Hacettepe Journal of Mathematics and Statistics
Volume 42 (1) (2013), 1-7

GENERAL APPROACH IN COMPUTING

SUMS OF PRODUCTS OF BINARY
SEQUENCES

E. Kilig* |, P. Stanica'

Received 10:02:2010 : Accepted 16:12:2011

Abstract

In this paper we find a general approach to find closed forms of sums
of products of arbitrary sequences satisfying the same recurrence with
different initial conditions. We apply successfully our technique to sums
of products of such sequences with indices in (arbitrary) arithmetic
progressions. It generalizes many results from literature. We propose
also an extension where the sequences satisfy different recurrences.
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1. Introduction

We consider a generic (nondegenerate, that is, 6 = 1/p? — 4¢q # 0) binary recurrence
satisfying

(1.1) Xpp1 =pXp —qXn-1,n€Z

with some initial conditions. Let o, 8 be the roots of the equation > — pz + g = 0, and
so, a4+ B =p,af =q,0 = a— . We associate the companion Lucas sequence L,, which
also satisfies (1.1) together with Lo =2, L1 = p, and so L, = a™ + 3".

Let {Uflj)}’;:l be a set of p binary sequences, all of which will satisfy the recurrence
(1.1) with some initial conditions, such that the Binet formula for these sequences is

UY) = A" + B;",n € Z,

v _uPs L uPav®
é [t é .

where A; =

*TOBB Economics and Technology University, MathematicsDepartment, 06560 Sogutozu,
Ankara, Turkey.
E-mail: ekilic@etu.edu.tr

*Naval Postgraduate School, Department of Applied Mathematics, Monterey, CA 93943, USA.
E-mail: pstanica@nps.edu



2 E. Kilig, P. Stdnics

For easy notation, we will denote the recurrence { X, } given by (1.1) by {X,, (p,q, a,b)}
where ¢ = Xy and b = X are initial conditions of it.

Several authors investigated products of two terms of a sequence or products of two
sequences, and also, the sums of these products. As a first example, note that the sum
of square terms of Fibonacci numbers [7, 8, 12] is

> F?=FuFopa.

i=1
The sum of products of variable subscripted terms of certain second order recurrences
have been considered by several authors. For example (see [11])

ZFin‘+2 =Fony1Fony2 — 1,
i=1

ZFZ'FH—l :F22n+1 -1,

=1

Z Foi1Foi43 = (3F22n+2 — 2F22n+1 + Tn — 1) /5.
i=1
Certainly, the classical Fibonacci, F; and Pell numbers P, are F,, = X, (1,-1,0,1)
and P, = X,, (2,—1,0,1). Generalizations of the above sums by taking different recur-
rences and their variable subscripted terms have also been studied. For example, in [9],
the author found > ) | F;P;. Melham [10] looked at the sum of the squares of the se-
quence {X, (2,1,0,1)}. Recently, in [2, 3, 4, 5, 6], the authors gave several formulas for
sums of squares of even and odd Fibonacci, Lucas and Pell-Lucas numbers, and their
sums of products of even and odd subscripted terms. Also the authors of [1] established
several formulas for sums and alternating sums of products of certain subscripted terms
of recurrences {X, (p,q,0,1)} and {X» (p,q,2,p)}.
It is our goal in this paper to propose a general approach for the theory of closed forms
for sums of products of nondegenerate second-order recurrent sequences, thus generalizing
many of these kind of results that the reader can find scattered throughout the literature.

2. Main Results

Let P(n) be the power set of {1,2,...,n}, that is the set of all subsets of {1,2,...,n}.
Given a sequence of p functions f;(i), j = 1,...,p, for all M € P(p), we let Fi(i) =
Y v fe(i), Fp(i) = 0, and for simplicity, F(i) = Fy1,...py (1) = Y7, fe(i). Let us define
a set of twisted product sequences, indexed by the sets M € P(p), in the following way:

for a set M € P(p), we let W™ be a (M-twisted product) rational sequence satisfying
(1.1) with the Binet formula

Wi = (T4 T1 5 ) o+ (T1 5 T1 4 ) o7

jEM k@M JjEM  kgM

Further, we use M = {1,2,...,p} \ M, for the complement of the set M in {1,2,...,p}.
We shall first show that W7<LM> is a rational sequence, even more precise that W,SM) €
621)%12.
2.1. Lemma. For any integer n, the twisted product sequences satisfy

N nyy (M

Proof. Straightforward using the Binet formula. O
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2.2. Theorem. For p,n € Z, we have

wM e V/

gt

Proof. We will prove the claim by induction. First, we let p = 2, and consider two
sequences U, = Ai1a"™ + B1",V, = Axa™ + B28" (for simplicity of notations). We
write the superscript sets as {a, ...} instead of ({a,...}). The associated twisted product
sequences are

Wit = A Asa™ + B1Ba",
Wi = A1 Bya™ + B A2B",
W, = AyBia™ + A1 BoS",

W2 = BiBya™ + A1 A2 8™

Since our index m runs through the entire set of integers, by Lemma 2.1, it will be
sufficient to consider only the case of Wil’z}, and W;El}.

First, using the expressions for Ai, Az, B1, Bs in terms of initial conditions of Uy, V,,,
and simplifying, we get

0% (A1 Az + B1Bs) = 20, Vi — p(UoVi + Ui Vo) + (p° — 2q)UsVo € Z
6*(A1 Az + B1Baf) = pUi Vi — 2q(Ur Vo + UoVi) + pqUo Vo € Z.

Further,

6%(A1Bs + B1As) = p(Ur Vo + Vilo) — 2qUo Vo — 2U1 Vi € Z
6*(A1Baa + BiAsB) = (p° — 2q)Ur Vo — p(UoVogq + Ui Vi) 42U Vig € Z.

Now, let U,, € Z and, from the induction step, assume that V,, € %Z. As before,

2p—1
writing 52Wé1’2},52W1{1’2}, §2W0{1},52W1{1} in terms of Uy, U1, Vo, Vi, we see that each

term in these expressions contains only one factor based on either Vp, or Vi € 52”%12’

and therefore WV{I’Q},Wi{l} € V%Z, i = 0,1. Certainly, since the initial terms of the

k3

twisted product sequences are in (;Q%Z, S0 is WflM). O

We show now our general approach to finding sums of products of recurrences.

2.3. Theorem. Given a set of p functions f;(i), 1 =1,...,p, such that f;(i) — fe(7) is
a function of j,£ only and it does not depend on i, we have

n p n
> 11 = % > 2 d" T OWE 6k

=0 j=1 MeP(p) =0

Proof. First, we associate to every set M € P(p) a bit string € of length p in the usual
manner (a 1 bit appears in the bit string if and only if its corresponding position appears
in M, otherwise the bit is 0). For € € Z5, we let wt(e) to be the Hamming weight of
the bit string e, that is, the number of 1’s in its expression, and supp(e) = {i1 < i2 <

. < iwt(e)} to be the support of e (the positions where 1’s appear in €). Certainly,

supp(e) € {1,2,...,p}.
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Next, we compute the product

p
10 =T (400 +5,850)
Z HAEJBI €5 EJfJ()B(l €j) f5 (i

e=(e1,..., ep)ezl j=1

:%Z I I ABraSicoummoh® g eemm i®

cez8 \j€supp(e) ksupp(e)

+ H H AkBjﬂZjesupp(e) fj(i)azkelsupp(€>f’“(i)

Jj€Esupp(e) kgsupp(e)

:% Z (aB)>iem Fi () H H A;BraZiem [iD=gm £;0)

MeP(p) JEM kg M

+ H H AkBj/BZje]wfj(i)_ngjufj(i)

JEM kgM
_ 1 F(i)=Far (i) (M)
=5 >« Wk ) -FGy
MeP(p)
from which our theorem follows easily. O
Obviously, if the sum 37 ¢" () =Fu (@ )Wégﬁ( »_p(y can be simplified, then the pre-

vious theorem takes quite an attractive form. The rest of the paper is devoted in finding
various functions f; for which such a sum can be computed. Many papers are investi-
gating sums of products of very few recurrences (mostly two) where the indices are very
specific linear functions. We will attack this case in its full generality here and solve it
completely, by taking f; to be arbitrary linear functions.

Let W, be our generic sequence satisfying (1.1) such that W,, = Aa™ + BS"™, and
recall that L, = o™ 4+ 8" is the companion Lucas sequence.

2.4. Lemma. For a,b,c,d € Z, we have the generating function

n ’ W xb(n+2)W+d _ b1 )W+d<n+1> — b q Wc d+W

a+bi
; o 22q? — 2Ly +1
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Proof. Using Binet formula for W,,, we obtain

Z xbiWcJ,-di _ Aac Z(l’bad)i + B/BC Z(xbﬂd)l

1=0 1=0 =0

xbad)n-&-l -1 (ZL‘b,Bd)TH—l -1
xbad — 1 xbpd —1

Axb(n+2)ﬂdac+d(n+1) o Azb(n+1)ac+d(n+1) o Axbacﬁd + AaS

~ Aol + BA

+Bwb(n+2)adﬂc+d(n+l) _ Bwb(n+1)ﬂc+d(n+l) _ meﬁcad + Bﬂc
z2(af)? — xb(ad + p4) + 1
qdmb(n+2) (AOCC+dn + Bﬁc«kd'n) _ mb(n+l)(Aac+d(n+1) + B/Bc+d(n+1))

7qd$b(AOé‘27d+B,BC7d) + (ACMC +BBC)
x2bqd — P Lg + 1
qub(n+2) WC+(in - mb<n+l>Wc+d(n+l) - mquWc—d + Wc
:L’2qu 7.’L’de+1 !

Taking W, = un = X, (p,¢,0,1), we reach at the following result:

n

; r + Ur—2
E 1) S (_1)n Pandrd2 T Ur—2
i:o( ) Urpa; = (1) v

where v, = X» (p,¢,2,p). One can also find this result in [1, Lemma 5].
Let f;(¢) = aj + b;i be linear functions. Under these conditions,

P

F(i) = Far(i) =Y (aj +bji) — > (a; + byi)

j=1 jeM
= a |+ Db ) i=a 6,
JEM JEM
where we use the notations o) = > jen @ and b = > jgn bi- We shall also use

oM — ZjeM a;, pM) — ZjEM bj. Further,

2 (i) — F(i) = > (a; +bji) — > (a; + byi)

JEM JjE¢M
- (auw) _ a(M)) + (b(M) _ b(M)) i

Applying Lemma 2.4 with = := ¢, a := a(M>,b = b(M), ¢ = aM — a(M),d =
b — p(M) and using Theorem 2.3 we obtain our next result.
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2.5. Theorem. Given a set of linear functions f;(i) = a; + bji, and binary sequences
UIEJ) satisfying (1.1) with some initial conditions, we have

" b(M)+b(M)(n+1) (M)

: N a1 W M) _ 1) 4 (500 _ 1)
> 11 OB > a
i=0 j=1 MEe®P(p)

D) (g 1) (M)
q W oM) _ o) 4 (ng1) (o) b1

—q W(M) ) + W(M)

a(M) 4 q(M) _p(M) _ a(M) _q (M)
p(M) :

3
o )Lb(M)_b(M) +1

q q

3. A Particular Case

To understand our general result better, we shall consider now a particular case of two
binary recurrences, which is the case most often encountered in literature. Let Uy, V), be
two binary recurrent sequences satisfying (1.1) with some initial conditions. The Binet
formula indicates that

U, = A1a" + B18",
Vi = Asa™ + Baf8",

where A =

As before, we take the twisted products W{ELQ}, Wél}, satisfying (1.1), with initial con-
ditions W' = Ay Ay By By, WM = Ay Asat By BoB, Wi = Ay Ba+ By Ay, WY =
A1 Baa+ B1AsB, so that Wi = A1 Asa™ + B1 BB, and W'Y = A1 Baa™ + By A2B".
From Theorem 2.2 we know that Wél}, Wil’Q} S 5%2. We next consider the example
f1(t) =7+ ki, f2(3) = s + ki.

3.1. Theorem. Let k,r,s be fized integers. We have

UpB—-Ux _ U1 -Uga — Wp-Vi — Vi—Wa
Bia,Bl— Bia,AQ— —1, B = -

n k(n+1) _
D UrskiVayki = SWr{i‘}quil
i=0 7 -
2kyr7{1,2} {1,2} 2k {1,2} {1,2}
+ q Wr+s+2kn - Wr+s+2k(n+1) -9 W7'+572k + W”‘+S
q?% — Loy, + 1 ’

Proof. First,
UpiniViini = (Alar+ki n Blﬁr+ki)(A2as+ki n BQBSJFki)
= (A1 Az H2R | B B, gret2ki)
F (AL Baa ™ MBTHR L 4, By R grRl
_ Wr{ifiZki M (AL Baa™ + AsBi ST
(3.1) = Wr{ifimm’ + qs+kiWr{i£-
In the notations of Theorem 2.5, the previous product will be

L (0 f1@)+F2() 10 fai)yprA1} F@) A2}
5(‘1 Wora @7 Wit T Wao-na

(1,2} w12 fa) Al
+Wf1(i)+fz(i)) =Wriy T Wi -
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Using (3.1), we separate the sum Y1 | UpiriVsirs into two sums. First,

S kiry {1} {1} SN {1} qk<n+1) -1
(32) D W =W (6" =W
i=0 i=0 q
(we could have also used Lemma 2.4 with z := ¢, a = s,b = k and ¢ = r — s5,d = 0).

Next, using Lemma 2.4 with £ :=¢, a =b=0 and ¢ = r + s,d = 2k, we get

" qut+Zn — Witetns1) — qut—é + Wy
Z Wiges = .

C_
i=0 ¢ = Let 1

and the second sum becomes

2kyr7{1,2} {1,2} 2kyys{1,2} {1,2}
z”: w2 W akn — rast2k(nt1) — 4 Wt low + Wiyl
P r+s+2ki qgk _ L2k + 1 )
which finishes the proof of our theorem. O

If we take u, = X, (p,¢,0,1) and v, = Xy, (p,q,2,p) (p # 0, \/p? — 4¢q # 0), then by
required arrangements, we obtain for k = 2

n

Vantris+2 — Urps—2 — D (N + 1) ¢ us—r
Z Ur42iVs+2i = >
p(p? — 4q)

=0
which is the main result of [1, Theorem 1].
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