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Abstract

Soft set theory was firstly introduced by Molodtsov in 1999 as a general
mathematical tool for dealing with problems that contain uncertainties.
In this paper, we first give most of the fundamental definitions of FP-
soft set theory. We secondly define means of FP-soft sets and study
their related properties. We then define decision making methods on
FP-soft set theory. We finally apply the method successfully to prob-
lems that contain fuzzy objects.
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1. Introduction

In 1999, the concept of soft sets was introduced by Molodtsov [22] for modeling prob-
lems that contain vagueness and uncertainty. After Molodtsov, Maji et al. [20] gave the
operations of soft sets and their properties. Since then, based on these operations, soft
set theory has developed in many directions and found its applications in a wide variety
of fields. For instance; on the theory of soft sets [2, 4, 5, 9, 17, 20, 21, 25], on soft decision
making [13, 14, 15, 18, 19, 24], on fuzzy soft sets [7, 10, 11], soft rough sets [13] are some
of the selected works. Some authors, such as [1, 3, 6, 16, 23, 26, 27] have also studied
the algebraic properties of soft sets.

The present expository paper is a condensation of part of the dissertation [12]. The
presentation of the rest of the paper is organized as follows. In the next section, most
of the fundamental definitions of the operations of fuzzy sets and soft sets are presented.
In Section 3, we give FP-soft set-sets and their operations, which are more functional, to
make theoretical studies of soft set theory in greater detail and improve several results.
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In Section 4, we define means of FP-soft sets and their properties. In Section 5, we define
soft fuzzification operators for And means and Or means of two FP-soft sets. In Section
6, we construct a FP-soft set-decision making method. We also give an application
which shows that these methods work successfully. In the final section, some concluding
comments are presented.

2. Preliminary

In this section, we present the basic definitions and results of soft set theory [22] and
fuzzy set theory [28] that are useful for subsequent discussions. Detailed explanations
related to soft sets and fuzzy sets can be found in [4, 20, 22] and [28, 29], respectively.

2.1. Definition. [22] Let U be an initial universe, P(U) the power set of U, E a set of

parameters and A C E. Then, a soft set F'a over U is defined as follows:
Fa={(z, fa(®)) : w € B},

where fa : E — P(U) is such that fa(z) =0if = ¢ A.

Here, fa is called the approzimate function of the soft set Fa, and the value fa(z) is
a set called the z-element of the soft set for all x € E. It is worth noting that the sets
fa(z) may be arbitrary.

2.2. Example. Let U = {u1, u2, us, ua, us, ue } be a universal set and F = {x1,z2, 3,24}
a set of parameters. If A = {x2,z3,24} and fa(z2) = {u2,usa}, fa(zs) =0, fa(zs) =U,
then the soft-set F'4 is written as

Fa = {(:C27 {u27u4})7 (w4, U)}7

FA X1 i) X3 T4 Is5

Fa |z x4
ur | 0 0 O 1 0

Ul 0 1
u | 0 1 0 1 O

u 1 1
us | 0 0 O 1 0 or

us 0 1
uge | 0O 1 0 1 O

U4 1 1
us | 0 0 O 1 0

us 0 1
us | 0 0 0 O 0

2.3. Definition. [28] Let U be a universe. Then a fuzzy set X over U is a function
defined as follows:

X = {(ux (u)/u) s u € U},
where pux : U — [0, 1].
Here, pux is called the membership function of X, and the value px (u) is called the

grade of membership of w € U. This value represents the degree of u belonging to the
fuzzy set X.

3. FP-soft sets
In this section, we recall FP-soft sets and their operations [8]. The basic ideas of
FP-soft set theory and its extensions, as well as its applications, can be found in [8].

In section 2, subsets of E are classical sets, denoted by the letters A, B,C, ..., but in
this section the subsets of E will be fuzzy and denoted by the letters X,Y, Z, ... to avoid
confusion and complexity of the symbols.
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3.1. Definition. [8] Let U be an initial universe, P(U) be the power set of U, F a set
of parameters and X a fuzzy set over E. Then a FP-soft set (fx,E) on the universe U
is defined as follows:

(fx, E) = {(px(2)/z, fx (2)) : x € E},
where px : E — [0.1] and fx : E — P(U) are such that fx(z) =0 if ux(z) =0.
Here fx is called the approzimate function and px the membership function of the
FP-soft set.
Note that the set of all FP-soft sets over U will be denoted by FPS(U).

3.2. Definition. [8] Let Fx € FPS(U). If px(z) =0 for all z € E, then Fx is called
the empty FP-soft set, denoted by Fy.

3.3. Definition. [8] Let Fx € FPS(U). If ux(x) =1 and fx(z) = U for all z € X,
then Fx is called the X -universal FP-soft set, denoted by F's.

If X = F, then the X-universal FP-soft set is called the universal FP-soft set, denoted
by FE"
3.4. Example. [8] Let U = {u1,u2,us, usa, us} be a universal set and F = {x1, z2, x3, T4}
a set of parameters.

If X ={0.2/22,0.5/23,1/x4} and fx(x2) = {u2,ua}, fx(xz3) =0, fx(x4) = U, then
the FP-soft set F'x is written as

Fx = {(0.2/w2, {u, ua}), (0.5/w3,0), (124, U)}.

If Y = 0, then the FP-soft set Fy is the empty soft set. That is, Fy = Fy.

If Z = {1/x1,1/22} and fz(z1) = U, fz(z2) = U, then the FP-soft set Fz is the
Z-universal FP-soft set, that is, F'z = F;.

If X =F, and fx(xz;) =U for all z; € E, i =1, 2,3,4, then the FP-soft set Fx is the
universal FP-soft set, that is, Fix = F.
3.5. Definition. [8] Let Fx,Fy € FPS(U). Then Fx is a FP-soft set-subset of Fy,
denoted by FxCFy, if ux(z) < py(x) and fx(z) C fy(z) for all z € E.

3.6. Remark. [8] Fx §Fy does not imply that every element of F'x is an element of Fy
as in the definition of a classical subset.

For example, assume that U = {ul7 Uz, U3, u4} is a universal set of objects and E =
{z1,22,x3} the set of parameters. If X = {0.5/z1} and Y = {0.9/21,0.1/23}, and
Fx = {(0.5/z1, {u2,us})}, Fy = {(0.9/z1, {uz,us,us}), (0.1/z3, {u1,us})}, then for all
x € B, ux(z) < py(x) and fx(z) C fy(z) is valid. Hence FxCFy. It is clear that
(0.5/z1,{u2,us}) € Fx but (0.5/x1,{u2,us}) ¢ Fy.

3.7. Definition. [8] Let Fx,Fy € FPS(U). Then Fx and Fy are FP-soft set-equal,
written as Fix = Fy, if and only if pux(z) = py(z) and fx(z) = fy(z) for all z € E.

3.8. Definition. [8] Let Fx € FPS(U). Then the complement of Fx, denoted by F%,
is the FP-soft set defined by the approximate and membership functions

pxe(z) =1—px(x) and fxe(z) = U\ fx(z),
respectively.

3.9. Definition. [8] Let Fx,Fy € FPS(U). Then the union of Fx and Fy, denoted
by Fx UFy, is defined by

pxoy (z) = max{px (z), py (z)} and fxoy () = fx(z) U fy(z), for allz € E
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3.10. Definition. [8] Let Fx,Fy € FPS(U). Then the intersection of Fx and Fy,
denoted by FxNFy, is the FP-soft set defined by the approximate and membership
functions

pxay (7) = min{px (), py ()} and fxqy (z) = fx(z) N fy(2),
respectively.

3.11. Remark. [8] Let Fx € FPS(U). If Fx # Fy or Fx # Fg, then FxUF% # Fj
and FxﬁF§< 76 F@.

4. Means of FP-soft sets

In this section, we define logical means, that is the AND-means and OR-means of two
FP-soft sets. We then study some of their desired properties.

4.1. Definition. Let Fx,, Fx, € FPS(U). Then for (p € R — {0}), the AND-mean of
Fx, and Fx,, denoted by (Fx, AFx,), is the FP-soft set defined by the approximate and
membership functions,

2 1
1 P
e, B 00 b ang @ = (5 @)
=1
and

Ixyax, 1 E—= PU),  [x,ax,(a) = fx,(a) N fx,(a),

respectively.

4.2. Definition. Let Fx,, Fx, € FPS(U). Then for p € R — {0} the OR-mean of Fx,
and Fx,, denoted by (Fx,VFx,), is the FP-soft set defined by the approximate and
membership functions

%

2
1
ey 7y B DL i o @ = (5 i)
i=1

Ixyox, 1 E—= PU),  [x,0x,(a) = fx,(a) U fx,(a),

respectively.

Note that for Fx,, Fx,,...,Fx, € uSS(U) the OR-mean of Fx,, Fx,,..., Fx,, de-
noted by (FXIVFXZV e VFXH)7 is a FP-soft set defined by the approximate and mem-

bership functions
1
P

1 n
BEx OFx, v 9Fx, = [0, 1], KFx, UFx,V--TFx,, (a) = <ﬁ Z”Xi (a)p> ,
i=1

fFX1 UFx, V- VFx, E — P(U), fXIOFXQO---OFXn (a) = fx, (@) U---U fx, (a),

respectively. Similarly, Fx, AF X2K - AF 'x, can easily be defined.

Note that the symbols A and ¥ used in the subscripts of the approximate and member-
ship functions are not operations on fuzzy sets. They indicate that fyx xx, and fx ox,
are the approximate functions of Fx, KFX2 and Fx, VFX27 respectively, and that iy, 2 x,
and Hx,0x, are the membership functions of Flx, KFX2 and FXIVFX27 respectively.

4.3. Example. Let p=1. Assume that U = {u1,u2, us, u4, us, us, ur, ug} is a universal
set and E = {a1,az,as,a4,as} a set of parameters. If X; = {0.5/a2,0.2/as,1/as} and
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X2 = {0.9/a1,0.3/as,0.4/a4,0.8/as} are two fuzzy sets over E, then we can write the
following FP-soft sets,

Fx, = {(0.5/az2, {u2, us, us, us, ur}), (0.2/as, {u1, uz, us, us}),

Fx,

(1/aa, {u17u27U57u77U8})}

0.25/(12 0.25/(13 0.70/(14

Ui
u2
u3
Ua
us
Ue
ur

us

0

O = O O =

1 1

O O O O =
—__ 0 = O O =

Fx, = {(0.9/a1,{u1,u2,us,us}), (0.3/as, {us, ua, us, us}), (0.4/as,U),

Fx,

(0.8/as, {u37U47u67U77’U«8})}7

0.9/a1 0.3/as 0.4/as 0.8/as

U1
u2
us3
Uq
us
Ue
ur

us

1

O O = = O O =

0 1 0

_ O O = == O
e e e
e e = e

Fx,VFx, = {(0.45/a17 {u1, uz, us, us}), (0.25/az, {usz, us, ua, us, uz}),

(025/@3, {uh U2, U3, U4, Us, U‘8})7 (0.70/(14, U)7
(0.4/as, {us, ua, us, ur, us})}

0.25/&2 0.25/0,3 0.70/(14 0.4/(15

1 0 1 1

O O = = O O =
SO R O R = = =
—_ O O =
e e
= o= = O = = O O

Similarly Fxlﬂsz easily can be found.

4.4. Proposition. Let Fx,, Fx, € FPS(U). Then
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i (F)c(l)c = FXl)
i, F§ = Fp.
Proof. For all a € E, since px¢(a) =1— pux,(a) and fx,c(a) = U\ fx,(a);
i.
fxiepe(a) =1 = pxye(a) = 1= (1 = px, (a) = px, (a)
and
fixie)e(a) = UN (U fx,(a)) = fx(a).

Therefore we get
(Fx,)" = Fx,.
ii. Fj = Fj can be shown similarly.
4.5. Proposition. Let Fx,Fy,Fz € FPS(U). Then

i. Fx,AFx, = Fx,AFx, <= Fx, = Fx,,
ii. FX1\/FX2 :F'Xl\/F'X3 < FX2 :FX3.

Proof. For all a € E,

1
i FXleXg :FX17\\FX3 — (%)p(ﬂXl (a)p+MX2(‘1)p)

(S0

= (3)" (@) + pxy (@)7)
= HX, (a)p = HXs3 (a)p
= UX, (a) = HX3 (a)
and
fX1 (a) n fX2(a) = fX1 (a) N fX3(a) — fX2(a) = fxs(a)'
Hence we obtain

FxleXQIFXIKFXS — FX2:FX3-
. - ~ 1N\ 1
1. Fx,\VIx, = Fx,VIx; = (5) ! (IU‘XI (a)” + pxs, (a)p) F

1\ 5 1
= (3)" (nx, (@" + pxy (@)?) 7
= HX, (a)p = HXs3 (a)p
= KX, (a) = HX3 (a)
and
fX1 (a) u fX2(a) = fX1 (a) U fX3(a) — fX2(a) = fxs(a)'
Therefore we obtain
FxlvFX2 = FXIVFX3 < FX2 = FX3«
4.6. Proposition. Let Fx,Fy,Fz € FPS(U). Then

i. Fx,VFx, = Fx,,
ii. FX1/\FX1 :Fxl,

Proof. Follows easily from Definition 4.1 and Definition 4.2.

4.7. Proposition. Let Fx,, Fx,, Fx, € FPS(U). Then
i. (Fx,VFx,)VFx, = Fx,V(Fx,VFx,),



Means of FP-Soft Sets and their Applications 621

ii. (Fx,AFx,)AFx, = Fx, N(Fx,AFx,).
Proof. Follows easily from Definition 4.1 and Definition 4.2. ]

4.8. Proposition. Let Fx,, Fx,, Fx, € FPS(U). Then

i Fx,V (szmFX3) (FX1VFX2) (Fxl\/FX'a)

ii. FX1 (FXQUFXS) (FX1/\\/FX2) (FXI/\\/FXS)

iii. Fxl/\(FXngXS):(Fxl/\FX2)ﬂ(FX1/\FX3)
X1

iv. Fx,A(Fx, U Fx,) = (Fx, AFx,) U (Fx;AFxy)
Proof. N )
i FX1V(FX2 NFx;) = (5) ’ (p’Xl (a) + (min {/J’Xz (a), px, (a)})z’);
= (5)7 min { (105, (@) + pxa (@), (1, (@) + px (@)") }
and

fx (@) N (fy () N fz(2) = fx ()0 fy(y) N fz(2)
= (fx(@) N fy () N (fx(@) N fz(2))
so we get (Fx,VFx,) N (Fx,VFx,).
ii. Similarly, Fx,V(Fx, U Fx;) = (Fx,VFx,) U (Fx,VFx,) easily follows.
i, Fx,A(Fx, N Fx,) = (5) (1, (@) + min {jux, (a), pixs (@) })
(x1 (@) + s (@)?) 7 )

-6

Ix(@) N (fy(y) N fz(2) =fx ()N fr(y) N fz(2)
= (fx@) N fy(y) N (fx(x) N fz(2)),

’E\»—‘

=
==

min { (jux, (a)” + 1, ()")

and

so we obtain

(Fx, AFx,) N (Fx, AFxy).
iv. Similarly, Fix,A(Fx, U Fx;) = (Fx, AFx,) U (Fx, AFx,) can easily be proved. O
4.9. Proposition. Let Fx,, Fx,, Fx, € FPS(U). Then

i. Fx,VFx, = Fx,VFx,,
ii. Fxl/\FX2 IFXQ/\Fxl.

Proof. For all a € E,

~ 1
i Fx, VFx, = (5)

-(3)

Ix, (a) N fX2(a) =[xz (a) N fx, (a)
Therefore, we obtain
Fx,VFx, = Fx,VFx,.
~ 1N\ 1
i. Fx, ANFx, = (5) ! (MXl (a)” + px, (a)p) v

- <%) ’ (hx,(a)” + px, (a)?)

D=
(S0

('u‘Xl (a)p + px, (a)p)

=
(S0

(p’Xz (a)p +px, (a)p)

and

Bl
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and
Ixi(a) U fx,(a) = fx,(a) U fx, (a),
therefore we get

Fx,AFx, = Fx,AFx;,. O

4.10. Proposition. Let Fx,, Fx,,Fx, € FPS(U). Then
i Fxlz(FXQYFXS):(FXIZFXZ)Y(FxleXS)f
ii. Fx,V(Fx,ANFx;) = (Fx,VFx,)AN(Fx,VFx,).

Proof. Follows easily from Definition 4.1 and Definition 4.2. |

5. Soft fuzzification operators

In this section, we give soft fuzzification operators by using the AND-means, OR-
means that convert two FP-soft sets to a fuzzy set.

5.1. Definition. In this definition, for the shake of brevity, we use T' instead of F'x, 3 Fx,.
Let fr be an approximation function and pr a membership function of 7. Then, an
AND-soft fuzzification operator, denoted by sx is defined by

sxT = {Nﬂ(u)/u cu € fr(a), pa(u) € [07 1]}7 FX17\FX2 =T,

where

pa(u) = ﬁ ; K (@)X (ay) ()

and where
17 uj € fT (ai)y
XT(O@) (U]) = !
0, u; ¢ fr(as).
The set sz T is a fuzzy set called an OR-decision fuzzy set over U.

Note that so(Fx,VFx,) is defined in a similar way.

5.2. Proposition. Let Fx,,Fx, € FPS(U). Then
i sa(Fx,AFx,) = sa(Fx,AFx, ),
ii. SQ(FX1VFX2) = SO(FXQ\/FXI)-

Proof.
i. FXIKF)Q :szxel —— SR(Fxle)Q) = SR(szxel).
il. FX1VFX2 = FXZVFX1 — SQ(FXIVFXQ) = SQ(FXQVFXI). O

6. FP-soft set-decision making methods

In this section we construct FP-soft set-decision making methods. Assume that U
is an initial universe that contains alternatives and that F is a set of parameters. We
then construct an OR-FP-soft set decision making method by the following algorithm to
produce a decision fuzzy set from U:

i. Choose feasible fuzzy subsets X; and X2 over F;
ii. Construct the FP-soft sets F'x, and Fx, over U,
iii. Find the OR-means Fx, VFXQ;
iv. Compute the OR-decision fuzzy set so(Fx, VFx,).
Note that, in a similar way, we can construct an AND-FP-soft set-decision making
method. Now, we can give an example for the FP-soft set-decision making method.
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6.1. Example. Assume that a country has a set of different places for industrial plants:
U = {uh uz, us, U4, Us, U6, U7, US}.

For:=1,2,3,4,5,6,7,8 the parameters u,; will stand for “Istanbul”, “Denizli”, “Ankara
7 “Izmir”, “Adana”,“Mersin”, “Antalya” and “Bursa” respectively, which may be char-
acterized by a set of parameters E = {a1, a2, as, as,as}. For i = 1,2,3,4,5 the parame-
ters a; stand for “transportation”, “productive power”, “marketing”, “profit” and “sale”
respectively.

Let p=1, and suppose that a company planning to build a plant in that country sends
two administrators Mr X and Mr Y to the country to decide the best place to built
the plant. If each member is to consider his own fuzzy set of parameters, then we can
select a place for the plant on the basis of the sets of members’ parameters by using the
Or-means-FP-soft set-decision making method as follows.

Step ¢ : Mr X and Mr Y construct fuzzy sets, say
X1 ={0.9/a1,0.1/a2,0.5/a3,0.9/as}, and
X2 ={0.2/a1,0.3/as3,0.7/a4,0.8/as },
over E, respectively.
Step i : Fx, and Fx, over U are written by
Fx, = {(0.9/&27{U3,U47U5})7 (0.1/as, {u1,u2,us,us}),
(0.5/a4,{us,ur,us}), (0.9/as, {ug7u47u5})}7
Fx, = {(0.2/a1,{u1,uz,U5,u6}), (0.3/as, {us, ua,us,us}),
(0.7/a4,{us,us}), (0.8/as, {U3,U4,u6,m,us})}.

Step iii : Calculate the OR-means of F'x, and F, as
Fx,VFx, = {(0.10/a1, {u1,uz, us,us}), (0.45/az, {us, us, us}),
(0.20/as, {u1, u2, us, u4, us, us}), (0.60/aq, {us, ur,us}),
(0.85/as, {U3,U4,U5,UG,U7,U8})}

Step vi : The OR-decision fuzzy set so(Fx, VFx,) is computed as
{0.037/u1, 0.037 /uz, 0.187 /us, 0.187 /us, 0.275 /us, 0.118/us, 0.181 /uz, 0.206 /us },

where the alternative us is the decision-maker’s best choice since it has the largest degree
of membership, 0.2750, among the others.

7. Conclusion

Molodtsov, in 1999, proposed soft set theory as a general mathematical tool for dealing
with the problems that contain uncertainties. In this paper, after giving most of the
fundamental definitions of FP-soft set theory needed to develop applications of soft set
theory we defined means in FP-soft theory and studied their properties. We then defined
decision making methods in FP-soft set theory. We also give an application which shows
that they can be successfully applied to problems that contain uncertainties. In the
future, these results can also be applied similarly using other theories such as fuzzy sets
and rough sets.
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