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Abstract

In the Hilbert space of vector-functions L*(H, (a,b)), where H is any
separable Hilbert space, the general representation in terms of bound-
ary values of all normal extensions of the formally normal minimal
operator, generated by linear differential-operator expressions of third
order in the form

I(u) =" (t) + A%u(t), A:D(A)CH— H, A= A" > E,

is obtained in the first part of this study. Then, some spectral prop-
erties of these normal extensions are investigated. In particular, the
case of A™' € G (H), asymptotic estimates of normal extensions of
eigenvalues has been established at infinity.

Keywords: Normal extension, Compact operator, Eigenvalue, Asymptotical behavior
of eigenvalues.
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1. Introduction

It is known that operator theory plays an exceptionally important role in modern
mathematics and physics, especially in boundary value problems, quantum mechanics
and deformation theory. Also, spectral analysis of differential operators is one of the
most important areas of modern mathematical physics [1]. In addition the investigation of
different selfadjoint extensions of densely defined closed symmetric operators is among the
fundamental mathematical problems arising in any physical model. By using the Calkin
theory a survey of the selfadjoint (dissipative, accumulative) extensions and their spectral
analysis has been analyzed in the case of symmetric differential-operator expressions first
and second order in L*(H, (a,b)), a,b € R [6] (for a detail analysis of these problems
see [9]). However, many physical problems oblige one to investigate normal extensions
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of formally normal differential-operators of lower order in the Hilbert space of vector-
functions on a finite interval.

The basic results of this theory had been established and developed by E. A. Codding-
ton [2]. Unfortunately, applications of this theory to the theory of differential operators
in Hilbert space have not received the attention it deserves. In this sense, for first and
second order differential operators, some results have been obtained in [7, 8].

In this study, the general representation of boundary values of all normal extensions of
the formally normal minimal operator, generated by two-term linear differential-operator
expression for third order with selfadjoint coefficient, in the Hilbert space of vector func-
tions L?(H, (a,b)) where H is any separable Hilbert space and a,b € R, is obtained.
Furthermore, some spectral properties of these normal extensions are investigated. Fi-
nally, in the special case of operator coefficient asymptotically estimates of these normal
extensions eigenvalues has been established at infinity.

2. The minimal and maximal operators

Let us start with a important definition.

2.1. Definition. A densely defined closed operator N in a Hilbert space is called formally
normal if D(N) € D(N*) and |[Nf|| = ||[N*f]], for all f € D(N). If a formally normal
operator has no formally normal non-trivial extension, then it is called a maximal formally
normal operator. If a formally normal operator N satisfies the condition D(N) = D(N*),
then it is called a normal operator [2].

In the space L?(H, (a,b)) consider a linear differential-operator expression of third-
order in the form

(21)  lw) =" (1) + A (t)u(t),

where for each t € [a,b], A(t) is a linear selfadjoint operator in H, A(t) > E and
D(A(t)) = D. It is clear that a formally adjoint expression in the space L?(H, (a,b)) to
(2.1), is in the form

(2.2) 1T (v) = ="' (t) + A*(t)v(t).
Now let us define the operator L{, on the dense manifold of the vector-functions D{ in
L*(H, (a,b))

D= {ult) € I ult) = 3 ol fe oult) € O (a,), fie € D(A),

k=1
k= 1,2,...,n,neN}

as Lj := I(u). Since for all u € Dj

Re(Lju, u)r, = Re(lu(t), u(t))r, = Re(A*(t)u(t), u(t))r, > [lu(t)[Z, > 0,

then L{ is an accretive operator, and so it has a closure in L*(H, (a,b)) [3]. The closure
of Ly in L*(H, (a,b)) is called the minimal operator generated by the differential-operator
expression (2.1) and it is denoted by Lo. In a similar way, the minimal operator Lg ,
generated by the differential operator expression (2.2) in L?(H, (a,b)) is constructed.

The adjoint operator of LT (Lo) in L*(H, (a,b)) is called the mazimal operator gen-
erated by (2.1) ((2.2)), and is denoted by L (L"). It is clear that Lo C L, L{ C L*.
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2.2. Lemma. If f € La(a,b), a,b € R and for all real-valued function ¢,y € C§°(a,b)
and

b
/ £ (p(t)0(t)) dt =0,

then f = constant almost everywhere in (a,b).

Proof. In this case,
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- / Fe () dt + / SR (1) dt
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ds | w(p)| - / / F(5)¢'(s) ds | ' (t) di

4 / FOp(ty (t) dt

b

/ (f(t)<ﬂ(t) - /f(s)so’(s) ds) V' (t)dt = 0.

a

¢
Hence, there exists a real number ¢ € R for every ¢ € C5°(a,b), f(t)eo(t)— [ f(s)¢'(s)ds

= cae [4]. If o(t) # 0, t € (a,b), then the function f*(t) = *—————

a <t < b, is equal the function f a.e., and so

/ F(8)¢ (s)ds = F*()(t) + ¢

holds. From this relation and continuity of the function f* on (a,b), this function is
differentiable and f*'(t) = 0. Therefore the function f is constant a.e. in (a,b). O

2.3. Theorem. Let 0,(t) := (A*(t)x,x)n, = € D. If the minimal operator Lo is
formally normal in L?(H, (a,b)) , then o, = constant a.e. in (a,b).

Proof. For every u(t) € D(Lo)
[Lou(t)l|72 — 1L u(®)l|72 = 2 [(w”(8), A*(B)u(t)) 12 + (A*(D)u(t),u” (t)) 2] = 0.
By using this relation, for the special vector-function u(t) = ¢(t)x € Dy, = € D,

(" (), A*(Ou(1) o + (A2 (Ou(t), u” (1))
b

— [0 (¢ @32 + (077 @) dt = 0.

a
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If p € C5°(a,b) is a real-valued function, then
b
[ ettre" @t e =0
is true. For every real-valued function ¢ € C§°(a,b), e™¢(t) belong to C§°(a,b). If these
functions are used in the last equation
b

[ o=t (o) e ote) + oo )

=6 [ @ (00p)¢ (Odt = =3 [ 0.(0) ((0(0)?) dt =0,
then for every real-valued functions ¢ € C§°(a, b)
[ ett) ((o)?) de =0

is true. For every real-valued functions ¢, 1 € C§°(a,b), ¢+ € C§°(a,b) and from the
last equation

b b
[ ett) (o) + 00 dt =2 [ 0.0) (ol dt =0
holds. Therefore, by Lemma 2.2, 0,(t) = constant a.e. for any z € D . O

2.4. Corollary. If a(t) = a(t) € Lz(a,b) and A(t) = a(t)A, A* = A > E, then the
minimal operator Lo is formally normal in L*>(H, (a,b)) if and only if the function a is
constant a.e. in (a,b). O

2.5. Corollary. If dimH < +oo, then the minimal operator Lo is formally normal in
the Hilbert space L?(H, (a,b)) if and only if A(t) = costant a.e. in (a,b). O

According to these results, throughout this work let us consider A(t) = A, A > E in
(a,b).

3. Domains of minimal and maximal operators

Let H be a separable Hilbert space, A: D(A) C H — H,A* = A > E and define an
inner product on the domain D(A) by
(,Y) 112 = (A1/2x7A1/2y) .
H
With this inner product D(A) is Hilbert space, which will be denoted by H,,,, =
H_1/3(A). Also let us introduce in H a new norm:
Y,T)H
D
x€H /9 ||37||+1/2

The completion of H with respect to the norm || - ||m_q/2 is denoted by H_,,, =
H_1,5(A). The elements of this space are called generalized elements. In this case



Normal Differential Operators of Third Order 679

A:Hyy/; — H is a continuous operator and its adjoint operator is denoted by A:H —
H_,/5. Also A is an extension of A and A* = A > E [6].

From now on it will be considered that
(3.1) l~(u) = u"'(t) + 1213u(t).

We state the following lemmas. Their proofs can be done similarly to those in [6].

3.1. Lemma. The operators
T~ eﬂi(t*a)ac7 s 200y
are continuous from H_; 5 to L*(H, (a,b)). O

3.2. Lemma. The operators

b b
F(t) > / A f) dr, (1) / A f(t) dt

are continuous from L*(H,(a,b)) into H1/s.
The following theorem can be proved by using results in [6, 10].

3.3. Theorem. The domain D(L) of the mazimal operator L generated by expression
(8.1) consists of the vector-function f(t) that have a representation Lu(t) = f(t), f €
Ly (H, (a,b)), where

t
C(t—a)A 1=ivB 1A 4+iVB A 1 _ C(t—s
u(t) = e VA, 4 TFT DAL, L BT b)Ax3+§A 2/6 (=4 f(s) ds

a

b b
— 1 —iV3 ; ] iv3 ;
LB g [y as g LIV g [ 20804
t t
$i6H71/27 ’L:17273 O

Also the domain of the minimal operator Lo consists of vector-functions u(t) € D(L)
for which u(a) = u(b) = u'(a) = v'(b) = v’ (a) = v”(b) = 0.

3.4. Corollary. If L, Lo C L, C L is a normal extension, then the domain D(L.) of
L,, consists of the vector-functions u(t) that have the representation

t
C(t—a)A 1=ivB 1A 14+ivVB A 1 _ C(t—s
u(t) =e ¢ a)A:c1+el el b)A:cz+el+2 S b)Ax3+§A 2/6 (=941 (5) ds

b b
1—i _iv3 ) 1 ; i3 ;
N 6Z\/§A72/@1273(t75)14f(8) ds + +61\/§A72 /61+2 3(t—s)Af(S) ds,
+ t

x; € .['14,1/27 1= 172737

where Lou(t) = f(t), f € L2(H, (a,b)).
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Proof. Since Ly, Lo C L, C L is a normal operator, then for every u(t) € D(L,) we
have Au(t) € L2(H, (a,b)). By using Theorem 3.3,

Au(t)

t
A 7 1-iVB y VA« 14+ivB VA 1, _ o
=@ DA e 2 AL e 0 §A 1/6(5 t)Af(s) ds

a

+

f(s)ds + f(s)ds

6

b
1-— “/§A’1 /e%ﬁ(psm
6

t

b
1+iV3 /ewmm
t

€ Ly (H, (a,b)).

Thus, Az; € Hi1/2, i=1,2,3 and from Lemma 3.2, x; € Hi1/2, i = 1,2, 3 are obtained.
a

4. Description of normal extensions

The main purpose of this section is to describe all normal extensions of the minimal
operator Lo generated by (3.1). Since the index number of the minimal operator Im(Lo)
is (dim H?, dim H?’)7 where H®> = H® H @® H, there exist at least one space of boundary
values [6]. Let (H®,~1,72) be a space of boundary values for the minimal operator Tm (L)

(A0 0\
andA:=[0 A 0|, A:H*— H>
0 0 A

4.1. Theorem. Let A : D(A) C H — H, A = A* > E be a linear operator and
AW3(H, (a,b)) C W3(H,(a,b). Every mormal extension Ln, Lo C L, C L, of the
minimal operator Lo in L*(H(a,b)) is generated by the differential-operator expression
(8.1) and the boundary condition

(41) (W = Byn(u) +i(W + E)ya(u) =0,
where W and AW A~3/2 are unitary operators in H>. The unitary operator W is
determined uniquely by the extension L., i.e. L, = Lw.

On the contrary, the restriction of the maximal operator L to the manifold of vector-
functions u(t) € W3(H, (a,b)) that satisfy (4.1) for any unitary operators W and
A3PW A2 in H?, is a normal extension of the minimal operator Lo in L2(H, (a,b)).

Proof. Let L,, be a normal extension of Lo. In this case
Re(Ln)u = A%u(t), u € D(Ly),
Im(Ly)u = —iu"' (t), u € D(Ln)

are selfadjoint operators in L?(H, (a,b)). Firstly, for the minimal operator Im(Lo) we
prove that the triple (H3,v1,72), where

IR

Ti(u) = {—iu"(b% (u'(b) = u'(a)) 7iU"(a)} ; 72(u) = {u(b), v’ (b) + u'(a), u(a) }

is a space of boundary values. For every u,v € W3(H, (a,b))

(Tm(Lo)u, v) 1> = (u, Im(Lg)v) 12 = (1 (w),72(v)) s = (v2(w), 11.(v)) s
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and if {1, 22,23}, {vy1,92,y3} are arbitrary vectors from H?, then the vector-function
u(t) := ar(t)ys + az(t)(—2iz2 + y2) +ias(t)ys + S(t)yr + 582(8) (y2 + ix2) + ifs(t)xs,
where the i, 8; € W3 (a,b), i = 1,2,3 satisfy the conditions

ai(a) =1, oi(a) =af(a) = a1(b) = a1 (b) = a¥ (b) = 0,
ay(a) =1, az(a) = aj(a) = ax(b) = as(b) = a5 (b) =0,
ag(a) =1, as(a) = aj(a) = as(b) = as(b) = a5 (b) = 0,
Ai(b) =1, PBi(a) = Bi(a) = B (a) = Bi(b) = A1 (b) =0,
Ba(b) =1, B2(a) = Ba(a) = B3 (a) = B2(b) = A1 (b) =0,
B5(b) =1, Ps(a)=Ps(a) = B5(a) = B1(b) = A1 (b) =0

belongs to D(Im(L§) and v1(u) = {1, 22,23}, v2(u) = {y1, y2,y3s}. Thus we have proved
that the triple (H?, 1, v2) is a space of boundary values for the minimal operator Im(Lo).

It is known that a selfadjoint extension Im(Ly) of the minimal operator Im(Lg) in
L*(H,(a,b)) is described by the following boundary condition

(W = E)n(u) +i(W + E)y2(u) = 0,

with a uniquely unitary operator W in H?® [6]. On the other hand since the extension
L, is a normal operator, then for every u(t) € D(Ly) the following equality holds

(Re(Ln)u, Im(Ln)u) ;> = (Im(Ln)u, Re(Ln)u) o -
In other words for every u(t) € D(Ly)

(Re(Ln)u(t), Im(Ln)u(t)) 12 — (Im(Lo)u(t), Re(Ln)u(t)) .2

= (1 (A7), 92 (A20)) . — (72 (A%2u), 1 (A%%0)) .y = 0.

From the above, the linear relation

0 := {7 (A**u), 71 (A*?u)} :uw € D(L,)} c H* ® H®
is selfadjoint, so there is a unitary operator V : H3 — H?® such that

(V—-E)m (A3/2u) +i(V + E)y2 (A3/2u) =0.
Let us set U := A~3/2V A%/2 In this case the relation implies that

(U—=E)yi(u) +i(U + E)y2(u) =0, u € D(Ly).
Since the unitary operator W is determined uniquely by the extension Im(L,), then U
is a unitary operator and U = W | i.e., A3PWA3? s a unitary operator in H3. Tt is
clear that the unitary operator W is determined uniquely by the extension L.

Now let Ly be an operator generated by the differential-operator expression l~(u) with
the boundary condition (4.1) in L*(H, (a,b)), that is,

Lwu = l(u),
D(Lw) = {u € W3(H,(a,b)) : (W = E)yi(u) +i(W + E)y2(u) = 0},
where W and A%2W A~3/2 are unitary operators in H>. In this case the adjoint operator

L}, is generated by the differential-operator expression [*(v) = —v(t) + A%v(t) with the
boundary condition

(W* = E)ni(v) —i(W" + E)72(v) = 0, v € D(Ly).

It is easy to see that D(Lw) = D(Ljy) and the other conditions of normality extensions
in L? can be easily verified. O
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5. The spectrum of normal extensions and asymptotical behavior
of their eigenvalues

In this section the spectrum of the normal extension Ly of minimal operator Lo in L?
generated by linear differential-operator expression (3.1) and boundary conditions (4.1)
with unitary operators W and A%2W A=3/2 in H? will be investigated.

Now for any A € R we define two matrixes as

Ar(X)

(17,\2/31@’“5)31/3(\/52“) a) (17/\2/317;.\/5)21/3(—\/25+i)(b7a> (1+A2/3)€7M1/3(b,a)
) (b—a)

(b
1/3( v/3+ 1/3( =/3+i _ial/3(143.—iA/3(b—0a)
=| y1/s <1+36>\ / (TZ (bfa)> \/iﬂ \1/3 <1+36>\ / (#ﬁ) ) 7\/4§+i A (1+2 ] )

2/31+iV3 2/31—iV3 2/3
14A2/3 140 14A2/318 1-2%/

Az (N)

2/314iv3 A1/3(\/%“.)“’*“) 2/31-i\3 kl/s(f 23“)(1)7(1) _32/3\ . —iAl/3(b—a)
(142 5 )e (142 3 e (1-x22/3)e

1/3(x/3+i 1/3( =\/3+i _ial/3 —ial/3(b—a)
T A/ <3+e/\/ (T)(b”) VB+i 31/3 (3+e)\/ (T)(b7“)> —V/3+i M (He )

4 4 2

1-22/3 1+;L)\/§ 1-22/3 1—;\/5 1422/3,

5.1. Theorem. Let W and A*/>W A~3/2 pe unitary operators in H® satisfying the condi-
tion AW3(H, (a,b)) C W3(H, (a,b). The point spectrum of the normal extension Lw has
the form A = A, +iXi € C if and only if Ar € 0p(A>QE), 0 € ap(WAL(A\) +A2(\i)) and
there ezists a vector different from the zero vector in the intersection of the eigenspaces
Hy, (A®® E) and Hy,(ImLw).

Proof. Suppose that A = A, + i); is an eigenvalue of the operator Lw . Since Lw is a
normal operator, then
ul (t) + APu(t) = Mua(t)
—uf' (t) + A%u(t) = Xua(t)
and from this
uy' (t) = idux(t)
A2u(t) = Mua(t)
are obtained. It is clear that
ux(t) = ed1t=a)y 4 pa2(t—a),, o paslt—a),. #0,
where aii1 = )\3/3 (cos(% + %T“) +isin(g + 2%T’r)) , k=0,1,2, z; € H j=1,2,3 and

ux(t) € H,.(A® E)NHy,(ImLw ). Also this eigenvalue provides the boundary conditions
(4.1), so

(WAL(A:) + Aa(Ni)) {z1, 22,23} =0
is found. This implies that 0 € o, (WA (Ai) + A2(Ni)).

The converse of the theorem can be easily seen. (|

Now we will investigate the point spectrum spectrum of Lw in the special cases
W =+F.
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5.2. Lemma. The function f(\) := —sin(2)\) — sin Acosh (v/3)) + v/3 cos Asinh (V/3))
has only one root in the interval (2”;1W7 2"2“71') for alln € Z.

Proof. In this case for all n € Z, f (%ﬂ') f (2"—2“71') < 0 and so there exits a root in

the interval (2"27171'7 2"2“71'). But

" (\) = 4sin 2)\ — 8sin A cosh (\/5)\) = 8sin A (cos A — cosh (\/g)\)) .
This shows that for any interval (2”2*1 , 2"; 1

7r) , n € Z the function f is convex in a
half interval which is (2"; L, mr) or (mr, 2”; 1 7r), and concave in the other half interval.

This result implies that the root is unique for every interval (2"; L, 2”; 1 7r), neZ. O

5.3. Corollary. The point spectrum of the normal operator Lg has the form
op (LEe)

= {)\T- +1iXi: A €E0p (AS ® E)7 i 18 the unique solution of the equation
_ 3 3
F(A) =0 in every interval ((271 lw) , (2n + 17r) ), ne Z}.
b—a b—a

Proof. If A\ = A\, +4); is an arbitrary element in op, (Lg), then according to the proof of
theorem 5.2 there exits an eigenvector uy(t) = er(t=a)p 4 eo‘2(t7“)x2 + eo‘3(t7“):c3 #0,
where a1 = A}/? (cos(Z + 257) 4 gsin(T + 257)) £ =0,1,2, 2; € H, j = 1,2,3. This
vector satisfies the boundary condition (4.1) with W = E, and so

eal(bfa) eag(bfa) eag(bfa) 1
117D Loy e Ly et (7Y 4oy z2 | =0.
1 1 1 z3

This is possible when the matrix determinant is equal to zero. Consequently, compute
this matrix determinant:

— 2V/3isin (,\3/3 (b— a)) + 6i cos (%A;/?’ (b— a)> sinh (?)\;/3 (b— a)>

— 2V/3isin (%,\}/3(17 - a)> cosh (?)\}/3@ - a)) =0.
Therefore, by using Theorem 5.1 and Lemma 5.2 the proof is completed. O
5.4. Lemma. The function g(\) := cos(2A) — cos A cosh (v/3X) ++/3sin Asinh (v/3X) has
only one root in the interval (2"7*17r, z’gﬁw) for alln € Z.

Proof. In this case for all n € Z, g (2";1w) g (%L—;lﬂ') < 0 and so there exits a root in
the interval (%W, 2"—;171') Also,

g’ (\) = 4sin X (cosh <\/§)\) — cos )\) .

From this, for any interval (2"2?171'7 2”2“71')7 n € Z, A = nm is the only local ex-
tremum point of the function g. This means that the root is unique for every interval
(2”27171_7 27L2+1 71')7 = O

5.5. Corollary. The point spectrum of the normal operator L_g has the form
op(L-p)
= {)\T- 41X Ar €E0p (AS ® E)7 i is the unique solution of the equation

g(A) =0 in every interval ((2:__(11 7r)3, (2:—+a1 7T)3), ne Z}.
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Proof. The proof of corollary is similar to Corollary 5.3 by using to Lemma 5.4. ]

5.6. Corollary. Ifdim H = m < 400, then each normal extension Lw has a pure point
spectrum and their eigenvalue numbers have the same asymptotics

2+ 1 )3
)7r , as m — 0o.

An(ImLy) ~ (m

Let now the linear operators 1211 and Az be defined in H® as follows

(A2 im)ele =4 - Y3421 MBrig2yip
Apie | —ABVA By @“A(a#(“*b)&rmz - 43+iA(eL;/§(a7b)A+3E
iA+iE (@*ié2+iE)el%ﬁ(“*b)A (7 ‘/§2+i1§2+iE)e#§(a7b)A
(1A% 4iB)ele=0)A REELY CRwy _MBri g2 g
Agie 7%A(e(a*b>A+3E) @*iA<e#<“*b>AfE @*ié<el+§ﬁ<“*b)A+E>
_iA4+iE (7 \/52“,&2“15)5;#(‘1*“5 (* j“ﬁﬂE)aHQﬁ(“*bm

5.7. Theorem. IfA~! € G(H),0€ p(WAl —|—/12) and the operator Lw is any normal
extension of minimal operator Lo, then L;VI € G (Lz).

Proof. In this case, because the equation
- d3
Lw =AQ®ELy(ap) +iEr ® <_Zd_‘;g>

- o d3
= A® EL,(ab) <E + (iA™' ® Ery(ap)Er ® (—Z—W))
is valid, Ly has the inverse

. o & '
LW1 = A 1 ® EL2(a,b) (E+ (ZA 1 ®EL2(a,b))EH X <_Zd_‘;g>)

and this operator is bounded. According to Theorem 3.3 and the domain of Ly,

Ly £(t)

N 1-ivB 4y 4V p)A L s—
:e(“ t)ASC1+6 V3t b)A:C2+6 5 (t b)AZCS+§A 2/6(5 t)Af(S)dS

a

b b
i ~iv3 ' 2
-s—le\/gA”/@l i 3(tfs)Af(8) ds + 1%;\/314*2/61+2 3(tfs)Af(3) ds,
f t
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where

fe(sfb)Af(s) ds

a

T1 b )
R . ~ - —iV3
(WA1+A2) T2 | = (WA3+A4) fel 2 g(afs)Af(s) ds |,
3 ab 14+iv3
fe?(‘“s)‘qf(s) ds
L(A?-E) 0 0
A, — i A1 —V34i g4—1 V3+i 4—1
S U oo wr o)
0 T’A +§E T’A +§E
—1(A?+E) 0 0
A i A1 V3+i 4—1 V3+i 4—1
0 — AT+ gk o -3

t b 1-iv3
Because of A™' € Gu(H) the operators [el~94f(s)ds, fel z 3(“S)Af(s)ds,

t

b iv3 b ~ ~
J e s g(t*S)Af(s) ds and [ e*~"4 f(s) ds are compact [8]. Moreover, 0 € p(W A1 + As)
t a

implies that there exits a continuous inverse of (Wfll + /12) and so
-1
Ly f(t)

fbe(sfb)Af(s) ds

b
—1 —iV3
+%A72/‘e(sft)’qf(s) ds + ! 6“/51472/61722“73)14]%5) ds

a t

b
1+i\/§A*2/‘eHN§(t*S)A
¢

+

5 2 f(s)ds.

. N - -
is a compact operator in L2 (H, (a,b)), where A(W) := (WA1 + Ag) (WA3 + A4). O
5.8. Corollary. If A~! ¢ SG(H), 0 € p(th + Az), Lw is any normal operator and
A € p(Lw), then Ra(Lw) € 6 (L?). O

5.9. Theorem. Let A~ be a compact operator in H and 0 € p(fh + /12) Then the
relation

0 (L+g) =0p (ReL+g) + iop (Im (L+E))

is satisfied.

Proof. Under the assumptions of the theorem there exit compact inverses of Lg and L_g
from Theorem 5.7. Also, by using corollaries 5.3 and 5.5, the relation is correct. O
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5.10. Theorem. If A™' € G (H), 0 € p(A1 £ A2) and An (A) ~ cn®, n — +o0, 0 <
¢, a < +00, then the asymptotic behavior of L+g has the form

An (Lig)| ~ Bn3ts, >0, n— +oo.

Proof. Firstly, assume that A, (A) ~ em®, m — +00, 0 < ¢, < +o0o. For sufficiently
large m we have

om—1 \%\"* om+1 1\
Ame 4 ™ < | A(Lxg)| < Ame + ™ ,
b—a b—a

né€Z, meN.
from Corollary 5.3 and Corollary 5.5. Hence for sufficiently large m the relation
A (Lag)| ~ (Em?* +d® 2n+1))"? nez, meN, d= ; T
—a

is true. Now we define
N (N T) :=card{n: M (T)| < A},
that is,
N(NT) = Z 1, xeC,
0K An (T)I<IA

which gives the number of eigenvalues of a linear closed operator 7T in any Hilbert space
with the modules of the eigenvalues less than or equal to |A|. This function takes values in
the set of non-negative integers, and in the case where T" is unbounded it is non-decreasing
and tends to +oo as |A| — oo.

In this case it is easy see that
N (X Lip) =2Ny (A, Lip) — N (X A),
where Ny (A, Lig) = > 1, A>0.

[ENCESZ)IEe
Im/\(LiE)ZO

Moreover, using the methods established in [5] or [6] it can be obtained that

An (Lip)| ~ B35, B> 0, n— +oo, 0
5.11. Theorem. Suppose that A* = A> E, A™' € & (H), A(W)—A(E) € 6 (H?)
and sp (A(W) — A(E)) =0 (niﬁf_aa) , m — 4o00. Then for an eigenvalue of the operator
Ly} the relation

An (L) =0 (7355, o0
18 true.
Proof. From the proof of Theorem 5.7

(Lt = LpF) = (elo0d 55 0na 1B aona)

fb eV 1(s) ds

a
1—

% (A(W) — A(E)) fbe $2(@=94 1(5) ds

b,
J eH;ﬁ(a*s)Af(s) ds
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is valid. This implies that for all n € N the equality
sn (L' —Lg') <dsn (A(W)), d>0
holds. Because of this and a known result for the numbers s [6],
son—1 (Ly') = san—1 (Ly' — L' + Lg")
<sn (Ly' — LE") +sn (LE)
<dsn (A(W))+sn(Ly'), n>1
is obtained. Also Ap (A) ~ cn®, n — 400, 0 < ¢, < 400, sp (A(W) —A(E)) =

3o 3o
0 <7f3+_a)7 n — 4o0; and from the theorem s, (L,}l) ~ fn~3+ta n — 400, B >0, so
that

ne1 (Ly' n (A n (L5
0< 22 1EQW)§dS( W) , s (3§)gh7 h>0, n— 400
n” 3ta n_ 3+a n 3ta

ie.,
1 _ 3o

Son—1 (LW) =0 (n 3+a) , N — +oo.

In the same way, the relation
1 _ 3a

Son (LW) :O<n 3+a), n — +o0o

is found. On the other hand the relations
San—1 (L;‘/l) _ Son—1 (Lﬁvl) <2n — 1) 3fa

3a

(2n — 1)733+_aa n~ 3+« n
son (Lyy')  san (Ly') (2_n>3i—aa
(2n)73%¥ nfi”%x n ’

are true. These may be correlated as follows:
san-1 (L) = 0 ((2n=1)73%% ), n — +oo,
Son (Lﬁvl) =0 ((Qn)fﬁ_aa) , n — +oo.
Since Ly, is a normal operator,

‘)\n (L;‘,l)’ = Sn (L;‘,l) =0 (niﬁﬁ) , M — +00

is valid. (]
5.12. Example. The operator Nu (t,z) := aSSEg,z) - %t@’z) with the following bound-
ary conditions
u(a,z) =u(byx) =0,c <z <d,
Ou(a,z)  Ou(b,x)
’ ’ = <z<d
ot ot O eszzd,
u(t,c)=u(t,d) =0,a<t<b,
&u(t,c)  0*u(t,d)
= = <t <
922 922 0,a<t<h
4 4
0"u(t,c)  0"u(t,d) —0.a<t<b

ozt Ozt
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is an extension of the minimal operator Lo generated by the differential expression
o? o°
=%~ o
in the Hilbert space L?((a,b) x (c,d)), a < b,c < d, a, b, c, d € R. In this case, the
extension N can be written in the form
agu(t7 :17) 3
Nu(t,z) = o5 + A’u(t, x),
u(a,z) =u(byz) =0, c<zx<d,
ou(a, Ou(b,
u(a, x) n u(b, x)

= <z<
ot ot 0, cszsd,
0
in L?(H, (a,b)), where H = L*(c,d), A : W(c,d) " W3(c,d) C L*(c,d) — L*(c,d),
0%u (t,x)
Au(t7:c) = —T7

u(t,c) =u(t,d) =0, a <t <D

On the other hand by the Theorem 4.1 (W = E) the extension N is a normal operator.
It is know that A = A* > 2E, A7 € Go(L*(c,d)) and that the eigenvalues of A have
the following asymptotic at infinity [5]

w°n?
(d—c)*’
Hence, according to Theorem 5.10 the asymptotic behavior of the eigenvalues of the
operator N is obtained as

An (A) ~ n — 4oo.

[An (N)] Nan%, a>0, n— 4oo.
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