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1. Introduction

Let F be a real normed space and K be a nonempty subset of F. A mapping T :
K — K is called nonexpansive if ||Tz — Ty| < ||z — y|| for all z, y € K. A mapping
T: K — K is called asymptotically nonezpansive if there exists a sequence {k,} C [1, c0)
with k., — 1 such that

(L) T2 = T"y[| < kn [l =yl

for all z, y € K and n > 1. Goebel and Kirk [3] proved that if K is a nonempty closed
and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self-mapping has a fixed point.

A mapping T is said to be asymptotically nonexpansive in the intermediate sense (see,
e.g., [2]) if it is continuous and the following inequality holds:
(12)  limsup sup (|77 — Ty - [l — y]) < 0.
n—oo x,yeK
If F(T) :={zx € K:Tx =2} # @ and (1.2) holds for all x € K, y € F(T), then T is
called asymptotically quasi-nonerpansive in the intermediate sense. Observe that if we
define

(1.3)  an:= sup (|JT"z—T"y|| — ||z — y||), and 05, = max {0, a,},
z,yeK

then o, — 0 as n — oo and (1.2) reduces to
(14) | T"z—-T"y|| < ||z —yl| + on, forallz, y€ K, n > 1.

The class of mappings which are asymptotically nonexpansive in the intermediate sense
was introduced by Bruck et al. [2]. It is known [5] that if K is a nonempty closed convex
bounded subset of a uniformly convex Banach space E and T is a self-mapping of K which
is asymptotically nonexpansive in the intermediate sense, then T has a fixed point. It
is worth mentioning that the class of mappings which are asymptotically nonexpansive
in the intermediate sense contains properly the class of asymptotically nonexpansive
mappings.

Albert et al. [1] introduced a more general class of asymptotically nonexpansive
mappings called total asymptotically nonexpansive mappings and studied methods of
approximation of fixed points of mappings belonging to this class.

1.1. Definition. A mapping T : K — K is said to be total asymptotically nonexpansive
if there exist nonnegative real sequences {u, } and {l,}, n > 1 with py, l, =+ 0asn — oo
and a strictly increasing continuous function ¢ : RT™ — R with ¢(0) = 0 such that for
all z, y € K,

(15)  |T"z = T"y[| < [z — yll + pad(lz = ylD) + I, n > 1.
1.2. Remark. If ¢(\) = A, then (1.5) reduces to
(1L6) T = T"yll < (1 + pn) 12— yll + by > 1.

In addition, if I, = 0 for all n > 1, then total asymptotically nonexpansive mappings
coincide with asymptotically nonexpansive mappings. If y, =0 and l,, =0 for all n > 1,
we obtain from (1.5) a class of mappings that includes the class of nonexpansive mappings.

If un = 0 and I, = 0y, = max {0, an}, where a, := sup (||T"z —T"y| — ||z — y||) for all
z,yeK

n > 1, then (1.5) reduces to (1.4) which has been studied as mappings asymptotically
nonexpansive in the intermediate sense.
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1.3. Proposition. Let K be a nonempty subset of E, {Ti}fvzl : K — K be N total
asymptotically nonexpansive mappings. Then there exist nonnegative real sequences {jn}
and {l,}, n > 1 with pin, ln = 0 asn — 0o and a strictly increasing continuous function
¢ :RT = R with ¢(0) = 0 such that for all z, y € K,

(L7 T e =Tyl < llz = yll + pnd (2 = yl)) +1n, n 21,
fori=1,2,...,N.

Proof. Since T; : K — K is a total asymptotically nonexpansive mapping for ¢ =
1,2,..., N, there exist nonnegative real sequences {iin}, {lin}, n > 1 with pin, lin = 0
as n — oo and a strictly increasing continuous function ¢; : Rt — R* with ¢; (0) = 0
such that for all z, y € K,

1Tz — Tyl < [lz =yl + pindi (2 —yl|) + lin, n > 1.
Setting

AU‘TL = max{,um,uzn,. . '7,u‘NTL}7 ln = ma‘x{lln7l2n7' . '7an}7

¢ (a) =max {¢1 (a),¢2(a),...,¢n (a)} for a >0,

then we get that there exist nonnegative real sequences {un} and {l,}, n > 1 with
tn, ln — 0 as n — oo and a strictly increasing continuous function ¢ : RT — RT with
¢ (0) = 0 such that

1752 = Tyl < Nl = yll + pindi (Il = yll) + lLin
<z =yl + pnd (lz = yl)) +ln, n > 1,
for all z,y € K, and each ¢ = 1,2,..., N. O

The main tool for approximation of fixed points of generalizations of nonexpansive
mappings remains the iterative technique. Since Schu’s results (see, [12, 13]), the modified
Mann and Ishikawa iterative scheme have been studied extensively by several authors to
approximate fixed points of generalizations of asymptotically nonexpansive mappings
(see, e.g., [12, 13, 8, 15, 16]). Recently, Gu and He [4] studied a multi-step iterative
sequence involving finite nonexpansive mappings in a uniformly convex Banach space.
They obtained weak and strong convergence theorems for approximating common fixed
points of nonexpansive mappings. Liu et al. in [6, 7] established new iterative methods,
the modified two and the modified three-step iteration sequence with errors with respect
to a pair of mappings. The results in [6] and [7] generalize, improve and unify many
known results due to many authors.

Very recently, Saejung and Sitthikul [9] studied convergence theorems for a finite
family of nonexpansive and asymptotically nonexpansive mappings in a uniformly convex
Banach space. In 2010 Saluja [11] proved strong convergence to common fixed points of
a pair of quasi-nonexpansive and asymptotically quasi-nonexpansive mappings.

Inspired and motivated by these facts, we define and study convergence theorems of
finite step iterative sequences with errors involving a finite family of nonexpansive and a
finite family of total asymptotically nonexpansive mappings in a nonempty closed convex
subset of a uniformly convex Banach space. The results of this paper can be viewed as
an improvement and extention of the corresponding results of [4, 6, 7, 10] and others.
The scheme (1.8) is defined as follows.

Let K be a nonempty closed convex subset of a Banach space E. Let Si, So,...,Sn :
K — K be N nonexpansive mappings, 11, 12,...,Tn : K — K be N total asymptotically
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nonexpansive mappings. Then the sequence {z,} defined by

x1€<K
:c,hq:x(N)—a(N)T" (N— 1)—|—b(N)SN:E +C(N) (N)
xglN 1) %N*l)Tﬁilmslez)+b£lN71)SN71xn_"_C’Elel)u’Elel)?

2@ = (@ | @ g @), @)
2@ = (OTr | @@, @
2V =a V1, + 0P S12n + Pl n>1,

is called an N-step iterative sequence, where { (i)} are bounded sequences in K and
{ M1 {b(z)} { (Z)} C [0,1] are such that a' + b5 + &) =1 for all i =
n= 1 n=1

32,
In case S1 = S2 = ... = Sy = I, then (1.8) reduces to the multi-step iteration with
errors for NV total asymptotically nonexpansive mappings.

For N = 3, then (1.8) reduces to the modified three-step iteration:
T € K,
Tntl = aS?)T Yn + b(3)S3xn + 6(3)'&513),
(1.9) Yn = a(Z)Tg Zn + b(2)ngn + c(z) 512)

Zn = an)Tl Tn + b( )8 T + c%l)u%1)7 n>1,

where {ugf)} are bounded sequences in K and {a$f>}°° , {bgf)}oo , {cﬁ?}w C [0,1]
. . n=1 n=1 n=1
are such that a(z) + b%) + cgf) =1foralli=1,2,3.

IfTy = =T3 =T and S; = S2 = S3 = S are self-mappings, then (1.9) reduces to
the modlﬁed three-step iteration defined by Liu et al. [6]

T € K,
Tntl = Ay )Tyn b,(f) ST, + 0513)11,(13)7
Un = at’ )Tzn b(2)5xn + 0(2) (2)
Zn = a, )Tacn + b(l)an + c(l) (1) n>1,

(1.10)

where { (i)} are bounded sequences in K and { (i)}oo , {b%)}Oo , {c,(f)}oo C [0,1]
n=1 n=1 n=1
are such that a'? + b + ¢ =1 for all 4 = 1,2,3.

In case S = I and a%y) = ¢{) = 0 for n > 1, the sequence {zn},>, generated in (1.10)
reduces to the usual modified Ishikawa iteration sequence with errors.
If T, =715 =T and S = S3 = S are self-mappings and a) = =0forn > 1, then

(1.9) reduces to the modified Ishikawa iteration sequence with errors defined by Liu et
al. 7]

71 € K,
(L11)  Zns1 = aP Ty + 00 Szp + cPul?,

yn = a DTz, + b2 Sz, + Pu?, n>1,
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where {uf)} and {u,(f)} are bounded sequences in K, {af)} , {bf)} , {c,(f)} ,

n>1 n>1 n>1

{af)} , {bﬁf)} and {CS’)} are sequences in [0, 1] such that a? 4102 L2 =
n>1 n>1 n>1

ol + b + e =1.

In case S = I and a?) = ¢{?) = 0 for n > 1, the sequence {zn}, >, generated in (1.11)

reduces to the usual modified Mann iteration sequence with errors.

The purpose of this paper is to study the strong convergence theorems of the finite-
step iteration sequence {x,} with error terms defined by (1.8) to a common fixed point
for a pair of a finite families of nonexpansive mappings and a finite family of total
asymptotically nonexpansive mappings in a uniformly convex Banach space.

2. Preliminaries

Now, we recall some well-known concepts and results.

Let F be a Banach space with dimension £ > 2. The modulus of E is the function
0 : (0,2] — [0, 1] defined by

. 1
o @) =int {1= | 3w+ loll = Il =1, e = o =l |

A Banach space E is uniformly convex if and only if g (¢) > 0 for all € € (0, 2].
A mapping T : K — K is called:
(1) demicompact if any bounded sequence {z,} in K such that {z, — Tz,} con-
verges has a convergent subsequence;
(2) semicompact (or hemicompact) if any bounded sequence {z,} in K such that

{xn — Tmn} — 0 as n — oo has a convergent subsequence. Every demicompact
mapping is semicompact but the converse is not true in general.

2.1. Lemma. [14] Let {an}, {bn} and {6,} be sequences of nonnegative real numbers
satisfying the inequality

ant1 < (14 6n)an +bn, n> 1.
If 3702 bn <00 and 3572 | 6y < 00, then

(i) lim an exists;
n— o0
(ii) In particular, if {an} has a subsequence {an,} converging to 0, then
lim a, = 0. O

n—o00

2.2. Lemma. [12] Let E be a uniformly convex Banach space, {t»},~, C [b,c] C (0,1),
{Zn},>1 and {yn}, >, be sequences in E. Iflimsup,,_, [|zn| < a, limsup, . |yn] < a
and limp— o0 ||tnxn + (1 — tn) yn|| = a for some constant a > 0, then limp,— oo [|[Zn — Yn||
=0. |

3. Main results

3.1. Lemma. Let K be a nonempty convex subset of a real Banach space E. Let Si,
S2,...,5nv : K — K be a finite family of nonexpansive mappings and Th,Ta2,..., TN :
K — K a finite family of total asymptotically nonexpansive mappings with sequences
{pn} and {ln} defined by (1.7) such that > pn < 00, >, ln < oo and F(S,T) =

n=1 n=1

NN, F(Si)NF(T;) # 0. Assume that there exists M, M* > 0 such that ¢ (\) < M*\
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forall x> M, i€ {1,2,...,N}. For an arbitrary z1 € K, define the sequences {z,} by
recursion (1.8). If

(3.1) z:c,(f)<ooforalli:1,2,...7N7
n=1

then limn o0 ||xn — p|| exists for any p € F(S,T).

Proof. Let p € F(S,T) = N, F (S;) N F (T;). Since {u,(f)} forall ¢ = 1,2,...,N are

bounded sequences in K, we have

K:max{sup ugll)—pH,...,sup ‘U%N) —pH}.
n>1 n>1
Since S1, S2, ..., SN are nonexpansive mappings and 71,72, ..., TN are total asymptoti-

cally nonexpansive mappings, it follows from (1.8) that

xg) —pH = Hag)Tl”:cn + bgll)Slxn + c£}>u£}) — pH
< o2 T 50—l + 02 51 — ol + 2 [u? =
< al [[&n = pll + pnd (l&n = pl) + In]
080 = gl + 2 [|u)
< () +b) |wn = pll + a8 pnd (|20 — p)
+ a%l)ln + cgll)K
< (1= ) llan = pll + a2 an (o = pl)
+all, + VK
(32) <l = pll + al pnd (l2n = pll) + atln + @1,
(1) ) S
where ¢{}) = ¢, K. Since }_ cn’ < 0o, we can see that > ¢f;) < oo. Note that ¢ is an
= n=1

n=1 =
increasing function, it follows that ¢ (A\) < ¢ (M) whenever A < M and (by hypothesis)
¢ (A\) < M*Xif A > M. In either case, we have

(33) 6N <o(M)+ M
for some M, M* > 0. Thus, from (3.2) and (3.3), we have

20 = p| < Nl = pll 4+ o [ (M) + M o = pll] + 0Dl + iy
< (L+ Mupn) [lzn = pll + R (pn + In) + (1)
for some constants My, R > 0. It follows from (3.3) and (3.4) that

(3.4) ’

[o12 — ] <l [0 — o]+ 62 USar il 42 12—
< a? ([l = oo ([ = o) + 1]

+ 0 [l — pl| +

]
< a? [(1+ Mipn) llzn — pll + Ra (tn + 1n) + ()]
+a?pn [¢(M)+M* } +aPl,

) —p’

+ 0 |z — pl| + ¢

-
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< (o +62) (14 Mupa) llon = pll + a2 Ry (i + 1)

a®

+a%2)<p(1) —|—a Hn¢( )+ an’ pn z()

-1
+ a,(f)ln + c,(f)K
< (1= ) (1 Migan) llzn = pll + a2 R (sin + 1)
+ a2l + al pnd (M) + Dl + DK
+a pn MT [(1+ Mipi) |2 = pll + Ra (pn + In) + ()]
< llzn — pll + (M1 + M a? +a@ pn M” Ml) tin l2n — |
+ af)Fh (b +1n) + af)unqﬁ( )+ a1, + a%z),unM*Fh (tn +1n)
+a un Mgy + alP oy + D K
(3.5) < (1+ Mapn) [on —pll + Rz (n + ln) + @2

where np(z) = an ,unM*go(l) + an ga(l) —|—cn 2 K and for some constants Mz, R2 > 0. Since
Z oy < oo, Z tn < oo and Z P < oo, we can see that Z ¥ < oo. By
n=1

n=1

mductlon it follows (1.8), (3.4) and (3.5) that we have
(3:6) o = || < 1+ Mypn) llzn = pll + R (5 + 1) + 005
for j =1,2,...,N — 1. Therefore, it follows from (1.8) and (3.6) that

Zn+1 —pll = (N)

-7
<a<N)HTn (N—1) p"+b(w> ISy — p|| + ¢ Hugv)_pH
| e (e I

0 el + e [|ul™ — |

al™ [(14 Mv-1ypn) @0 = pll + Riv-1) (1n + 1) + #{n—1)]
+a™ [czﬁ (M) Y —pH] +aMl,,

+ b = pll + ¢ |l

< (a;N) + b;m) (1+ My—1yptn) 2 — pll + a8 Riv—1y (pn + 1)

+ a1y + al pnd (M) + alY)

+ a%N)ln + C;N)K
< (1= ) (14 Mov-nyan) I = pll + @S Ry 1) (pin + 1)
+a el + at g (M) + a1, + VK
+ a8 pn M [(14 Miy_1ypin) |z — |
+R(n—1) (i + In) + ©(n—1)]

Mn

V-
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< Jlwn = pll+ (Mov—s) + 08 M + 0 M My 1) ) pn [l =
+a'N )R(N B (ttn + 1) + al g (M) + a1,
+ a8V i M R(n—1y (pin + 1n) + aS un M* o 1)
b ol + K
(3.7) <1+ Mypn) llzn = pll + Ry (pn + 1n) + @(n),
where go? = (N)unM*cp 1y + an )4,0( s c,(IN)K and for some constants My,

Ry > 0. Since Z Oin-1) < 00, Z Hn < oo and Z Y < oo, we can see that

n= 1

an(N)<oo Also, since Z,un<oo Zl < oo and Z<p(N)<oo by Lemma 2.1,

we get that limp— oo ||2n — pH ex1sts Thls Completes the proof O

3.2. Lemma. Let K be a nonempty convexr subset of a uniformly convex Banach space
E. Let 51,52,...,5v : K — K be a finite family of nonexpansive mappings and
T, T5,...,Tn : K — K a finite family of total asymptotically nonexpansive mappings
with sequences {un} and {l,} defined by (1.7) such that

(3.8) iun<oo,iln<oo
n=1 n=1

and F (S, T) = L, F (S;) N F (T;) # 0. Assume that there exists M, M* > 0 such that
d(N) < M*X for all\> M, i€ {1,2,...,N}. Suppose that

(3.9) |z — Tyl < [|Siz — Tyl

forallz,y € K andi=1,2,...,N. For an arbitrary x1 € K, define the sequences {zn}
by recursion (1.8) and for some m1,n2 € (0,1) with the following restrictions:

()

(3.10) 0<n1<a()<n2<1 Vn > no for some ng € N,
(i)

Zc <oo forallt=1,2,...,N,

then
lim ||zn — Sizn|| = lm ||zn — T za]| =0
n—o00 n— 00
foralli=1,2,... N.

Proof. Let p € F(S,T) = NX,F(S;) N F(T;). By Lemma 3.1, we have that
limp— oo [|77 — p|| exists. Let limy—co || — p|| = 7 for some r > 0. We have that

(3.11) nglNil) —pH < (1 + M(N71)un) |lzn — p|| + Rin_1) (pn + In) + 90?1\771)7

where Z Vin_1) < 00, Z tn < 0o and Z ln < oco. It follows that

n=1
[(1+ My_1ypn) [0 — pll

lim sup H v pH < limsup,,
e +R(N71) (Mn + ln) + SOELNfl):I

(3.12) n— 00
<r
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|

and by (3.8) and (3.12)

xglN 1) pH

lim sup H TraN-1

513 —p < limsup, .,
. n—o0

+ fn@ (‘ T

=) +zn}

<nr.

Since Sy is nonexpansive, we get
lim sup [[Snzn —pl| < lim sup [lzn —p|
(3‘14) n— oo n— oo
<r.
Next, consider
T [ S Iy IR

Therefore, we have

(3.15)  lim sup HTNx - —-p+ C;N)(U;N) - xn)H <

n— o0

Also,

[Sen —p + V@ — )| < IS — ol + e [0 —
which implies that
(3.16) lim sup HSN:C” pt (@™ - H

n— oo

and we have that
eV —p=al’ (T" SV —p Wl - wn))

+ (1 — aﬁlN)) (SN:c —p+ c(N)( (N) _ xn)) .

Hence,
r = lim ‘ijV) —p‘
n— o0
(3.17) HaS{V) (Tﬁ;xglel) p+ M (U%N) :cn))
= lim
(1=l (w0870

Using (3.15), (3.16), (3.17) and Lemma 2.2, we find

(318)  lim HT” N1 g || = 0.

It follows from (3.9) that

(3.19) lim ‘Tﬁx;N*”—an:o.

n— oo
Now, we shall show that lim, e HTN 1x(N 2 — Sn—1zn|| =0. For each n > 1,
oo = oIl < [0 = | + 2300 -]

< HTR?JJ%N*D - an

+[ =

Y]+ (o

—pH) +1n).
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By using (3.8) and (3.19) , we obtain

r= lim ||z, —p|| <lim inf Hx;Nfl) —pH .
n— o0 n—o0
It follows that

r < lim inf nglel) —pH < lim sup nglel) —pH <r.
n—00 n—00
This implies that
(3.20)  lim Hx;N*“ _pH —r
n— o0

On the other hand, we get

oo oo o0
where LP?N72) <00, Y. pn <ooand Y. I, < oo. Hence
n=1 n=1

n=1

z(N 72 _pH < (14 Mv—gypin) lzn = pll + Riv—2) (n +1n) + (N —2),

[(1+ Mn_2ypn) llzn — pl|

lim sup H:c%Nﬁz) —pH < limsup,,_, n
(3.21) n— o0 +R(N,2) (b +1n) + <p(N,2)}
<
and by (3.8)
o572 =]
lim sup HT]’;}L'7137571N72) —pH < limsup,,_, .,
<r.

Since Sny—1 is nonexpansive, we get
lim sup [[Sn-1zn —p| <lim sup [lzn — p||
(3‘23) n— oo n— 00
<r

Next, consider
|78 = o D = )|
<l = -
Therefore, we have

(3.24) lim sup HTﬁ,lng&) —p+ VWP - xn)H <r.

n— oo
Also,

|Sv-1n = p+ ¥ @ — )| < USw-rn = pll+el ™V [ul Y —
which implies that

(3.25) lim sup HSNflacn —p+ C%Nfl)(u%Nfl) — xn)H <,

n— o0

and we have that

2D = p = oD (g2 ™D —pt Y )

+ (1 - a'ELNil)) (SNflxn —-p+ C'(nNil)(u'ELNil) - xn)) .
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Hence,
(3.26)
r= lim ‘x,(INfl) —p ’
n— oo
a0 (T2 = p o+ V@Y )
= lim
n—oo + (1 _ agle:l)) (SN—lxn P+ C(N (u,(IN’

Using (3.24), (3.25), (3.26) and Lemma 2.2, we find

(327)  lim HTN a2 _ gy | =o.

It follows from (3.9) that

(328) lim HT{VL,lmgN*” - an —0.

Continuing a similar process, we have

(329)  lim HTN N "H —0,0<i<(N-2).
Now,

Hmn —pt D - xn)H <N TPz — pl + 2

Hence,

(3.30) lim sup HT1 T —p4 PP — n)H <r.

n— 00

Now, since S is nonexpansive, we get
lim sup [|Sizn —p|| < lim sup [zn — pl|
n—oo n—00

<r.
Also,

|$12n = p+ D@ —20)|| < 810 = pll 4+ [l

)

which implies that
(3.31) lim sup HSlxn p—|—c(1) m_ H

n— o0
(3.32) ‘ a (T{L:c —p+ PP — xn))
= lim

e + (1 — a;”) (Slx —p+ c(l)( 511) — :cn)) H .
Using (3.30), (3.31), (3.32) and Lemma 2.2, we find
(3.33) lim ||TV'zn — Siza|| = 0.
n— o0

and therefore

r= hm H (0 —p

It follows from (3.9) that
(3.34) Jim T @y — zn|| = 0.
Similarly, by using the same argument as in the proof above, we have

(3.35) lim ||T3'mn — zal| = 0.
n— oo

— |-

Ol

667
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Continuing a similar process, we have
(3.36) nhﬁn;o |1} zn — zn|| = 0.
foralli=1,2,...,N.
From (3.18), (3.19), (3.27), (3.28), (3.29), (3.33) and (3.34), we have
(3.37)  lim ||zn — Sizn|| =0
n— o0

for all i =1,2,..., N. This completes the proof. O
3.3. Theorem. Let K be a nonempty convex subset of a real Banach space E. Let
S1, S2,..., Sy : K — K be a finite family of continuous monexpansive mappings and
T, T5,...,Tn : K — K a finite family of continuous total asymptotically nonexpan-

sive mappings with sequences {un} and {l,} defined by (1.7) such that . un < o0,

n=1
S ln <00 and F(S,T) = N, F(Si)NF (Ti) # 0. Assume that there exists M, M* > 0

n=1

such that ¢ (N) < M*X for all X\ > M, i € {1,2,...,N}. Suppose that the fam-
ily {S1,52,...,Sn,Th,To, ..., TN} satisfies (3.1), (3.9) and (3.10). For an arbitrary
z1 € K, define the sequences {xn} by recursion (1.8). Then the sequence {x,} con-
verges strongly to a common fized point of {S1,S2,...,Sn,T1,T2,...,Tn} if and only if
liminfy oo d (20, F(S,T)) =0, where d (xn, F (S,T)) = infocgs,1) |Tn — qll, n > 1.

Proof. Necessity is obvious. Indeed, if z, — z* € F(S,T) (n — c0), then

d(zn,F(S,T)) = :c*eljn(fs T)d(xn,x*) <|on —2"|| =0 (n — 00).

Now we prove sufficiency. It follows from (3.7) that for #* € F(S,T'), we have

2

|Tni1 —p|l = ‘ PH
< (1 + Mypn) l|2n = pll + By (pn + 1n) + @y
(3.38) = ||z — pl + 0n,

where 0, = Mnpn ||n —pll + By (4n +1n) + ¢(n). Since {z, —p} is bounded and
> pn < 00, 3 ln < oo and Y ¢iyy < 0o, we obtain ) 4, < co. Hence, (3.38)
n=1 n=1 n=1 n=1

implies

inf Trtl — < inf Tn — pl| + On,
pET(S’T)H +1 pll_peg(smll ll

that is
(3.39)  d(znt1,F(S,T)) <d(xn,F(S,T)) + 6n,

by Lemma 2.1 (i), it follows from (3.39) that we have limy o0 d (zn, F(S,T)) exists.
Noticing liminf, oo d (zn, F (S, T)) = 0, it follows from (3.39) and Lemma 2.1 (ii) that
we have limy, o0 d (zn, F (S, T)) = 0.

0n < 00, given € > 0, there exists a

M8

Now, since limn—oo d (zn,F (S,T)) = 0 and
1

and Y. §; <
j=n

e 3

positive integer N; such that d(z,,F (S,T)) < for all n > Ni. So, we

£
4

and Y §; <
J=N1

have d (zn,,J(S,T)) < £ £. This means that there exists a g1 € (S, T')
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such that [|xn, — q1]| < . It follows from (3.38) that when n > N1, m > 1,

lznsm — znll < [|Tngm — ar|| + |20 — a1

n+m—1 n—1

<llew —all+ Y G+ llex —all+ >4
Jj=N1 Jj=N1
oo o0

<lzwy —aill+ D G+ llzny —all + D 4
Jj=N1 Jj=N1

€ € € €

<y oz

— 4 + 4 + 4 + 4

= €.

Hence, {z,} is a Cauchy sequence in F; and since E is complete there exists p € E such
that , — p as n — oco. We show that p is a common fixed point of {S1,S2,..., SN,
Ty, Ts,...,Tn}, that is we have that p € F(5,T).

Assume for contradiction that p € F°(S,T) (where F°(S,T) denotes the comple-
ment of F(S,T)). Since F(S,T) is a closed subset of E (recall each {S1, Sa2,...,Sn,T1,
Ts,...,Tn} is continuous ), we have that d(p,F(S,T)) > 0. But for all * € F(S5,T),
we have

lp ="l <llp— @nll + lon — 27,
which implies
d(p79(57 T)) < ||:Cn _p” + d(x7l7g:(s7 T))7

so that as n — oo we have d(p,F(S,T)) = 0, which contradicts d (p,F(S,T)) > 0.
Thus, p is a common fixed point of {S1,S52,...,Sn,T1,T%,...,Tn}. This completes the
proof. O

3.4. Theorem. Let E be a real uniformly conver Banach space and K a nonempty closed
convex subset of E. Let S1,S2,...,Sny : K — K be a finite family of uniformly continuous
nonexpansive mappings and 11, T>,...,Tn : K — K a finite family of uniformly contin-
uous total asymptotically nonexpansive mappings with sequences {pn} and {l,} defined
by (1.7) such that > pn < 00, . ln < 00 and F(S,T) =N, F (Si) N F (T;) # 0.
n=1 n=1

Assume that there exists M, M* > 0 such that ¢ () < M*X for all X\ > M, i €
{1,2,...,N}. Suppose that the family {S1,S2,...,5~8,T1,T2,...,Tn} satisfies (3.1),
(3.9) and (3.10). If one of the mappings in {T1,T>,...,Tn} is compact, then the se-
quence {xn} as defined in (1.8) converges strongly to a common fized of the mappings
{Sl, S2, .., SN, T, T, ... 7TN}.

Proof. We obtain from Lemma 3.2 that
(3.40)  lim ||z — Siznll = lim |jzn — T]'zs|| =0, for alli =1,2,..., N.
n—o00 T —> 00
Since T'n is a total asymptotically nonexpansive mapping and Sy is a nonexpansive

mapping, it follows from (1.8), (3.18), (3.37) and condition ") < 00 hat we have

n=1
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s = 2l = [0 TR2 D 16 S + VY — |
= [l (182N = Snan) + 00 (S —w0)
1 (59 -0
R

+ (1 —a™ C%N)) ISNTn — 0|
(3.41) — 0, as n — oo.

Let T1 be compact. Since 73 is continuous and compact, it is completely continuous.
Hence, there exists a subsequence {Tlnj :cnj} of {T{'z»} such that Tlnj Tn; —> P asj— oo
for some p € E. Hence Tlnjﬂacnj — Tip as j — oo, and from (3.40) we have that
lim; oo 2n; = p. Also from (3.40), Ty xn; — p, Ty an;, — p,...., T\’ @n, — p as
j — oo. Hence, T;jﬂxnj — Thp, T;jﬂscnj — T3p,...,T;j+1:cnj — Tnp as j — oo.
Using (3.41), it follows that xn;+1 — p as j — oo.

Next, we show that p € F(S,T). Observe that

Ilp = Tipll < ||p = @nj41]| + ‘ Trj41 — Tinj+1$nj+1H

n;+1 n;+1 n;+1
Ti ’ Tnj+1 — Tz ’ Tn; Tz ’ Tn; — Tip

|

+|

forall i =1,2,..., N. Taking the limit as j — oo and using the fact that T; is uniformly
continuous we have that p = T;p and so p € F (T;) for alli =1,2,..., N.

Also by the continuity of all the mappings S; and Lemma 3.2, we conclude that
||Sip — p|| = lim HSixnj — :cn]H =0,
Jj—oo

for all 4 = 1,2,...,N. That is, p € F(S,T) = ﬂf\rle(Tz) N F (S;). It follows from
Lemma 3.1 that limp o ||xn — pl|| exists, p € F(S,T). Hence, {z,} converges strongly
to a common fixed point of the mappings {51, S2, ..., S~, 11,72, ..., Tn}. This completes
the proof. O

3.5. Remark. If T, T», ..., Ty are asymptotically nonexpansive mappings, then [,, = 0
and ¢ (A) = A so that the assumption that there exist M, M™* > 0 such that ¢ (A\) < M*A
for all A > M, i € {1,2,..., N} in the above theorems is no longer needed. Hence, the
results in the above theorems also hold for asymptotically nonexpansive mappings. Thus,
the results in this paper improve and extend the corresponding results of [4, 6, 7] and [10]
from asymptotically nonexpansive (or nonexpansive) mappings to total asymptotically
nonexpansive mappings under general conditions.

3.6. Corollary. Let K be a nonempty closed convexr subset of a uniformly convex Ba-

nach space E. Let S1, S2,...,Sv : K — K be a finite family of continuous nonex-

pansive mappings and T1,T>,...,Tn : K — K a finite family of continuous asymptoti-
e}

cally nonexpansive mappings with sequences {uin} C [0,00] such that > pin < 0o and
n=1

F(S,T) =N, F(Si)NF(Ti) # 0. For an arbitrary x1 € K, define the sequences {xn}
by recursion (1.8). Suppose that > ) < oo foralli=1,2,... N,

n=1

(1) ||z — Tyl <||Siz — Tiy|| for all z,y € K and i =1,2,...,N,
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(ii) there are mi,m2 € (0,1) such that 0 < m < aﬁf) <12 <1, Vn > ng for some

no € N.
Then:
(a) The sequence {zn} converges strongly to a common fized point of {Sl, S2,..., SN,
Ty, To,. .. ,TN} if and only if liminf,eod (20, F(S,T)) = 0, where

d(xm&’(& T)) = infqe'f(S»T) Hl’n - QH¢ n>1.

(b) If one of the mappings in {T1, T2, ..., Tn} is compact, then the sequence {x,} as
defined in (1.8) converges strongly to a common fized of the mappings
{S1,52,...,9n,T1,T>,...,Tn}. |

3.7. Corollary. Let K be a nonempty closed convex subset of a uniformly convex Banach
space E. Let S1,52,...,5n,T1,T2,...,Tn : K — K be a finite family of continuous
nonezpansive mappings and suppose that F (S,T) = ﬂfv:l F(S;)NF(T;) #0. Let {zn}
be the sequence defined by

T € K,
T =2 = a M Tna Y + b Syan + MV ulV
eV = a2 b Y Sy + N U,
(BAZ) e
2 = aPT52? + b Sszn + PulP,
22 = P Toal) + b2 San + Pu?,

e = aPVTiwn + 08 12, + Pul, n>1,

(called an N-step iterative sequence), where {u,(f)} are bounded sequences in K and

{ag)}m . {b%)}m s {c%)}m C [0,1] are such that a%) + b+ ¢ = 1, for all
n=1 n=1 n=1
i=1,2,...,N.

)

Suppose that > ¢ < oo foralli=1,2,...,N,

n=1

(1) ||z — Tyl <||Siz — Tiy|| for all z,y € K and i =1,2,...,N,

(ii) there are mi,m2 € (0,1) such that 0 < m < o) <m2 < 1,VYn > ng for some

no € N.
Then
(a) The sequence {z,} converges strongly to a common fized point of {Sl, S2,..., 5N,
Ty, To,. .. ,TN} if and only if liminfp e d (20, F(S,T)) = 0, where

d(xn,F(S,T)) = infoersm) [|[Tn —qll, n > 1.

(b) If one of the mappings in {Th,T5, ..., TN} is compact, then the sequence {x,} as
defined in (3.42) converges strongly to a common fixzed of the mappings
{S1,52,...,5n,T1,T2,...,Tn}. O

3.8. Remark. Let K be a nonempty closed convex subset of a Banach space E. Let Si,
S2,..., Sn : K — E be N nonself nonexpansive mappings, let 71, T»,..., Tn : K = E
be N nonself total asymptotically nonexpansive mappings; assuming the existence of
common fixed points of these operators, our theorems and method of proof easily carry
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over to this class of mappings using the iterative sequence {x,} defined by,

T € I(7
Tpal = :c;N) =P [a%N)TN (PTN)”f1 :cngfl) + b%N)San + C;N)uglN)] ,

ngLNil) =P [G%Nil)TNfl (PTNfl)ni1 xngiz) + b%N71)5N71xn + C%Nil)USLNil)] B

sP=p [a,(ll)Tl (PT1)7L71 zn + b Sz + c;”u;”] ,n>1,

where {u,(f)} are bounded sequences in K and {a,(f)}oo s {b%)}m s {c,(f)}oo C [O7 1]
n=1 n=1 n=1
such that a,(f) + b+ c,(f) =1,foralli=1,2,...,N.
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