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Abstract

Soft set theory was firstly introduced by Molodtsov in 1999 as a general
mathematical tool for dealing with fuzzy objects. In this work, t-norm
and t-conorm products of fuzzy parameterized soft sets (FP-soft sets)
are defined and their properties are investigated. By using these prod-
ucts, AND-FP-soft decision making and OR-FP-soft decision making
methods are constructed. Finally, the methods are applied to solve a
problems which contains uncertainties.
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1. Introduction

Many fields deal with fuzzy data that may not be successfully modeled by ordinary
mathematics. Probability theory, fuzzy sets [24], rough sets [18], and other mathematical
theories are well-known and are often useful approaches to describe uncertainty. However,
all of these theories have their own difficulties which are pointed out in [17] by Molodtsov.
Molodtsov proposed a completely new approach for modeling uncertainty, free from these
difficulties, this so-called soft set theory has potential applications in many different
fields. Maji et al. [14] worked on a detailed theoretical study of soft sets. Later, the
properties and applications of soft set theory have been studied by many authors (e.g.
[3, 4, 5, 11, 15, 20, 23]). The algebraic structure of soft set theory has also been studied
(e.g. [1, 2,9, 12]). Many applications of soft set theory have been expanded by using the
ideas of fuzzy sets (e.g. [6, 10, 13, 16, 19, 21, 22]).
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Cagman et al. [7] give the definition of fuzzy parameterized soft sets (FP-soft sets)
and studied their operations. In this paper, after giving FP-soft sets and their oper-
ations, t-norm and t-conorm products of FP-soft sets are defined and their properties
are investigated. Unlike a soft set, the set of parameters of a FP-soft set is a fuzzy set
which allows the construction of more efficient decision processes. Therefore, by using
these products, AND-FP-soft decision making and OR-FP-soft decision making methods
are constructed. Finally, these methods are applied to solve a problems which contains
uncertainties. This approach may be more comprehensive in the future to solve related
problems such as computer science, decision making, current life state, and so on.

The present expository paper is an abridgement of part of the dissertation [8].

2. Preliminary

In this section, we present the basic definitions of soft set theory [17] and fuzzy set
theory [24] with norms that are useful for subsequent discussions. These and more
detailed explanations related to soft sets and fuzzy sets can be found in [4, 13, 17] and
[24, 25], respectively.

2.1. Definition. [17] Let U be an initial universe, P(U) the power set of U, F a set
of parameters and X C F. Then a soft set F'x over U is a set defined by a function
representing a mapping

fx : E— P(U) such that fx(z)=0if z ¢ X.
Here, fx is called the approzimate function of the soft set Fx, and the value fx(z) is
a set called the z-element of the soft set for all x € E. It is worth noting that the
sets fx(z) may be arbitrary. Some of them may be empty, some may have nonempty
intersection. Thus, a soft set over U can be represented by the set of ordered pairs

Fx ={(z, fx(z)) 1z € E, fx(z) € P(U)}
Note that the set of all soft sets over U will be denoted by S(U).
2.2. Example. Let U = {u1,u2, us, us, us, ug} be a universal set and E = {z1, z2,

x3,%4,%5} a set of parameters. If X = {x2,x3, 24,25} and fx (z2) = {uz,us}, fx(z3) =
0, fx(xz4) =U, fx(xs)={u1,usz,us} then the soft-set Fx is written as

Fx = {(x2,{u2,ua}), (24, U), (x5, {u1,u2,us})}

2.3. Definition. [24] Let U be a universe. A fuzzy set X over U is a set defined by a
function px representing a mapping

175 4 U — [0, 1]
Here, px is called the membership function of X, and the value px (u) is called the grade

of membership of u € U. The value represents the degree of u belonging to the fuzzy set
X. Thus, a fuzzy set X over U can be represented as follows,

X = {(ux(u)/u)  w € U, pux(x) € [0,1]}.
Note that the set of all the fuzzy sets over U will be denoted by F(U).

2.4. Definition. [25] t-norms are associative, monotonic and commutative two valued
functions ¢ that map from [0, 1] x [0, 1] into [0, 1]. These properties are formulated with
the following conditions:

(1) ¢(0,0) =0 and t(ux, (x),1) = t(1, ux, (z)) = px, (z), z € E,
(ii) If 125 ¢t (:C) < HXs (:C) and HXo (JJ) < Xy 13)7 then
t(px, (z), pxy () < t(pxs ), pxy (),
(iii) t(l’LXI (13)7 HXo (JJ)) = t(l’LXQ (13)7 122.¢t (‘73))7
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(iv) tux (2), t(px, (), pxs () = Lt (px, (1), px, ) (), pxs ().

2.5. Definition. [25] ¢-conorms (s-norms) are associative, monotonic and commutative
two placed functions s which map from [0,1] x [0, 1] into [0,1]. These properties are
formulated with the following conditions:
(i) 5(1,1) = 1 and s(ux, (2),0) = 5(0, jx, (2)) = jx, (2, € E,
(i) if px, (@) < Jixa (2) and pixy () < jux, (2), then
s(px, (%), x5 (7)) < s(px, (2), px, (),
(i) s(px, (), px, (7)) = s(px, (2), px, (7)),
(iv) s(px, (), 8(px, (2), pxs (7)) = s(s(px (2), px2 ) (@), prxs ()
t-norms and t-conorms are related in a sense of logical duality. Typical dual pairs of
non parametrized t-norm and t-conorm are complied below:

(i) Drastic product:

b, (@) st () = {;mn{uxl @ @), mexlin @@} =1,

(ii) Drastic sum:
max{px, (), ux, ()}, min{ux, (x), ux,(x)} =0,
Sw(NX1($)7NX2(x)): { 1( ) 2( )} { -1( ) 2( )}
1, otherwise.
(iii) Bounded product:
t1(px, (), px, (2)) = max{0, px, () + px, (2) — 1}
(iv) Bounded sum:
s1(px, (), px, (2)) = min{1, px, () + px, (z)}
(v) Einstein product:

_ Xy (:17) 2.0 (:17)
2- [p’Xl (:C) +px, (:C) — KX, (:C) T HXo (:C)]

trs(px, (@), px,(z))

(vi) FEinstein sum:

1800 (0). v, ) = s )

(vil) Algebraic product:
ta(px, (), pxy (7)) = puxy (@) - px, (2)
(viil) Algebraic sum:
s2(px, (@), 1x, (@) = px, (2) + px, (@) — px, (@) - px, (2)
(ix) Hamacher product:

_ HXy (JJ) T HXo (:C)
Hx, (x) + Xy (x) — KXy (:17) T HXo (:17)

ta.s(px, (@), px,(z))

(x) Hamacher sum:

_ HX, (JJ) T+ px, (JJ) —2-px, (CC)«/J«X2 (:C)
1—px, (x) T HXo (:17)

s2.5(px, (), px, ()
(xi) Minimum:

t3(px, (@), px, (7)) = min{px, (z), px, ()}

(xil) Mazimum:

33(/”(1 (13)7 KXo (JJ)) = maX{qu (13)7 HXo (x)}
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3. FP-soft sets

In this section, we give FP-soft sets and their operations. The basic ideas of FP-soft
set theory and its extensions, as well as its applications, can be found in [7]. In Section
2, the approximate function of a soft set is defined from a crisp set of parameters to crisp
subsets of the universal set. But the approximate functions of FP-soft sets are defined
from a fuzzy set of parameters to the crisp subsets of the universal set.

Throughout this section, fuzzy subsets of the set of parameters are denoted by the
letters X,Y, Z,... to avoid confusion and complexity of the symbols.
3.1. Definition. [7] Let U be an initial universe, P(U) the power set of U, E the set of
parameters and X a fuzzy set over E with membership function
% : E— P(U) such that fg(x) =01if pg(x) =0.

Here, fg is called the approximate function of the FP-soft set Fg, and the value fg(x)
is a set called the z-element of the FP-soft set for all x € E/. Thus, an FP-soft set F'g
over U can be represented by the set of ordered pairs

Fg ={(pg(@)/z, fx(z)) 1z € E, fx(z) € P(U), px(z) € [0,1]}
The value p () is the degree of importance of the parameter x and depends on the
decision-maker’s requirements.

Note that the set of all FP-soft sets over U will be denoted by uSS(U).

3.2. Definition. [7] Let Fig € uSS(U). If pg(x) = 0 for all x € E, then Fy is called
the empty FP-soft set, denoted by Fy.

3.3. Definition. [7] Let Fig € uSS(U). If pg(x) =1 and fgx) = U for all z € X, then
Fg is called the X -universal F'P-soft set, denoted by F}z{.

If X = FE, then the X-universal FP-soft set is called the universal FP-soft set, denoted
by Fj.

3.4. Example. Assume that U = {u1,u2,us,us,us,us} is a universal set and F =
{z1, T2, 3, 4,75} a set of parameters.

If X = {0.2/x2,0.5/x3,1/x5} and [z (@) = {u,ua}, fg(x3) =0, fg(xs) = U, then

the FP-soft set F'y is written as
F)? = {(02/:7527 {u27 U4})7 (05/:1737 w)v (1/%5, U)}
Ity = 0, then the FP-soft set Fy is the empty soft set. That is, Fip = Fy.

If Z = {1/z1,1/x2} and fz(x1) = U, fz(x2) = U, then the FP-soft set Fj is the
Z-universal FP-soft set. That is, F'z = F;.

If X = E, and fg(x:) = U for all z; € E, i =1,2,3,4,5 then the FP-soft set F; is
the universal FP-soft set. That is, Fig = Fj.

3.5. Definition. [7] Let Fg, Fy € pSS(U). Then Fg is a p-soft-subset of Fy, denoted
by F);EF};, if pg(r) < pyp(x) and fg(r) C fy(x) for all z € E.

3.6. Remark. [7] Fy EF;, does not imply that every element of F'y is an element of
Fy, as in the definition of classical subset.

For example, assume that U = {ul7 Uz, U3, u4} is a universal set of objects and E =
{z1, 22,23} a set of parameters. If X = {0.5/x1}, Y = {0.9/21,0.1/x3}, and Fg =
{(0.5/x1, {uz,ua})}, Fyp = {(0.9/x1, {uz,u3,us}), (0.1/x3, {u1,us})}, then for all x € E,
px(x) < py(x) and fg(z) C fy () is valid. Hence FgCFy.

It is clear that (0.5/x1, {u2,us4}) € Fig but (0.5/x1, {uz,us}) ¢ Fy.
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3.7. Definition. [7] Let Fi, Fiy € uSS(U). Then Fg and Fy are fps-equal, written as
Fg = Fy, if and only if pg(z) = py(x) and fg(x) = fy(z) for all z € E.

3.8. Definition. [7] Let Fig € uSS(U). Then the complement F'g, denoted by Fy=, is
the FP-soft set defined by the approximate and membership functions

pe (@) =1 — pg(x) and fe(z) = U\ fz(2).
3.9. Definition. [7] Let F'g, Fy € uSS(U). Then the union of Fg and Fy, denoted by
F;{OF;,, is defined by

oy () = max{jig (2), py (@)} and fxop (@) = f5(2) U fy (@), for all a € B.
3.10. Definition. [7] Let Fg, Fy € uSS(U). Then the intersection of Fi and Fy, de-
noted by F'y ﬁFfM is a FP-soft sets defined by the approximate and membership functions

rgay () = min{ug(z), py ()} and fiae (@) = f3(2) N fy (@)

3.11. Remark. [7] Let Fy € uSS(U). If F; # Fy or Fg # Fg, then F3xUF # Fp
and F)}ﬁFf);; #* Fy.

4. t-norm and t-conorm products of FP-soft sets

In this section, we define the AN D-t-norm, OR-t-norm, AN D-t-conorm and OR-t-
conorm products by using the t-norm and ¢-conorm on FP-soft sets. We then study some
of their desired properties.

4.1. Definition. Let F, Fy € pSS(U). Then the AN D-t-norm product of Fig and Fy,
denoted by Fg @Ff,7 is the FP-soft set defined as follows;

Bzey 't EX E—=10,1], pgev(z) = pg(@)py(z)
and
fray t EXE—= P(U), fzgy(@) = f3(@)N fy(2)
Note that OR-t-norm product of Fiz and Fy:, denoted by (Fig ® Fz), is defined in a
similar way:
4.2. Definition. Let Fig, Fy € pSS(U). Then the OR-t-conorm product of Fg and
Fy, denoted by F'g @ Fy, is the FP-soft set defined as follows:
Piey EXE—=[0,1], pgeov(2) = pg (@) + py () — pg (2)py ()

and
frey 1 EXE—= PU), fygy(@) = fx(@)U fy(2).

Note that the AN D-t-conorm product of Fy and Fg, denoted by (F);@FXQ)7 is
similarly defined.

We remark that the symbols @, @, ® and ® used in the subscripts of the approximate
and membership functions are not operations of fuzzy sets. They indicate that fg.¢,
Ixav> [xev and fzgy are the approximate functions of Fiz @ Fy, FXGABF;” F;®Fy
and F)}®F)~, and F);QA@F;” respectivel;l and pzav, Hzay HZov and pzgy are the
membership functions of F'g ® Iy, Fx®Fy, Fg ® Fy and Fg®Fy, respectively.

4.3. Example. Assume that U = {u1, u2, us, ua, us, us, ur, ug, ug } is a universal set and
E = {z1,z2,x3, 74,75, T6,T7, T8} a set of parameters. If

X ={0.5/x1,0.7/x2,0.8/x3,1/140.5/x5,0.9/z6,0.2/75}
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and
Y ={0.9/21,0.3/x3,0.4/x4,0.8/x5,0.7/76,0.9/77,0.8 /78 }
are two fuzzy sets over E, then we can write the following FP-soft sets,

Fs = {(0.5/:01,U), (0.7/z2,{u1, u2, ua, us, us }),
(0.8/x3, {u1, w2, ua, uzr, us, ug}), (1/xa,{u1,us}),
(0.5/x5, {u1, u2, ua, us, ur, us, }), (0.9/xe, {u1, us, ur, ug }),
(0.2/1:8)7{U3,u47U7,u87u9})}
= {(0.9/z1, {u1, uz, us, ua, us, us, uz, us}),
(0.3/z3, {u1, w2, us, ua, uz, us, ug }), (0.4/x4, {uz, us}),
(0.8/x5, {u1, us,ug}), (0.7/z6,U), (0.9/x7, {u1, uz, us}),
(0.8/ws, {u2, us, ua, us, ur, us, uo}) }
Fg ® Fy = {(0.95/21,U),

(0.7/%2, {Ul, uz2, U4, Us, Ug}), (().86/:E;37 {Ul, uz2,us, U4, U7, U8, Ug}),

<

(1/xa, {u1,u2,us,ue}), (0.9/xs, {ur, u2, ua, us, ur, us, ug }),
(097/IZ76, U)7 (07/:1777 {Uly uz, UG})y
(0.84 /x5, {ua, us, us, us, ur, us, uo}), }
The values of F'g @F;,, F; ® Fy and F;(@F;, can be given similarly.

4.4. Proposition. Let Fg, Fy € uSS(U). Then,
(i) Fg @ Fp = Fy @ Fyg,

(ii) X@F =Fs @FX,
(iii) F =F; ® Fg
(iv) F > ®Fz.

4.5. Proposition. Let Fg,Fr,Fy € uSS(U). Then,

(11) X®FE =F;
(i) Fg @ Fp = F~
(iv) X®F@ F@.

4.6. Proposition. Let F'g, Fy, Fz € uSS(U). Then,
(i) Fg @(F OF;)=(Fzs®Fy)®F3,

(i) Fx®(Fy@F;) = (F3OF;)0F;,
(111)F ®(F ®Fy)=(Fg®@Fy)®Fz,
(iv) Fx®(Fyp®Fz) = (Fx@Fy)®F;.

4.7. Proposition. Let F, Fy € pSS(U). Then, De Morgan type results are true.

(i) (Fg® Fy)° = FRFS,
(i) (Fx®Fy)° =F% @ Fg,
(iii) (Fg ® Fyp)® = FLBFE,

) (

(iv) (Fx@F;)° = F$ © FS.
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Proof. (i) For all x € E,
Hxav) (@) =1 = pzey (@)
=1—(ug(x)+py(x) — pg(x)us(x))
=1—pz() — py(2) + pg(2)py (2)
=1 - pz@)1 - py(z)

and
fgaov)e(@:y) = U\ (fx(2) U fy(z))
= U\ fx@) VU fy(2))
= fxe(2) N fize ()
The proof of (ii), (iii) and (iv) can be made similarly. O

4.8. Proposition. Let F'g, Fy, Fz € uSS(U). Then,
() Fz @ (Fy NFz) = (Fx @ Fy) N (Fg ® Fy),
(ii) Fe®(Fy NFy) = (Fg®Fy) N (Fg®Fy),
(iii) Fz @ (Fp UFz) = (Fx @ Fy) U (Fg ® Fy),
(iv) Fg@(FgUFz):(F}}(X)F?)U(F}?@Fz). O
4.9. Proposition. Let Fg, Fy, Fz € pSS(U). Then,
(i) Fg @ (Fy NF) = (Fy @ Fy) N (Fg ® Fp),
i) Fr®(Fy NFz) = (Fg®OFy) N (Fx®Fz),
(i) Fg @ (Fy UFz)=(Fz @ Fy)U (Fg @ F3,
(iv) F)}@(FgUFz):(F}?@Fg)U(F}?@Fz. O

5. Soft fuzzification operators

In this section, we define soft fuzzification operators by using the AN D-t-norm, OR-
t-norm, AN D-t-conorm and O R-t-conorm products. They convert two FP-soft sets to a
fuzzy set.

5.1. Definition. In this definition, for the shake of brevity, we use T" instead of F'ig ®F.
Let fr be the approximation function and pr the membership function of 7. Then, an
OR-soft fuzzification operator, denoted sg, is defined by

se : F(E) x FPS(U) — F(U),
so(T') = {ne(u)/u:u € fr(a), pe(u) € 0,1]},

where
e (u) = ﬁ Zw(ai)xwi)(“j)
i,
and where
weote) = {3 ST

The set sg(T) is a fuzzy set called an OR-decision fuzzy set over U.
Note that sg (F3®Fy), se(F3x®Fy) and 55 (F3®F5) are defined in a similar way.
5.2. Proposition. Let F;, Fy € uSS(U). Then,
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() se(Fs & Fy) = ss(Fy & Fy),
(ﬁ) S@(FX@FN):.S@(FN@FN),
(i) 5o (Fr@Fy) = sa(FyaFy).
(iv) 8®(F)}®F~) :S®(F~®F~) O

6. FP-soft decision making methods

In this section, we construct FP-soft decision making methods. Assume that U be an
initial universe that contains alternatives and E a set of parameters. We then construct
an OR-FP-soft decision making method by the following algorithm to produce a decision
fuzzy set from U.

Step 1: Choose feasible fuzzy subsets X and Y over E,
Step 2: Construct the FP-soft sets F'g and Fy over U,
Step 3: Find the OR-t-conorm Fg®Fy,

Step 4: Compute the OR-decision fuzzy set sq(Fg®Fy).

Note that, in a similar way, we can construct an AN D-FP-soft decision making method.
Now, we can give an example of the OR-FP-soft decision making method. Examples

of the other method can also be given in a similar way.

6.1. Example. Assume that U = {uhuz7 U3, U, Us, UG, UT, ug} is a set of objects,
E = {a1,a2,as3,a4,as} is a set of parameters. Let us say that fori = 1,2,3,4,5,6,7,8 the
objects u; stand for “Istanbul”, “Denizli”, “Ankara”, “Izmir”, “Adana”,“Kilis”, “Tokat”
and “Bursa” and for j = 1,2,3,4,5 the parameters a; stand for “transportation”, “pro-
ductive power”, “marketing”, “profit” and “sale” respectively.

There are two two members, called X and 17, of the administrative body of a company
who want to choose a city from the cities that are given above to construct a plant. If
each member has to consider their own fuzzy set of parameters, then we select a city on
the basis of the sets of members’ parameters by using the Or-FP-soft decision making
method as follows.

Step 1: Assume that the members X and Y construct their own fuzzy sets as follows:
X ={0.5/21,0.7/22,0.8/x3,1/240.5/x5,0.9/26,0.2/8 }
and
Y ={0.9/21,0.3/x3,0.4/x4,0.8/x5,0.7/36,0.9/77,0.8 /78 }
over E, respectively.
Step 2: Fg and Iy over U are written by
Fs = {(O.S/xl, U),(0.7/x2,{u1, u2, ua, us,us }),
(0.8/x3, {u1, u2, ua, uzr, us, uo}), (1/xa, {ui,us}),
(0.5/z5, {u1,u2, us, ug, uz, us, }), (0.9/xe¢, {u1, ue, ur, ug}),
(0.2/zs, {U3,U4,U7,u8,uQ})}
= {(0.9/21, {u1,u2, us, ua, us, us, uz, us}),
(0.3/x3, {u1, u2, us, ua, ur, us, ug }), (0.4/z4, {usz, us}),
(0.8/z5,{u1,us,u9}), (0.7/x6,U), (0.9/x7, {u1,uz,us}),

(0.8/xs, {ua, us, ua, us, ur, us, uo}) }

<
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Step 3: The OR-t-conorm product of F'y and Fy is formed as,
Fs ® Fy = {(0.95/:1017 U),(0.7/z2, {u1, u2,us,us, us }),
(0.86/x3, {u1,u2, us, ua, ur, us,uo}), (1/xa, {u1, vz, us, ug}),
(0.9/x5, {u1, u2, ua, ue, ur, us, ug }), (0.97/z6, U),

(0.7/27, {u1, u2,us}), (0.84/xs, {uz, us, us, us, ur, us, uo }) }

Step 4: The OR-decision fuzzy set is computed as
sa(Fg®Fy) = {O.675/u1,0.768/u2,0.402/U3,0.58O/U4,0.495/U5,
0.580/us,0.502/u7,0.502/us, 0.502/ug }

where the alternative us is the decision-maker’s best choice since it has the largest degree
0.768 among the others.

7. Conclusion

In this work, the t-norm and ¢-conorm products of FP-soft sets are defined and their
properties are investigated. By using the products, AND-FP-soft decision making and
OR-FP-soft decision making methods are constructed. This approach should be more
comprehensive in the future to solve the related problems such as computer science,
decision making, current life state, and so on.
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