous functions, and (g, 3g’)-continuous functions.
We investigate properties of such functions and the relationships among these conti-
nuities. Some applications of these functions are given too. For example, we discuss the
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properties of the product of generalized topological spaces, connectedness of generalized
topological spaces and compactness of generalized topological spaces.

Let we recall some notions of generalized topological space in [1]. Let X be a nonempty
set and g be a collection of subsets of X. Then g is called a generalized topology (briefly
GT) on X iff ) € g and G; € g for i € I # () implies | J,.; Gi € g. A set with a GT is said
to be a generalized topological space (briefly GTS). The elements of g are called g-open
sets and their complements are called g-closed sets. The generalized interior of a subset
A of X denoted by i4(A) is the union of generalized open sets included in A, and the
generalized closure of A denoted by c¢4(A) is the intersection of generalized closed sets
including A. It is easy to verify that cg(A) = X —ig(X — A) and ig(A) = X —cg(X — A).
Let My denote the union of all elements of g, we say g is strong [3] if My, = X.

Throughout this paper X and X’ mean GTS’s (X, g) and (X’,g"). And the function
f: X — X’ denotes a single valued function of a space (X, g) into a space (X', g’).

1.1. Definition. [4] Let (X, g) be a generalized topological space and A C X. Then A
is said to be

(1) g-a-open if A C ig(cg(ig(A)));

(2) g-o-open (g-semiopen) if A C cq4(ig(A));

(3) g-m-open (g-preopen) if A C ig(cq(A));

(4) g-B-open if A C cg(ig(cg(A))).

Let we denote by gx (resp., a(gx), o(gx), B(gx), 7(gx)) the class of all g-open (resp.,
g-a-open, g-c-open, g-B-open, g-m-open) sets on X. Obviously gx C a(gx) C o(gx) C
Blgx) and a(gx) C w(gx) C Bgx)-

The complement of g-a-open set (resp., g-o-open, g-m-open, g-3-open set) is said to be
g-a-closed (resp., g-o-closed, g-m-closed, g-f-closed). ia(A) (resp., ig(A),is(A),ir(A))
is denoted by the union of g-a-open (resp.,g-B-open, g-c-open, g-m-open) sets included
in A, and ¢ (A) (resp., cg(A),co(A), cx(A)) is denoted by the intersection of g-a-closed
(resp., g-B-closed, g-o-closed, g-m-closed) sets including A.

2. On generalized continuity

2.1. Definition. Let (X, g) and (X’,¢’) be GTS’s . Then a function f: X — X’ is said
to be

(D] is g-open set in X for every g-open set V of X'.
is g-open set in X for every g-a-open set V of X'.
is g-open set in X for every g-o-open set V of X’.
is g-open set in X for every g-m-open set V of X’.

is g-open set in X for every g-B-open set V of X'.

1] (g, ¢')-continuous if f~

(g, ag "Y-continuous if f~1(
(g,09")-continuous if f=(
(g ') continuous if f~ (
(g, Bg")-continuous if f=(

) H(V)
(2) V)
(3) V)
(4) V)
(5) V)
2.2. Remark. From the definitions stated above, we obtain the following relationship.
(g, Bg")-continuous — (g, 0g’)-continuous — (g, ag')-continuous — (g, g')-continuous

(g, Bg")-continuous — (g, wg')-continuous — (g, ag’)-continuous — (g, g')-continuous
2.3. Example. Let X = X' = {a,b,c,d} and g = ¢’ = {0,{a},{a,b,c}} . Then

agl = {®7 {a}7 {a7 b}7 {a7 C}’ {a7 b, C}}

We consider a function f : (X,g) — (X’,g’) defined by f(a) = a, f(b) = b, f(c) =
¢, f(d) = d. Then f is (g, g')-continuous. However f~'({a,c}) = {a,c} is not in g. So f
is not (g, ag’)-continuous.

2.4. Example. Let X = X' = {a,b,c} and ¢’ = g = {0, {a,b}} . Then
ag ={0,{a,b}}, og’ ={0,{c},{a,b},X}, ng" ={0,{a},{d},{a,b}}.
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We consider a function f : (X,g) — (X', g’) defined by f(a) = a, f(b) =, f(c) = c.
Then f is (g, ag’)-continuous . However f~'({c}) = {c} is not in g and f~'({a}) = {a}
is not in g. So f is neither (g, og’)-continuous nor (g, rg’)-continuous.

2.5. Example. Let X = X' = {a,b,c} and g = {0, {a}, {b},{a,b}}, ¢ = {0,{a,b}} .
Then

779/ = {@’ {a}v {b}7 {a7 b}}7 Bg/ = {Q? {a}7 {b}7 {C}7 {a7 b}7 {a7 0}7 {b7 C}, X}

We consider a function f : (X,g) — (X’,g’) defined by f(a) = a, f(b) = b, f(c) = c.
Then f is (g, 7g’)-continuous . However f~'({c}) = {c} is not in g. So f is not (g, Bg’)-
continuous .

2.6. Example. Let X = X' = {a,b,c} and g = {0, {c},{a,b}, X}, ¢ = {0,{a,b}} .
Then

Ug/ = {@7 {C}7 {a7 b}v X}a /89/ = {@7 {a}7 {b}v {C}7 {av b}7 {av C}7 {bv C}’ X}

We consider a function f : (X,g) — (X', g’) defined by f(a) = a, f(b) = b, f(c) = c.
Then f is (g,0g’)-continuous . However f~'({a,c}) = {a,c} is not in g. So f is not
(g, Bg’)-continuous.

2.7. Theorem. For a function f: (X, g) — (X', ¢'), the following are equivalent

(1) f is (g,ag’)-continuous (resp., (g,0g")-continuous, (g,7g’)-continuous, (g,3g")-
continuous).

(2) f~(V) is a g-open set in X, for each g-a-open (resp., g-c-open, g-m-open, g-B3-
open) set V in X'.

(3) f~H(F) is a g-closed set in X, for each g-a-closed (resp., g-o-closed, g-m-closed,
g-f-closed) set F in X'.

(4) cg(f7H(B)) C f~ (ca(B)) (resp., cg(f 71 (B)) C f~ (ca(B)), ca(fT1(B)) C f~ (ex(B)),
co(f7HB)) C f~ (cs(B))) for each subset B of X'.

(50U (ia(B)) C ig(f1(B)) (resp., f~ (1o (B)) C iy (7 (B)), £ (in(B)) C ig(f 1 (B)),
f 1 (ig(B)) Cig(f1(B))) for each subset B of X'.

(6)f(cg(A)) C calf(A)) (resp., fcg(A)) C co(f(A)), feg(A)) C exn(f(A)), fleg(A)) C
cg(f(A))) for each subset A of X.

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

(1) & (2) It is obviously by definition.

(2) = (3) Let F be any g-a-closed subset of X', set V = X'—F ,so V is a g-a-open set
in X’. By (2) f~'(V)isag-opensetin X. So f " {(F)=X—f'(X'-F)=X—f~4V)
is a g-closed set in X. (3) = (2) is similar.

(3) = (4) Let B be any subset of X', since co(B) is a g-a-closed set in X'. By (3)
f(ca(B)) is a g-closed set in X. Thus ¢, (f ! (ca(B))) C f~ (ca(B)). So cg(f~1(B)) C
FH(ca(B)).

(4) & (5) It follows from the conditions of ¢4(A) = X — ig(X — A) and i4(A) =
X —cg(X — A).

(4) = (6) Let A be any subset of X. By (4)

cg(A) Ceg(F7(f(A)) C [ (calF(A)))

Then we have f(cg(A)) C f(f ™" (ca(f(A))) C cal(f(A)).

(6) = (3) For any g-a-closed set F in X', by (6) f(co(f~*(F))) C ca(f(f H(F))) C
ca(F). This implies ¢4 (f~H(F)) C f (ca(F)) = f~H(F). So f~(F) is a g-closed set in
X. O
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3. Some applications

Let K # 0 be an index set and (Xk, gx)(k € K) a class of GTS’s. X =[], Xi is
the Cartesian product of the sets Xj. Let us consider all sets of the form HkEK B where
By, € gr and, with the exception of a finite number of indices k, Bx = My, . We denote
B the collection of all these sets. We call g = ¢g(8) having B as a base the product of the
GT’s g and denote it by Prerxgr. The GTS (X, g) is called the product of the GTS’s
(X%, gr). We denote by py the projection X — X}, and zj = pi(x) for each z € X.

3.1. Lemma. [6] Let A = [],cx Ak C [lpex X and Ko be a finite subset of K. If
Ay € {My,, Xy} for each k € K — Ko, then iA = erKikAk.

3.2. Lemma. [6] If every gi is strong, then each py, is (g, gr)-continuous (resp,. (ag, agr)-
continuous, (8g, Bgx)-continuous, (og, ogr)-continuous, (wg, gk )-continuous).

3.3. Theorem. Let X be a strong GTS. Let f : X — X' be a function and h : X —
X X X' be the graph function of f defined by h(z)=(z, f(x)) for each x € X. If h is
(g, ag’)-continuous (resp,. (g,Bg")-continuous, (g,c0g’)-continuous, (g, mg")-continuous),
then f is (g,ag’)-continuous (resp., (g,Bg’)-continuous, (g,0q")-continuous, (g,7g’)-
continuous).

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

Let V be any g-a-open set of X’. Then X x V is a g-a-open set of X x X’ by Thorem
4.3[5]. Since h is (g, ag’)-continuous, A~ (X x V) = f~!(V) is a g-open set in X. Thus
f is (g, ag’)-continuous. O

3.4. Remark. When we assert that h is (g, 8g’)-continuous ((g,og’)-continuous), the
condition that X is strong can be omitted.

Question 1: When we assert that h is (g, ag’)-continuous ((g,mg’)-continuous), can
the condition that X is strong be omitted?

Question 2: Whether is the conclusion valid that if f is (g, ag’)-continuous (resp.,
(g, Bg’)-continuous, (g, og’)-continuous, (g, Tg’)-continuous) then h is (g, ag’)-continuous
(resp,. (g,8g’)-continuous, (g, og’)-continuous, (g, 7g’)-continuous) ?

8.5. Theorem. If a function f: X — [],cx Xi is (g, ag")-continuous (resp., (g,B9’)-
continuous, (g,cg’)-continuous, (g, mg')-continuous), and every X, is strong, then pxo f :
X — X, is (g, ag’)-continuous (resp., (g,Bg")-continuous, (g,04g")-continuous, (g,7g")-
continuous) for each k € K, where py, is the projection of [, c X, onto Xj,.

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

Let Vi be any g-a-open set of X'. By lemma 3.2 py is (ag, ag’)-continuous, so p;, ' (Vi
is a g-a-open set in [], ., Xj. Since f is (g,ag’)-continuous, then fﬁl(p,zl(Vk)) =
(pr o f)" (Vi) is a g-open set in X. Therefore py. o f is (g, ag’)-continuous.

3.6. Theorem. Let Xy, X}, be strong GTS’s and fr, : Xx — X,. If the product function
oo Teex Xe = Tliex Xk is (g9, ag’)-continuous (resp., (g, Bg")-continuous, (g,0g’)-
continuous, (g, wg')-continuous), then fi : Xi — X, s (g, ag’)-continuous (resp., (g, 8g’)-
continuous,(g, og')-continuous,(g, Tg')-continuous) for each k € K.

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

Let ko be an arbitrary fixed index in K and Vi, be any g-a-open set of X} . Then
[Tstry Xk x Vi is @ g-a-open set in [ [, ., X Since f is (g, ag’)-continuous, so f_l(Hk#ko X x
Vio) = o, X ¥ fk_ol(Vko) is a g-open set in [ [, . X&x. By Lemma 3.1, fk_Ol(VkO) is
a g-open set in Xy,. This implies that fg, is (g, ag’)-continuous. O
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3.7. Definition. [7]A space X is said to be g-compact (resp., a-compact, S-compact,
o-compact, m-compact if every g-open (resp., g-a-open, g-3-open, g-c-open, g-m-open)
cover of X has a finite subcover.

3.8. Theorem. Let a function f : X — X' be (g,ag’)-continuous (resp., (g,Bg')-
continuous, (g,cg’)-continuous, (g,mg’)-continuous), and X is g-compact, then X' is
a-compact (resp., B-compact, o-compact, T-compact)

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

Let x be a cover of f(z) by g-a-open sets in X’. Since f is (g, ag’)-continuous,
then {f '(A) : A € x} is a g-open cover of X. For X is g-compact, so the cover of
X has a finite subcover {f7'(A) : A € X'} where ¥’ is a finite subfamily of . Then
X" CUpey F(F7H(A)) =Uaey A - Therefore X' is a-compact. O

3.9. Definition. [2] A space X is said to be g-connected if there are no nonempty
disjoint sets U,V C X such that UUV = X.

3.10. Definition. [7]A space (X, g) is said to be a-connected (resp., B-connected, o-
connected, m-connected), if (X, ag) (resp.,(X, Bg), (X,09), (X,7g)) is connected.

3.11. Theorem. Let (X,g) and (X',g') be GTS’s and the function f : X — X' be
(g, ag’)-continuous (resp., (g,8g")-continuous, (g,cg’)-continuous, (g, mg")-continuous),
If (X, g) is connected, (X', g") is a-connected (resp., B-connected, o-connected, w-connected,).

Proof. We only prove the case of (g, ag’)-continuity. The others are similar.

Suppose there are two nonempty disjoint g’-a-open subsets U’,V’ of X', such that
U'UV’ = X'. For f is (g, ag’)-continuous, so f~(U’), f~1(V’) are g-open subsets of X.
And fFHU)N V) = U NV ) =9, fHU U V) = U UV = XL
So (X, g) is disconnected. Therefore (X', g") is a-connected. O
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