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Abstract

In this paper, we establish some Hadamard-type inequalities based on
co-ordinated quasi-convexity. Also we define a new mapping associated
with co-ordinated convexity and prove some properties of this mapping.
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1. Introduction

Let f: I C R — R be a convex function on the interval I of real numbers and a,b € T
with a < b. The following double inequality

Ly f (“;b) < bia/abf(:c)dxg f(a);rf(b)

is well-known in the literature as Hadamard’s inequality. We recall some definitions;

1.1. Definition. (See [4]) A function f : [a,b] — R is said to be quasi-convex on [a, b] if

fQz+ (1= XNy) <max{f(z), f(y)}, (QC)
holds for all z,y € [a,b] and X € [0, 1].

Clearly, any convex function is a quasi-convex function. Furthermore, there exist
quasi-convex functions which are not convex. In [1], Dragomir defined convex functions
on the co-ordinates as follows:

*Atatiirk University, K. K. Education Faculty, Department of Mathematics, 25240, Kampus,
Erzurum, Turkey.
E-mail: (M. E. Ozdemir) emos@atauni.edu.tr (C. Yildiz) yildizc@atauni.edu.tr

fCorresponding Author

tAgr1 Ibrahim Cegen University, Faculty of Science and Arts, Department of Mathematics,
04100, Agri, Turkey. E-mail: ahmetakdemir@agri.edu.tr



698 M. E. Ozdemir, C. Yildiz, A. O Akdemir

1.2. Definition. Let us consider the bidimensional interval A = [a, b] X [¢, d] in R? with
a <b, c<d A function f: A — R will be called convexr on the co-ordinates if the
partial mappings fy : [a,b] = R, fy(u) = f(u,y) and [z : [¢,d] = R, fz(v) = f(x,v) are
convex where defined for all y € [¢,d] and z € [a, b]. Recall that the mapping f: A = R
is convex on A if the following inequality holds,

FOz+ (1 =Nz, y+ (1= Nw) < Af(z,y) + (1= N)f(z,w)
for all (z,y), (z,w) € A and A € [0,1].

In [1], Dragomir established the following inequalities of Hadamard’s type for co-
ordinated convex functions on a rectangle from the plane R2.

1.3. Theorem. Suppose that f: A = [a,b] X [¢,d] = R is convex on the co-ordinates on
A. Then one has the inequalities;

a+b c+d 1] 1 b c+d 1 @ la+b
<= era g d
f<2’2)‘2_b—a/af<x’2)x+d—c/cf<2’y) y}

b d
7T275%EF375L/‘J/ f (@y) dyda
b b
bia/a f(x,c)dx—kﬁ/a f(z,d) dx
d d
vt [ ave g [ ro al

< fla o)+ f(be) + fla,d) + [ (b,d)
- 4

The above inequalities are sharp.
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—

(1.2)

|
==

Similar results for co-ordinated m-convex and (o, m)-convex functions can be found in
[3]. In [1], Dragomir considered a mapping closely connected with the above inequalities
and established the main properties of this mapping as follows.

Now, for a mapping f : A := [a,b] X [¢,d] = R convex on the co-ordinates on A, we
can define the mapping H : [0, 1]2 — R by

H(t,s)—Wl(d_c)a/bc/df(tx—t—(l—t)a;_b,sy—k(l—s)#) dx dy.

1.4. Theorem. Suppose that f : A C R?> — R is convex on the co-ordinates on A =
[a,b] X [¢,d]. Then:

(i) The mapping H is convexr on the co-ordinates on [0, 1]2.
(ii) We have the bounds

b d
1
sup Ht7s:7//f z,y) dedy = H(1,1),
B e R OICEl  E (1)
i a+b c+d
f H(t,s)= 7 — H(0.0).
(t9)€10,1)2 (&) f( 2 2 > (0,0)

(iii) The mapping H is monotonic nondecreasing on the co-ordinates.

1.5. Definition. Consider a function f : V — R defined on a subset V of R,,, n € N.
Let L = (L1,Ls,...,Ly) where L; > 0,4 =1,2,...,n. We say that f is a L-Lipschitzian
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function if
If(x) = fF)| <> Llai — uil
i=1

for all z,y € V.

In [2], Ozdemir et al. defined quasi-convex function on the co-ordinates as follows:
1.6. Definition. A function f : A = [a,b] X [¢,d] — R is said to be a quasi-convex
function on the co-ordinates on A if the following inequality

fOz+ A =Xz y+ (1= ANw) <max{f(z,y),f (z,w)}
holds for all (x,y), (z,w) € A and X € [0, 1].

Let us consider a bidimensional interval A := [a,b] X [¢,d]. Then f: A — R will be
called co-ordinated quasi-convexr on the co-ordinates if the partial mappings

fy i la, o] = R, fy (u) = f (u,9)
and
foiled =R, fo(v) = f(2,0)
are quasi-convex where defined for all y € [¢,d] and z € [a,b]. We denote by QC(A) the
class of quasi-convex functions on the co-ordinates on A.
A formal definition of quasi-convex functions on the co-ordinates as follows:
1.7. Definition. A function f : A = [a,b] X [¢,d] — R is said to be a quasi-convex
function on the co-ordinates on A if the following inequality
fQz+ A =Ny du+ (1 =XN)v) <max{f(z,u), f(z,v),f(y,u), f(y,v)}
holds for all (z,u), (z,v), (y,u), (y,v) € Aand X € [0,1].
In [5], Sarikaya et al. proved the following Lemma and established some inequalities
for co-ordinated convex functions.
1.8. Lemma. Let f: A C R®* — R be a partial differentiable mapping on A := [a,b] x

[c,d] in R? with a < b and c < d. If % € L(A), then the following equality holds:

(0,0) + F (0,4) 4 (0,6) + ] () L
1 T, [ e e

b d
5 it [ U@atfalder 7 [ @)+ 6] a

_(b—a)(d—-c¢) Lot 0% f
7?/0 /0(1_2t)(1_28)8t83 (ta+ (1 —t)b,sc+ (1 — s)d) dtds.

The main purpose of this paper is to obtain some inequalities for co-ordinated quasi-
convex functions by using Lemma 1.8 and elementary analysis.

2. Main Results

2.1. Theorem. Let f : A C R* — R be a partial differentiable mapping on A :=
[a,b] x [¢,d] in R?* with a < b and ¢ < d. If ‘ %‘ is quasi-convex on the co-ordinates on

A, then one has the inequality:

f(a,0) + f(a,d)+ [ (bc) + ] (b,d) | b _
4 +(b—a)(d_c)/G/cf($,y)dydx A‘

(b—a)(d—c) o f O f 0% f o%f
= 16 e { ‘ 2105 © 9| | 7195 @ V| | 715 b C)‘ ’ ‘%(b’ d)‘}

= I I
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where

1 1
A==
2 {b —a
Proof. From Lemma 1.8, we can write

f(a,0)+ f(a,d)+ f(b,c)+ f(b,d) . . )
‘ ' +(b—a)(d—c)/l/cf(fay)dydx A‘

< (b—a)(d c)
i

is quasi-convex on the co-ordinates on A, we have

b d
[ t@o@ayiss 2 [Cif @+ o))

—t)b,sc+ (1 — s)d)‘ dtds.

o°f

Otos

‘f(ac)+f(ad)+f(bc)+f(bd) EDT _C//fxy dyd:c—A’
(b—a)( _C//|1—2t )(1— 2s)|

xmax{’atafs(

On the other hand, we have

/O/O|(1—2t)(1—2s)|dtds:W.

The proof is completed. O

Since

o i

atas 295 (0 d)’} dt ds.

é)t@

2.2. Theorem. Let f : A C R* = R be a paﬁial differentiable mapping on A :=
[a,b] X [c,d] in R* with a < b and c < d. If | 2L

the co-ordinates on A, then one has the inequality:

fla,c)+ f(a,d)+ f(b,c)+ f(b,d) 1 b d )
4 +(b—a)(d_c)/G/cf($7y)dydx A‘

B (|7 0

where

, ¢ > 1 1is a quasi-convex function on

q q q

0*f

9T 0% f
"1 OtOs

82 f
’ atas( 7C)

"1 OtOs

a,d)

(b,d)

B

L[ Uearsealdes 7 [ @+ 7 0 @
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Proof. From Lemma 1.8 and using Holder’s inequality, we get
b pd
‘f(aw)+f(a7d)1f(b70)+f(b7d) b g [ [ 1w dydx_A‘

<BoaE-g
[ o

< W (/1 /1 (1—26)(1 —2s)|pdtds);
([

is quasi-convex on the co-ordinates on A, we have

+ £ (bc) + £ (bd) 1 b
. N _C//f(w,y)dydx—A‘

(b—a d—c) </ / [(1— 2t)( 1—28)|pdtd8>

(1—=t)b,sc+ (1 — s)d)‘ dtds

(ta+ (1 —t)b,sc+ (1 — s)d)

TN
dtds) .

81585

q

o f
otos

‘f(a,c)+f(a,d)

Since

q 82f 82f q 82f q q
% (ma‘x{ atas(“ ) | s @ ol . 705 9| | 55 &Y }>
_(b—a)d—0
Ap+1)>
1
82f q 82f q 82f q 82f q q
X (max{ 705 @ 9| |35 D) |75 09| | B0s 0D }> '
So, the proof is completed. O
2.3. Corollary. Since % < —1 5 <1, for p > 1 we have the following inequality;
(p+1)P
b pd
‘f(a,c)+f(a,d)+f(b,c)+f(b,d)+ ! // f(x,y)dydx—A‘
4 b—a)(d—c) J, J.
< (b—a)(d—-rc)
- 4
82f q 82f q 82f q 82f q %
X (m“{‘atas (@9 55 @ D| |55 9| | Fras D }) '

2.4. Theorem. Let f : A C R* = R be a paﬁial differentiable mapping on A :=
[a,b] x [c,d] in R* with a < b and ¢ < d. If ‘ 305 | » 4> 1, is a quasi-conver function on

the co-ordinates on A, then one has the inequality:

’f(a,c)+f(a,d)+f(b,c)+f(b,d)Jr b_al — /b/df(x7y)dydm—A‘

4
< (b—a)(d—-rc)
- 16
o2 f < g%f < p2f ¢ 9% f NN
(max{‘atas(avc) ) atas(avd) ) atas(bvc) ) %(hd) })
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where
1 1
A= 2 {b —a
Proof. From Lemma 1.8 and using the Power Mean inequality, we can write
fla,0) + fla,d) + f(b) + f (b,d) 1 /”/d
dydx — A
| 1 Yoaaal, ) e
< (b—a)(d—c¢)
- 4
1,1
X / / [(1—2¢t)(1 —29)| ‘
0o Jo

(/01 /01 11— 2t)(1 — 25)| dtd5>1

702
b 1 d
[ o i@ayiss 2 [Ci @+ omla).

01 (ta+ (1 —t)b,sc+ (1 —s)d)| dtds
Otds ’

Q=

q
dt ds)

< (b—a)(d—c¢)
- 4
11 82 f ) .
X </0 /0 [(1—2¢)(1 — 2s)| ‘82&85 (ta+ (1 = t)b,sc+ (1 — s)d)
Since % ! is quasi-convex on the co-ordinates on A, we have
fla, o)+ fla,d)+ f(bc)+ f(bd) 1 /b/d _
| 1 b-a@—al, ). @i
< (b—a)(d—c¢)
- 4
11 -2 11 3
X (/ / [(1—2¢t)(1 — 2s)| dtds) (/ / [(1—2¢t)(1 — 2s)| dtds)
o Jo o Jo
82f q 82f q 82f q 82f q %
% (max{‘atﬁs @) |35 @D - |78: 9| | geas &Y })
_(b—a)(d—c)
N 16
82f q 82f q 82f q 82f q %
X <max{‘at88(a70) , @(md) , @(bm) , @(lxd) }) ,
a
< 1, for p > 1, the estimation in Theorem 2.4 is better

which completes the proof.
1

2.5. Remark. Since : <
(p+1)

T
P
Now, for a mapping f : A := [a,b] X [¢,d] — R that is convex on the co-ordinates on

than that in Theorem 2.2.
c+d
2

A, we can define a mapping G : [0,1]°> — R by
ta+(1—t)aT+b,sc—|—(1—s)

G =1 |1 (
+f(tb+(1—t)aT+b,sc+(1—s)C;d>
+f(ta+(1—t)“T“’,sd+(1_s)C;d>
a;b7sd+(1—s)c+d>].

+f (tb +(1—1%)
We will now give the following theorem which contains some properties of this mapping
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2.6. Theorem. Suppose that f : A C R?* — R is convex on the co-ordinates on A =
[a,b] X [e,d]. Then:

(i) The mapping G is convez on the co-ordinates on |0, 1]2.
(ii) We have the bounds

. a+b c+d

£ Gt,s)= , = G(0,0),

<t,s>lél[o,u2 (t:5) f< 2 2 ) (©.0)
(a;c)

+f(a7d)+f(b7c)+f(b7d)_ .
1 =G(1,1);

sup  G(t,s) =
(t,5)€[0,1]?

(iii) If f satisfies the Lipschitzian conditions, then the mapping G is L-Lipschitzian
on [0,1] x [0,1];
(iv) The following inequality holds:

m/b/df(%y)dydx

(&

l{f(ac + f(bye) + f(a,d) + f(b,d)
4

4
f (52 0) + (22, d) a+b c+d
+ : 2 : +f< 2 7 2 )

Proof. (i) Let s € [0,1]. For all o, 8 > 0 with o + 8 =1 and t1,¢2 € [0, 1], then we have

G(at1 + Bte, s)

:i[f ((Oétl +6t2)a+(1—(at1+6t2)) _2|—b750+(1_8)c_|2—d>

iy ((ml + Bta) b+ (1 — (ats + ta)) —2'_6780—1—(1—5)0;(1)

ny <(at1 +Bta)a+ (1— (aty +Bt2))aT+b,sd+ (1- s)cgd>

+f((at1—|—,8t2)b+(1_(at1+5t2)) Qb sd+(1— )c—gd):|
[f(Oé(tla—i—(l—tl)a;_b)+5<t2a+(1_t2)a+b)7SC+(1_8)c42—d>
< <t1b+ (1—t1) ;b>+ﬁ<t2b+(1_t2)“ b>7sc+(1_s)c;d>
f< <t1a+(1—t1) ;b>+5<t2a+(l—t2) ),sd+(1_3)c+d>

2
n (a <t1b+(1—t1)a+b> +B<t2b+(1—t2)a+b>,sd+(1—s)c_|2—d)}.

1
4

a+b
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Using the convexity of f, we obtain

G(Oétl +/Bt278)§ i |:Oé (f <t1a+(1_tl)a’;‘b7sc+(1_s)c'|2_d>

+f<t1b+(l—tl)aT—’_bygc—t-(l—S)c—;d)

—|—f<t1a+(1—t1)aT+b7sd+(1—8)c+d)

+f <t1b+(1—t1)aT+b7sd+(1—s)cJ2”d))

a+b

+ B <f <t2a+(l—tz)T7sc+(1—s)c—£d>
c+d>

b
ny <t2b+(1—t2)%,sc+(1 —s)

+f<t2a+(1—tz)a;_b,sd—k(l—s)cgd)

+f <t2b+(1—tz)a;b78d+(1‘5)“2%))]
= aG(t1,s) + BG(tz, s)

if s € [0,1]. For all o, 8 > 0 with a + 8 =1 and s1, s2 € [0, 1], then we also have
G(t7 as1 + 632) < aG(t7 31) + /BG(tv 52)7
and the statement is proved.

(ii) It is easy to see that by taking t = s = 0 and ¢t = s = 1, respectively, in G, we have
the bounds

. a+b c+d
f Gts) = = G(0,0
Lt 6 =1 (45255 ) =6
o Gl L@ @D+ FB+Fbd) )
(t,s)€(0,1]2 4

(iii) Let t1,t2, 81,82 € [0,1]. Then we have:

|G(t2,52) — G(t1, 51)]

1 b d
= Z ’f (tga—‘r(1—252)%7820—"-(1—82)0—’2_ )

b d
+f <t2b+(1—t2)%,526+(1—82)c—; )

b d
—|—f (tza—k(l—tz)%,Szd—F(l—SQ)C; )

b d
+f<t2b+(1—t2)%,82d+(1—52)c_|2— >
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+)

_f<t1b+(1—t1)a;b7810+(1—8) d)

b
slc+ 1—51

_f (t1a+(1—t1)a

b d
_f<t1a+(1—t) ;r 7sld+(1—sl)cJ2r )

b,81d+(1—81)c—~2_d)‘.

- f<t1b+(1—t1)a+

By using the triangle inequality, we get
|G(t2, s2) — G(t1,51)]

Si‘f <t2a+(1—tz)—a;b7526+(1—52)c_|2—d>

b d
—f (tm—i—(l —tl)%“ﬁc—‘r (1 —81)C_|2— >’
b7szc+(1—sz)c—'2_d>

b d
—f(tlb+(1—1t1)%,51c+(1—51)“2r )‘

+’f(t2b+(1—t2)a

b d
+ ‘f <t2a+(1—t2)%,52d+(1—52)c_|2— >

b d
_f<t1a+(1—t1) 42_ 31d+(1—51)c_|2— >’

b d
‘f(tzb—‘r(l—tz) —2’_ 782d+(1—82)c—’2_ )

b781d+(1—81)c—’2_d>‘.

—f <t1b + (1 — t1)
By using that f satisfies the Lipschitzian conditions, then we obtain

1 b d
Z’f(tza—k(l—tz)a ,SQC+(1—52)C; >
b d
_f <t1a+(1—tl)%“glcﬂ—(l—sl)c—; )‘
b7520+(1—52)c+d>
2
b,slc—k(l—sl)cgd)‘

‘f<t2a+(1—t) ;b sad + (1 — )C;d)

+‘f<t2b+(1—t2)a+

—f(t1b+(1—t1)a+

b d
—f (tm—i—(l —tl)%781d+ (1 —81)63 )‘
b782d+(1—82)c;d>

b d
—f (t1b+(1—t1)%751d+(1—51)c+ >‘

+’f <t2b+(1—t2)a+

2
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IN

i [Lo(b— a) |to — t1] + La(d — ) |52 — s1]
+ L3(b—a)|ta — t1]| + La(d — ¢) |s2 — s1]
+ Ls(b—a)|ta — t1]| + Le(d — ¢) |s2 — s1]
+L7(b—a)|ta — t1| + Ls(d — ¢) |s2 — s1]]
= Tl(La Lo+ Lo+ L) (b= ) |2 — 1
+(Ls 4+ Le + L7 + Ls) (d — ¢) |s2 — 51]]
which implies that the mapping G is L-Lipschitzian on [0, 1] x [0, 1].
(iv) By using the convexity of G on [0, 1] x [0, 1], we have

f(ta—|—(1—t)a_2|—b,sc+(1—s)cgd>

+f(tb+(1—t)a;—b,sc+(1—s)cgd>

+f(ta+(l—t)a;b7sd+(1—s)c—’2_d>
+f (tb+(1—t)“;b7sd+(1—s)cgd>]

<tsf(a,c)+t(1—s)f (a,c+d> +(1—t)sf (‘““b,c)

2 2
+(1—t)(1—s)f(a;b,c“;d) ttsf(byc) +t(1—s)f (b,c“;d)
+ (A —t)sf <a—+bc> +(1-t)1-s)f <a;“b7c“;d>

Ftsf (ayd) +t(1— s)f (m%l) +(1=t)sf (‘%%)

+ (-1 =s)f <“;Lb,“;d> tsf (b d) + (1 — 8)f (b,”d)

2
(1—t)sf (“T“’,d> F(L—)(1—s)f (“;b,cgd)

By integrating both sides of the above inequality and taking into account the change of
variables, we obtain

b d
1 1[f(a,e)+ f(bc)+ fla,d) + f(b,d)
m//f(fﬂ,y)dydxgz{

4

+

(e 0) + f(%£2,d) a+b c+d
IR +f< 2 2 >

This completes the proof. O
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