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Abstract

The goal of this paper is to present a four-dimensional matrix char-
acterization of asymptotic equivalence of double sequences. This will
be accomplished with the following notion of asymptotic equivalence of
double sequences. Two double sequences are asymptotic equivalent if
and only if P — limy % = 1, where x and y are selected judicially.
Using this notion necessairy and sufficient conditions on the entries of
a four-dimensional matrix are given to ensure that the transformation
will preserve asymptotic equivalence.
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1. Introduction

In 2002, Patterson [7] provided an answer to the following question : what type
of four dimensional matrix transformation will preserve asymptotic equivalence under
transformations [u(x)]?

In this paper, we present a regularity type of characterization of asymptotic equiva-
lence of double sequences by using four-dimensional matrix transformations. To accom-
plish this we established the following theorem:

Suppose A is a non-negative four-dimensional matrix. Then
x '~ y implies w(Ax) e w(Ay)

for any double sequences z,y € P§’ for some § > 0 if and only if A satisfies the following
three conditions:
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(1) ( Z"ii% 0 amvn’k,l) is a bounded double sequence dominated by some constant
;
(2) (a) For any order pair of 4,5 =1,2,3,...,
. SUPgi>m,n Zfs::),o Ak lir,js
P—1lim

00,00
M SUPE 1> n Zr,szo,o QAk,l,r,s

=0;

(b)

oo
 SUD s n Dieo Gk ‘
P-1lim st 0;03 =0 for fixed 7 =0,1,2,...;
™1 SUPE 1>mon Zi,j:o,o Ak, l,i,5
(c)
oo
. SUPk i>m,n Zj:o Qak,l,i,j
P—lim

ST o Wi
M SUPE 1>m,n 22i,j=0,0 Tk,1i,]

=0 for fixed i =0,1,2,...;

(3) for any infinite sequences i1 < iz < i3 < --- and j1 < j2 < j3 < ---,

00,00 . .
. SUPk,1>m,n Zr,s:0,0 QAk,l,ir,js
P—lim sup

00,00
m,n SUPg 1>m.n Zr,s:o,o Qk,l,r,s

=\

2. Definitions, notations and preliminary results

2.1. Definition. (A. Pringsheim, [10]) A double sequence x = [zx,] has Pringsheim
limit L (denoted by P-lim z = L) provided that given e > 0 there exists N € N such that
|xk,; — L| < € whenever k,I > N. Such an z is describe more briefly as “P-convergent”.

2.2. Definition. The double sequence y is a double subsequence of x provided that
there exist increasing index sequences {n;} and {k;} such that if z; = xn; ;, then y is
formed by

r1 T2 Ts T10

X4 xrs3 Te —

T9 T8 X7 -

We let
Ps = { The set of all real double number sequences such that
xg, >0 >0 for all k and [},
Py = { The set of all nonnegative sequences which have at most
a finite number of columns and/or rows with zero entries }.

2.3. Definition. (Patterson, [7]) Two nonnegative double sequences (z) and (y) are said
to be asymptotically equivalent if

. Tkl
P— lim —

= 17
k,l—oc0 Yk,

(denoted by x 7 Y)-

o0,00
da = {xk,;: P— lim E Armon k1 Tk, €Xists}.
k,i=1,1

In a manner similar to Pobyvanets, Patterson presented the following multidimensional
Theorem in [6].
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2.4. Theorem. In order for a four dimensional matrix A to be asymptotically regular it
is necessary and sufficient that for fized integers lo or ko,

(2.1) Z Qm k1 18 bounded for all m and n, and

k,l€bg

a’m,n,,
(22)  P— lim L icug Omonet

00,00
m,n—00 Zk,L:1,1 Am,n,k,l

:07

where bo = {(p,q) : 1 <p<ko or1<qg<lo}

3. Main results
3.1. Theorem. Let A be a four-dimensional non-negative matriz. Suppose x e y and

x,y € Py for some § > 0 and z is bounded. Then pim, »(Ax) 7 tm.n(Ay) if and only if

(1) for eachi,j=0,1,2,3,...,

. Am,n,i,j
P-lim =g I = 0;
m,n Zk,zzo,o Am,n,k,l

sup D im0 Ok Lig
k,I>m, i—0 Ok L,i,j .
. Z’og =0 for fized j =0,1,2,...;

B P
m,n SUPL 1>m 0 Zi,jzo,o Qk,l,i,5

S ..
. SUDPg i>m,n Zj:o Ak, l,i,5
P-lim =
m,n SUPg 1>m n Zi,jzo,o Qk,l,i,5

=0 for firted i =0,1,2,...;

Proof. 1f

P lim e bd 5 =0,1,2,3,...

o0,
m,n k,1=0,0 Am,n,k,l

then we need to show that pim,n(Ax) 2l tm,n(Ay). Since x £l y there exists a bounded
P-null double sequence z such that xx; = yr,i(1 + 2x,1). Thus for each (m,n) we have
the following:

Nm,n(AfC) o Supp,qu,n(Ax)qu
Hm,n (Ay) Supp,qZ(Ay)qu
00,00
SUD, 4> m.n D 0,0 Opa.k 1Tk,
50,00
Supp,qzm,n Zk,L:0,0 ap,q,k,lyk:,l
00,00
SUP,, g>m,n Db ie0,0 Opark, (Yk,U + 2k, 1Yk,1)
50,00
SUD, > min Dhie0,0 @p.a,k LYkl
00,00
SUD,, 4> m,n 2k ie0,0 Wpa.k,t |2k, [k,

50,00
SUPp ¢>m,n Zk,l:(),o Qp,q,k, 1Ykl
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M,N
SUPp ¢>m,n Zk,zzo,o Ap,q,k1] 28,1 Yk 1

00,00
SUpPy, g>m,n Zk,z:o,o Ap,q,k,1Yk,l

M—1,00
SUPy, g>m,n k=0,1=N+1 aP;ka;l|Zk;l|yk,l

50,00
Supp,qu,n Zk,l:0,0 QAp,q,k, 1Ykl

su SN im0 Wkl 7]
Pp,g>m,n 2ip=n1y1,1=0 P a:k.L1Zk, LYk,

D omiec
SUPp, ¢>m,n 22k,1=0,0 Ap,a,k, 1Yk,
00,00

SUPy g>m,n k=M+1,l=N+1 ap,q,k,l|Zk,l|yk,l

50,00
Supp,qu,n Zk,l:0,0 Ap,q,k, 1Yk,

for some positive integers M and N. Since z is a bounded P-null double sequence,

supy ;|zx,1| < oo and for any € > 0 then there exist M and N such that k,I > M,
]\7|zk’l| < €. Therefore,

N
Hm,n(Ax) Supp,qzm,n Qp,q,k, 1Yk,
g S sup| i, =75
Bom,n (Ay) ol 2 o SUPp g mon Dok 20,0 Wpa.k. LYk
M—1,00 sup a y
p,q>m,n Yp,q,k, 1Ykl
+suplzrg| > G
KU oo SWPpazmn 2ok 20,0 Tpa.kid Yl
co,N—1 sup a Y
p,q>m,n Yp,q,k, 1Ykl
+suplzea Y =5
3 fe e 120 SUPp.g>m.n 2ok i=0,0 Wp.a kLY.L
00,00

k=0 +1,1=N+1 SUPp,g>m,n Ap,q.k, 1Yk,

00,00
SUPy g>m,n Zk,l:o,o Qp,q,k,1Yk,1

The inequalities above yields the following:

A M,N
tnn(AT) gy suploga]  sup () sup [ ettt
Hm,n(Ay) Kl 0<k<M;0<I<N k.1=0,0 P42 k,1=0,0 Ap.a,k.l
M—1,00
+ sup|zy,i sup (Yrt) Y sup [ et
k,l 0Sk<SM—L;N+1<ISoo 5Ty Pazmn Zk,l:0,0 Ap,q,k,l
oo, N—1
+ sup|zg 1| sup ) > sup | el
kil MSkSoo0SISN—1 g7 opa>mn k,1=0,0 4P.a.k.l
00,00
+e€ Z sup —wiﬁ’q"“’l
ke T4 1i= N1 PaZmn k,1=0,0 @p,q,k,!

According to the hypothesis there exist M7, N1 € N such that if p,q > M, N1 then

Qp,q,k,l €

(3.1) Zi‘fl’i‘fo,o Qp,q,k,l MN3 SUPk,l|2k,l| SuPogkgM;oflgN(yk,l)
for0<k<M; 0<I<N,
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Ap,q,k,l €
Py M3 |2k,1| su T—1.7 (Yr,1)
(3.2) e N1 2ek1=,0,0 Qp,q,k,l SUDp 112k, SUPo< k<N —1;N+1<1<oco \Yk,l
for 0 <k <M -1,
oo
Ap,q,k,l €
Y. v <N
(3.3) iy D his0,0 WPkl 3supy ;|2k,1| SUP 7 1 1<k<ooi0<i< i —1(Yk,1)
for 0<I< N —1.
Thus for m,n > M, N we have the following:
fom,n (Az)

Homn (Ay)
Therefore

<1+ 2e.

P i K (A7)

mon pm,n (AY)

Similarly we can also show that
P lim Ko (A2)

mon pm,n (Ay)

<1

Thus
P lim A A2)
mon pom,n (Ay)

Next suppose fim,n(Ax) 7 tm,n(Ay) for x 2 y such that z,y € Py; § > 0. fx =y =1

p” .
for all (k,l) then pm,n(Az) ~ ptm,n(Ay), that is
00,00
. Supp,qu,n Zk,l:0,0 QAp,q,k,l
P-lim =
m,n Supp,qu,n Zk,l:,0,0 Qp,q,k,l

Therefore there exists M > 0 such that {} 720 ,@pqki} is bounded by M.

=1

If P-limy, q <soa®fl £ () for some (p,q) then there exists A > 0 and index se-
Zk,l:,O,O Ap,q,k,l
quences m1 < ma < msz < ---;n1 < nz2 <ng <--- such that

a/mp,nq,k,l

50,00

k,1=0,0 @p,q,k,l
where k,1 =0,1,2,... and A > 0. Let ¢t > 0 and

ygy =1 for k,1=0,1,2,...

> A

and

I 1, if k # myg; 1 # ng,
MUY+, itk =me; L=

. P .
Since z ~ y and z,y € P;’ we have the following
o0,00
. SUPyp g>k,1 Zi,jyzo,o Amp,ng,i,jLi,j
P-lim RS
kL SUpPy, o>k Zi,j:(),o Amp,ng,i,jYi,j
00,00 L.
— P—lim SUupPy, >k 1 Zi,j:o,o (amp»nqylu) + tamp;"q;k'vl
- . OOVOO .. ..
Kl Supy, o>kl Zi,j:o,o Amp,ng,i,jYi,j
00,00 00,00 o
SUPp ¢>k,1 Zi,j;o,o (amp.ng.ig) + A Zi,j:O,O Amp,ng,i,j

OOVOO .. ..
Supp,qZk,l Zi)j:o’o amp,nqm}yld

> P-lim
ki

=1+t
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Ift = % then

P_lim Hmy,my (Az)
kol [y ,ny (AY)

"

Thus pim,n(Az) % fimn(Ay). This establishes condition (1).

Now let us establish condition (2). Similar to the proof of condition (1) there exist M
positive such that {3°%% ) ap,q,k1} is bounded by M. Now suppose

> 2.

o0
 SUPp o> min Do Gmp g kil
P-lim poazmn k=0 Wp it # 0 for fixed .

m,n Supp,qu,n k,l=,0 amp,nq,k,l

Then there exists A > 0 and double index sequences {m;} and {ns} such that

>k

Supp,qzm,n k=0 a’mp gkl >\
0,00 =

Supp,qu,n k,l=,0 amp,nq,k,l

where p,qg =0,1,2,..., A > 0. Let ¢ > 0 and define x and y as follows:
Yk, = 1 for all k,1=0,1,2,... and

1, if1#0o; k=0,1,2, ...,
€T =
PUT V1wt ifl=lo; k=0,1,2,....

Observe that z ~ y and x,y € P;’, thus we have the following:

OOVOO .. L.

. SUDp >kl Zg 0,0 @mp,ng,i,jTi,j
P-lim =

k.l SUPy, o>k 1 o 1j=0,0 Amp,ng,i,Yi,j

Supp,qZk 1 Zz ,j=0, O(G’mpv”qv"j) + tzzo 0 amp,nq,k,lo

=P-lim
Ne el
k,l SUpPy, o>kl Zz ,7=0,0 dmp,nq,i,5Yi.j
> P lim SUpPy, o>kl Zl =0, o(amp,nq, )+t Zz 1§=0,0 Amp,ng,i,j
- kL SUDy, g>k,1 Zi,j:o,o Amyp,ng,i,jYi,j
=14t
Thus as above we can take t = % and obtain a contradiction. Condition (3) can be

established in a similar manner and the proof is omitted. This completes the proof. [

3.2. Theorem. Suppose A is a non-negative four-dimensional matriz. Then u(x) e

u(y) implies p(Az) 7 u(Ay) for any bounded double sequences z,y € Ps for some § > 0
if and only if A satisfies the following three conditions

(1) ( Zolo% 0Qm n,k,l) is a bounded double sequence dominated by some constant B;
2 a) For any order pair of i,7 =1,2,3,...,
Y yJ

Supk l>ng7«5 Ooakllrds
P-lim

m,n SquL>ngrs 0,0 Ak,1,m,s

=0,

(b)
P lim SUPk 1>m,n Zfoo Ak,l,i,j

mn Squz>ng” 0,0 Ak,1,i,5

=0 for fired j =0,1,2,...;

o0
P_lim SUPk,i>m, an 0 Ak,L,i,5

m”SUPkDng,] 0,0 @k,l,i,j

=0 for firted i =0,1,2,...;
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(3) for any infinite sequences i1 < iz < i3 < --- and j1 < jo < jz < ---

P—lim Supk,l>7n,n Z:Zizoc())éo Ak,l,ir,js -1
m,n SUPE 1> Zr,ézo,o Qk,l,r,s

Proof. Let x and y be bounded double sequences in Pj’ for some § > 0, u(x) e u(y)

implies u(Ax) 2 u(Ay). Let ¢ = y = 1 for all k and I. Then z and y are bounded

double sequences in Py’ and u(x) e u(y) and p(Ax) e u(Ay). However pim.n(Az) =

SUDL, 1> m.n Z?jﬁ%,o ak,1,i,5. Thus (Zf‘;i‘(’)o akyl’iyj)zl’z%’o is bounded. This proves (1).

To establish (2a) we consider p and ¢ such that

. SUPg 1>m,n Ok,l,p,q
P—1lim sup

=\
00,00 L
m,n SUDPg 1>m pn Zi,j:o,o Qk,l,i,j

for some X\ > 0. Let ¢t > 0 and let
Yy =1 for k,1=0,1,2,...
and

L ifm #p; n#q,
Tl = .
14+t ifm=p;, n=q.

Then z,y € Pi, both = and y are bounded and p(x) 7 u(y) and thus u(Az) 2 w(Ay).
However,

00,00
, SUP, 4> mn Dhie.0,0 s,k 1Tkl
P—1lim sup CoReS)
m,n SUPp g>m n Zk,z:,o,o Ap,q,k,1Yk,l
00,00
. SUPp,qzm,n(tap,q,i,j + Zk,z:,o,o Qp,q,k,1)
= P-limsup

0,00
m,n SUP, 4> min Dhie.0.0 Wpsa,k 1Ykl

. SUDPy, g>m,n 10p,q,i,5
> P-lim sup P . -1

i,
m,n Supp,qzm,n k,l=,0,0 Qp,q,k, 1Yk,

=tA—1.

We now choose t = % This implies

3—-1=2.

00,00
. Supp,qu,n Zk,l:,0,0 Ap,q,k, 1Tk,
P—1lim sup

Zoo,oo =
m,n  SUPp o>m n 2k, 1=,0,0 4p,q.k, LYk,

This is a contradiction to u(Ax) 2 u(Ay), thus (2) holds.

Let us now establish (3). For any given infinite index sequences i1 < i2 < i3 < ---
and j1 < j2 < j3 < --- we define z and y by

yr, = 2 for all k,1

and

2, ifk=ip; I =js,
Tk, = .
1 otherwise.
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It is clear that = and y are bounded and in P[’, and p(x) 7 u(y). Thus u(Ax) 7 w(Ay).

Therefore we have the following

00,00
. SUPpg>m,n Zk,l:,o,() Qp,q,k, 1Tk,
1 =P-lim =
M SUD,, oS0 D ke 0,0 @pyask Ykl
SuPp,qu,n(Z(k,L)eA Gp,q,k 1Tk, + Z(w)g/\ Ap,q,k,1Tk,1)
m

- )

00,00
m,n 2supp,q2m,n Zk,l:,0,0 Qp,q,k,1Yk,l

where A denotes the collection of ordered pairs (ir,js) for r,s =1,2,3,.... Hence

. SuPp,qu,n(z Z(k,z)e/\ Ap,q,k,l + Z(w)g/\ Ap,q,k,1)
1 =P-lim ==
m,n 2 Supp,qu,n Zk,l:,0,0 Ap,q,k,l
00,00
. Supp,qu,n(Z(k,l)EA Ap,q,k,1 + Zk,zzo,o Ap,q,k,1)
= P-lim =5
m,n 2 Supp,qu,n Zk,l:,0,0 QAp,q,k,l
00,00
. Supp,qzm,n Z(k,l)GA a/p,q,k,l + Supp,qzm,n Zk,l:0,0 a’Pvka’l
< P-lim =
m,n 2 Supp,qu,n Zk,l:,0,0 ap,q,k,l
Supp,qu,n Z(k,l)e/\ Qp,q,k,l 1

= P-lim + =
0,00 .
m,n 2supp,q2m,n k,1=,0,0 QAp,q,k,l 2

Therefore

SUDy, g>m,n 2k Up,q,k,1
IS%P—lim piazm,n 2k e Wi n

1
00,00 e
m,n SUPy, g>mon Zk,z:,o,o ap,q,k,l 2

This implies

. Supp,qzm,n Z(k,l)el\ Qp,q,k,l
P-lim o
m,n SUPy, g>mon Zk,z:,o,o Ap,q,k,l

> 1.

It is clear that a similar argument will establish the following

SUDL o Do tyen Dpaaikil
P—lim

DDy
M, SUDy, o>m,n 2ak,1=,0,0 @p,q,k,1

<1

Thus

. SUPp g>m,n Z(k,l)eA Ap,q,k,l
P-lim 5555 =
m,n Supp,qu,n k,1=,0,0 Qp,q,k,l

Now let us establish the converse of this theorem. We are granted conditions (1), (2),
and (3). In addition suppose z and y are bounded by some M > 0; z,y € P5' for some

0 > 0, and p(x) = p(y). For any € > 0 and since = and y are bounded there exist
M, N1 € N such that for i, 5 > M, N the following holds:

Yi,; < P-lim sup wi; + ¢,
kol i >kl

and also there exist infinite index sequences i1 < i2 < i3 < --- and j1 < j2 < jg < -+ -
such that

Ti,.,j, > P—-lim sup x;; —eforr,s=1,2,3,....
Rl i j>k,l
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Now,
0,00
P1i SUPL, 1> m,n Drom0,0 @kilyir s Tir s
mn SUPg 1>mon Zi,j:o,o Qk,l,i,5Yi,5
00700 . . . .
. Supk,lzm,n Zrys:,(),() a’k’l’br,Js xlrv]s
> P-lim = =
mon A+ SUPy 15 i,j=My+1,N1+1 Tk,Li,5Yi,5
OO'OO . . g N J—
> P lim SUPg 1>m,n Zr,s:,0,0 Ak l,ir,js (P hka SUPy s>k, Lrys 6)
mon A A SUDY 15 Do ary Ny @iy (P 1ime i sup; sy i + )
0,00 .
> P lim SUPg 1>m,n Zr,é:,o,o Ak,lyir,js (P* limyg SUPy s>k xr,s)
Mo A+ SUDL 5 Do sty vy @i (P Mk SUD; 5>k i +€)
0,00 . .
. SUDg 1>m,n ZT-,S:O,O QAk,l,ir,js €
— P-lim = -
M A A SUDY 15 i oy Ny @i (P~ 1Mk, SUD; 55 Yig +€)
o0,00 . . 13
> P lim SUDPg i>m,n Zr,s:,0,0 Ak, lyir,js (P limy, ; SUDPy s>k, xr,s)
- m,n _ %9,%
A+e sup E k13,5
k,lzm,ni7j2070
+ sup > ki (P-lim sup ;)
k’lzm’ni,j>M1,N1 i,52>k,1
0,00 . .
P lim €SUPg 1>m,n Zr,szo,o Ak,lir,js
m.n 7 00,00
A+e sup > akuiy
k,lZm,ni’j:O,O
+ sup > a,1,i,5 (P~ lim sup Yii)
kizmn, A ik
00,00 . ) 13
> P-lim SUPk,1>m,n ZT,SZ,O,O Ak Ly, js (P limy,; sup,. ;>x wr’S) €
= m.n 7 00,00 5
A+e sup E k14,5
k,>m,n 4,j=0,0
+ sup > Ak, (P*1,£1“51 sup yij)
k’lzm’ni,j>]\/11,N1 b, >k,
. 1 €
Bi+Bx+Bs 6
_ My ,Nq o _ 00, N1 B
where A; = SUPg 1>m,n Zi,j:o,o ak,1,i,j, A2 = SUPgk 1>m,n Zi,j:]\{1+1,0 Qk,li,j55
_ M ,00 Y 3
Az = SUPE,1>m,n Zi,j:O,N1+1 kg, A =My Ay,
M A
B
1= 50,00 A )
Supk,lZM,n Zr,s:,0,0 Ak,lyir,js (P7 hmk,l Supr,szk,l xr,s)
0,00 L.
B, — €SUPL 1>m,n Zi,j:o,o Ak, l,i,5
2 = 00,00 (Pl ’
Supk,lzm,n Zr,s:,070 Ak l,ir,js ( 1NE 1 Supr,szk,l :CT',S)
and

B — SUDE 1> m,m 2ot o0y Ny Bkl (P—Tlimy,; SUpP; >kl Yi,j)
3 = 00,00 - (P-1i .
SUPgk 1>m,n Zr,s:,o,o QAk,l,ir,js ( 1ME,1 SUP,. s>k g xr,s)
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In addition let
_— MiA
L O SUPL 1> min Dopam 0,0 sl js
€SUDL 1>m.n Z?f}’i%,o Ak, 13,5

2 = 00,00 ’
4 SUPk,1>m,n Zr,s:,o,o Ak, lyir,js

and

SUPL,i>m,n Zi,j>Ml,N1 Qk,li,5
00,00 . . .

Supk,lZm,n Zr',s:,0,0 Ak, Lyiy,js

It is also clear that

0,0 . . . .
. Supk,lzm,n ZT,S:O,O akvl;lmﬂsxlrﬂs
P-lim

1

00,00 R . 2
mn - SUPE 1>mon Zi,j:o,o Qk,l,i,5Yi,5

Conditions (2) and (3) ensure that
. A
P-lim == =0,
mn SUPL 1>m,n ZT-,S:,O,O Ak, lyir,js

By + By + B3

STINL

Thus given € > 0 there exists N2 € N, such that if m,n > N2 then

A
50,00 .
Supk,lzm,n ZT,S:,O’O akylvl’l‘vjs

Condition (3) grant us the following

< 3e.

00,00 L
SUPgk 1>m,n Zi,j:(),o QAk,l,i,j
o <l+4e

oo . .
SUPk 1>m,n Zr,s:,o,o Ak, liy,js

and

SUPg 1>m,n Zi,j>Ml,N1 Qak,l,i,j
00,00 . .
Supk,lzm,n ZT,S:,O’O akylvl’l‘vjs

Thus the above inequalities grant us the following

<l+e

0,00
. SUDL > Drem0,0 k,Lir s Tir s
P—lim

1 €

00,00 - 5 = = <
M SUD 1S mn D ge0,0 @hilisi Vi Bi+B:+B; ¢

1

v

M 3e
8

Since € is arbitrary we have that

00700 . . . .
. SUPgi>m,n Zr,szo,o Ak,lyir,js Lir,js
P—lim

55,00
m,n SUDPL 1>mon Zi,jy:0,0 Qk,1,1,5Yi,5

Using a similar argument we can establish the following

00700 . . . .
. SUPgi>m,n Zr',s:0,0 Ak, Lyir,js Tir,js
P—1lim

S AV
myn SUDPE i>m,n 2i,5=0,0 Vk,14,5Yij

Hence

00,00 . . . .
. SUPgi>m,n Zr,szo,o Ak,lyir,js Lir,js
P-lim o =1.
m,n SUPE 1>m,n Zi)j:o’o Ak,1,i,5Yi,5

This completes the proof.

+e(l4+e+1+e€

<
5



Asymptotic Equivalence of Double Sequences 497

4. Conclusion

This paper extends the concept of rate of P-convergence to asymptotic equivalence.
This is accomplished by presenting and proving two Robison-Hamilton type characteriza-
tions of asymptotically equivalent sequences. That is, we present necessary and sufficient
conditions on the entries of a four-dimensional matrix to preserve asymptotic equivalence
under a four-dimensional matrix transformation.
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