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Abstract

For a (molecular) graph, the first Zagreb index M; is equal to the sum
of the squares of the degrees of the vertices, and the second Zagreb
index M3 is equal to the sum of the products of the degrees of pairs of
adjacent vertices. It is well-known that for connected or disconnected
graphs,

Mg/m Z Ml/n

does not hold always. In K.C. Das (On comparing Zagreb indices of
graphs, MATCH Commun. Math. Comput. Chem. 63, 433—-440,
2010), it has been shown that the above relation holds for a special
kind of graph. Here we continue our search for special kinds of graph
for which the above relation holds.

Keywords: First Zagreb index, Second Zagreb index, Cartesian product, Threshold
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1. Introduction

Let G = (V,E) be a simple graph with the vertex set V(G) = {vi,v2,...,vs} and
edge set E(G), |E(G)| = m. Also let G be a complement graph of G. For v; € V(G), d;
is the degree of the vertex v; of G, i = 1,2,...,n. The minimum vertex degree is denoted
by §(G) and the maximum by A(G). The average of the degrees of the vertices adjacent
to vertex v; is denoted by ;.
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The first Zagreb index M;(G) and the second Zagreb index M2(G) of graph G (see
[3, 8,9, 11, 12, 13, 18, 19, 20, 21, 24, 30, 31] and the references therein) are among the
oldest and the most famous topological indices and they are defined as:

M@= Y &

v; EV(G)
and

My(G)= Y did;.

Vv €EE(G)
The AutoGraphiX system ([1], [4]-[5]) proposed the following conjecture:
(1.1)  M2(G)/m > M1(G)/n.

Hansen and Vukicevié [14] proved that (1.1) is true for all chemical graphs and does
not hold for general graphs. Vukicevi¢ and Graovac [27] proved that (1.1) holds for
all trees, and gave a counter example for bicyclic graphs. Sun and Chen [22] showed
that (1.1) holds for graphs with a small difference between the maximum and minimum
vertex degrees. Also (1.1) holds for all unicyclic graphs [29] and for all bicyclic graphs,
except one class [23], and generalizations of this claim to the variable Zagreb indices were
analyzed in [15, 25, 26, 28, 29]. In [16], it has been shown that for every positive integer k,
there exists a connected graph such that m —n = k and (1.1) does not hold. Some recent
results on the Zagreb indices are reported in [6], [10], [32]-[35], where also references to the
previous mathematical research in this area can be found. These indices reflect the extent
of branching of the molecular carbon-atom skeleton, and can thus be viewed as molecular
structure-descriptors [2, 24]. The connected and disconnected counter examples of the
relation (1.1) are given in [14, 22].

In [7], it has been shown that (1.1) holds for a special kind of graph. Here we continue
our search for those special kinds of graph which satisfy (1.1).

2. Conjecture on comparing Zagreb indices of graphs

In this section we present some results related to the conjecture (1.1) of graphs.

The cartesian product G x H of graphs G and H has the vertex set V(G x H) =
V(G) x V(H) and (a,z)(b,y) is an edge of G x H if a = b and zy € E(H), or ab € E(G)
and x = y. If G1, Ga,..., Gy are graphs then we denote G1 Q- Q G» by Q' ; Gi. In
the case where G1 = G2 = -+ = G, = G, we denote @, Gi by G".

2.1. Lemma. [17] Let G1, Ga,...,Gn be graphs with V; = V(G;) and E; = E(G:),
1<i<n, and V =V(Q;_, Gi). Then

- " My (Gi)
M ® i) = § )
( G) V12 =] A il
=1 i=1 i#5,1,5=1

Vi
2.2. Lemma. [17] Let G1, Ga,...,Gn be graphs with V; = V(G;) and E; = E(G;),
1<i<n, V=V(Qi, K G:i) and E = E(Q]_, Gi). Then

G RIDIC )

LA ) |Eil| B[ Ew|
vikmrizgizk gz |VillVlIVe]

2.3. Theorem. Let Gi and G2 be two simple graphs with n, = |V(G;)| and m; =
|E(Gy)|, i =1,2. If (1.1) holds for G1 and G2, then it also holds for G1 X Ga.
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Proof. Let n* and m™ be the number of vertices and edges, respectively, in G1 x Ga.
Then n* = ninz and m* = nimsz + nami. By Lemma 2.1 and Lemma 2.2, we get
(2.1) Mi(G1 X G2) = niM1(G2) + neM1(G1) + 4mima.
and
(2.2)  M3(G1 x G2) = niM2(G2) + neM2(G1) + 3ma M1 (G1) + 3m1 M1(G2).
Since (1.1) holds for G1 and G, we have
(2.3) n1M2(G1) > miMi(G1) and neM2(G2) > maMi(G2).
By (2.2), we have
n* Ma(G1 x G2)
= nina M (G2) + nin3 Ma(G1) + 3nanama My (G1) + 3ninami M (Ga)
> nima My (Gz) + nami Mi(Gh) 4+ ninama My (G1) + nangmi M (Gs)
+ 8namimsa + 8nymam:  as ni M (Gh) > 4m§,
n2Mi(G2) > 4m3 and by (2.3)
= (nima 4 nam1) M1 (G1 X Go) + 4namims + 4nimim3 by (2.1)
> m M2 (G1 x G2).

Hence the theorem. O

2.4. Theorem. Let G be a simple graph with n vertices and m edges. Then (1.1) holds
for G x G.

Proof. From (2.1) and (2.2), we get
(24)  Mi(G x G) = 2nM; (G) + 4m®
and
(2.5) M3(G x G) = 2nM2(G) + 6mM,(G).
By (2.5), we have
n* M (G x G) = 2n> M2(G) + 6n°mM; (G)
> 6n°mM; (G)

> 4n*mM,(G) 4 8nm®  as nM;(G) > 4m”
=2nmM:(G x G) by (2.4).

Hence the theorem. O

Let G be a graph with vertex set V and edge set E. Let V be a copy of V, V=
{Z : x € V}. Then we denote by G’ the graph with vertex set V UV and edge set
E' =Eu{zy:zy ¢ E}.

2.5. Theorem. Let G be a simple graph of n vertices and m edges. Then G’ must satisfy
(1.1).

Proof. Let n’ and m’ be the number of vertices and edges in G’. Then n’ = 2n and
m =" (n—-1-d;)+m=n(n-1)—m.

=1
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Let d;, i = 1,2,...,2n be the degree sequence in G’. Thend; =n—1,i=1,2,...,n,
andd;=n—d;—1,i=n+1,n+2,...,2n. Now,

My(G')= > did;

= > (n—1)72+ > (n—1)(n—d; —1)
viv;€EE’, vi,v;EV v T;EE, v;EV,0;EV
=(n(n71)fm)(n71) (n—1) Z d;
= (n(n —1) —m)(n —1)? 7(n71)2(n717dj)dj
(2.6) =n(n—1)> =3mn —1)° + (n — 1) M1 (G)
and
d/z—nn—l —|— n—d—l

= 2n(n -1)% - 4m(n -1)+ Ml(G).
We have to show that
My (@) S My (G")

m - n
that is,
2n*(n —1)* — 6mn(n — 1) + 2n(n — 1) M1(G)
> (2n(n —1)° —4m(n — 1) + M1(G))(n(n — 1) —m) by (2.6) and (2.7),
that is,
n(n — 1)My(G) +mM,; (G) — 4m*n 4 4m> > 0,
that is,
mMi(G) >0 as nM;(G) > 4m?,
which, evidently, is always obeyed. Hence the theorem. ]

Let G1 = (Vi, E1) and G2 = (V2, E2) be two simple graphs with n; = |V(G;)| and
m; = |E(G;)], i = 1,2. Then the tensor product G10G32 of graphs G and G» is a graph
such that the vertex set of G1OG5 is the Cartesian product V(G1) x V(G2), and any two
vertices (vf, vf) and (v, vy ) are adjacent in G10OG: if and only if v} is adjacent with
vy and v; is adjacent with vj,. Then we have |V (G10G2)| = nina.

Denote by dij, 1 <14 < ni, 1 < j < ng, the degree of the vertex (v;, vj) of G10Gs.
Then d;; = dj - dj, where d; is the degree of the vertex v; of G1 and d} is the degree of
the vertex v} of G2. Then we have

ny ng
2|E(G1DG2)| = Z di,j = Z d; Zd;/ = 4m1m2’
i—1  j=1

1<i<ng,1<j<nz
that is,
|E(G10G2)| = 2mima.
2.6. Theorem. If (1.1) holds for G1 and Gz, then it also holds for G1OGs.
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Proof. Let 1 and m be the number of vertices and number of edges in G1OG2. Then
A = ning and M = 2mimso. Denote by u; the average degree of the adjacent vertices of

vertex v; in G1, ¢ =1,2,...,n1 and also denote by p} the average degree of the adjacent
vertices of vertex v} in Ga, j =1,2,...,n2. Now,
1
;o Ev;CNvé d;c Zv;’r\m;’ dr
Hifty = :
J d; d;/
Ev{ﬂwv’. Zv”/\/v’.’ d;cd;”,
_ |
d;dy
= Mi,j,
where (1 ; is the average degree of the adjacent vertices of vertex (v;,v}) in G10G2. We
have
1
M(G1DG2) = 5 > d g
1<i<ni,1<j<ng
1 2 2
S S A
1<i<ni,1<j<ng
1 e 2 7 = "2 1
=5 2 Aty i
i=1 j=1
(2.8) = 2M>(G1) M2(G2)
and
ni ng
(29)  Mi(GiOG2)= Y di; =) di?Y df = Mi(G)Mi(Go).
1<i<ng,1<j<ny i=1 j=1

Since (1.1) holds for G1 and G2, we have
(2.10) n1M2(G1) —miMi(G1) > 0 and naM2(G2) — maM1(G2) > 0,
that is,
ninaMa(G1)M2(G2) — mima M1 (G1) M1 (G2) > 0,
that is,
AM>(G10Gs) — M (G10G2) > 0.

Hence the theorem. O

2.7. Remark. If (1.1) does not hold for G;1 and G2, then it does not hold for G10G>.

A threshold graph is a graph that can be constructed from a one-vertex graph by
repeated applications of the following two operations:

e Addition of a single isolated vertex to the graph.
e Addition of a single dominating vertex to the graph, i.e., a single vertex that is
connected to all other vertices.

For example, the graph of Figure 1 is a threshold graph. It can be constructed by be-
ginning with a single-vertex graph (vertex), and then adding vertices ({e}) as isolated
vertices and vertices ({o}) as dominating vertices, in the order in which they are num-
bered.
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Figure 1. An example of a threshold graph.
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2.8. Theorem. If G is a threshold graph, then (1.1) holds for G.

Proof. Let G be a threshold graph with n vertices and m edges. We apply induction on
n. If n = 1, the result is trivial. Suppose now that (1.1) holds for all threshold graphs
with vertex number less than n. By the definition of threshold graph, there is an isolated
vertex or a dominating vertex in G, say v,. Set G’ = G — v,. First we assume that v,
is the isolated vertex in G. Then by the induction hypothesis, (1.1) holds for G’. Hence
it is easy to see that (1.1) holds for G also.

Next we assume that v, is the dominating vertex in G. Let n’ and m’ be the number
of vertices and edges in G'. Then n’ =n—1and m' =m —n+ 1.
Let d}, i = 1,2,...,n — 1 be the degree sequence in G’. Then d; = d, + 1, i =
1,2,...,n — 1. Now, we have
n—1
(211)  Mi(G) = Mi(G')+n'(n' +1) +2) di = Mi(G') +n'(n + 1) + 4m/

=1

and
n—1
My(G)= > (di+1)(d;+1)+n"> (di+1)
(212) v;v; €EE(G’) i=1

= Ma(G') + M1 (G') +m' +n'(2m' +n').
We have to show that
My (G) _ Mi(G)

—_— >,
m n
that is,
(n' +1)(M2(G") + Mi(G') + m/ +n'(2m' +n'))
> (m' +n)(Mi(G') +n/(n/ + 1) +4m’) by (2.11) and (2.12),
that is,
(2.13) 0/ M2(G") — m'M1(G") + Ma(G') + M1(G") + m'n'> +m' —4m’> —2m'n’ > 0.

By the induction hypothesis and using n’ M1 (G') > 4m’?, we get

(2.14)  Mo(G') + My (G') > (V:—: + 1) Mi(G') > <m/ + 1) 4m”

n' n'
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Again by the induction hypothesis and using (2.14), we get
n' Ma(G") — m/M1(G') + M2(G') + M1 (G') + m'n'? +m’ —4m'* — 2m'n/

4 2 / /
> m TR (n}2 +n) +m/'n'? +m’ —am’* - 2m/n’
n

P! _ I\ 2
(2.15) =m’ <M) > 0.

n/
Hence the theorem. O

A complete split graph C'S(n, ¢), ¢ < n, is a graph on n vertices consisting of a clique
on g vertices and a stable set on the remaining n — g vertices in which each vertex of the
clique is adjacent to each vertex of the stable set.

A pineapple PA(n, q), ¢ < n, is a graph on n vertices consisting of a clique on ¢
vertices and a stable set on the remaining n — ¢ vertices in which each vertex of the
stable set is adjacent to the same, unique vertex of the clique.

Since both the complete split graph C'S(n, ¢) (¢ < n) and pineapple graph PA(n, q)
(¢ < n) are threshold graphs, we get the following result.

2.9. Corollary. Let G be a split graph CS(n, q) (¢ < n) or a pineapple graph PA(n, q)
(¢ < n) of n vertices. Then G must satisfy (1.1).

Acknowledgement. The authors are grateful to the referee for his/her valuable com-
ments on this paper. K. Ch. D. is thankful for the support given by Sungkyunkwan
University BK21 Project, BK21 Math Modeling HRD Div., Sungkyunkwan University,
Suwon, Republic of Korea.

References

[1] Aouchiche, M., Bonnefoy, J. M., Fidahoussen, A., Caporossi, G., Hansen, P. and Lacheré,
J. A. M. Variable neighborhood search for extremal graphs. 14. The AutoGraphiX 2 system,
in: L. Liberti, N. Maculan (Eds.) (Global Optimization: From Theory to Implementation,
Springer, 2005).

[2] Balaban, A.T., Motoc, I., Bonchev, D. and Mekenyan, O. Topological indices for structure-

actwity correlations, in: Steric Effects in Drug Design (M. Charton and I. Motoc, Eds.),

Topics Curr. Chem. 114, 21-55, 1983.

Bonchev, D. and Trinajsti¢, N. Overall molecular descriptors 3. Overall Zagreb indices, Sar

QSAR Environ. Res. 12, 213-236, 2001.

Caporossi, G. and Hansen, P. Variable neighborhood search for extremal graphs. 1. The

AutoGraphiX system, Discrete Math. 212 (1-2), 29-44, 2000.

[5] Caporossi, G. and Hansen, P. Variable neighborhood search for extremal graphs. 5. Three
ways to automate finding conjectures, Discrete Math. 276, 81-94, 2004.

[6] Das, K. C. Mazimizing the sum of the squares of the degrees of a graph, Discrete Math. 285,
57-66, 2004.

[7] Das, K.C. On comparing Zagreb indices of graphs, MATCH Commun. Math. Comput.
Chem. 63, 433-440, 2010.

[8] Das, K. C. and Gutman, I. Some properties of the second Zagreb indez, MATCH Commun.
Math. Comput. Chem. 52, 103-112, 2004.

[9] Das, K. C., Gutman, I. and Horoldagva, B. Comparison between Zagreb indices and Zagreb
coindices of trees, MATCH Commun. Math. Comput. Chem. 68, 189-198, 2012.

[10] Das, K. C., Gutman, I. and Zhou, B. New upper bounds on Zagreb indices, J. Math. Chem.
46, 514-521, 2009.

[11] Gutman, I. and Das, K. C. The first Zagreb indices 30 years after, MATCH Commun. Math.
Comput. Chem. 50, 83-92, 2004.

3

[4



230

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
132
133
[34]

(35]

B. Horoldagva, K. Ch. Das

Gutman, I., Ruscié¢, B., Trinajsti¢, N. and Wilcox, C. F. Graph theory and molecular orbitals.
XII. Acyclic polyenes, J. Chem. Phys. 62, 3399-3405, 1975.

Gutman, I. and Trinajstic, N. Graph theory and molecular orbitals. Total m-electron energy
of alternant hydrocarbons, Chem. Phys. Lett. 17, 535-538, 1972.

Hansen, P. and Vukicevi¢, D. Comparing the Zagreb indices, Croat. Chem. Acta 80, 165—
168, 2007.

Horoldagva, B. and Das, K.C. Comparing variable Zagreb indices for unicyclic graphs,
MATCH Commun. Math. Comput. Chem. 62, 725-730, 2009.

Horoldagva, B. and Lee, S.-G. Comparing Zagreb indices for connected graphs, Discrete
Appl. Math. 158, 1073-1078, 2010.

Khalifeh, M. H., Azari, H. Y-. and Ashrafi, A. R. The first and second Zagreb indices of some
graph operations, Discrete Applied Math. 157, 804-811, 2009.

Miliéevié, A., Nikoli¢, S. and Trinajsti¢, N. On reformulated Zagreb indices, Molecular
Diversity 8, 393-399, 2004.

Nikolié, S., Kovacevié¢, G., Mili¢evié, A. and Trinajsti¢, N. The Zagreb indices 30 years after,
Croat. Chem. Acta 76, 113-124, 2003.

Nikoli¢, S., Milié¢evié, A., Trinajsti¢, N. and Jurié¢, A. On the use of the variable Zagreb vMa
index in QSPR: Boiling points of benzenoid hydrocarbons, Molecules 9, 1208—-1221, 2004.
Nikoli¢, S., Toli¢, I. M., Trinajsti¢, N. and Baucié, I. On the Zagreb indices as complexity
indices, Croat. Chem. Acta 73, 909-921, 2000.

Sun, L. and Chen, T. Comparing the Zagreb indices for graphs with small difference between
the mazimum and minimum degrees, Discrete Appl. Math. 157, 1650-1654, 2009.

Sun, L. and Wei, S. Comparing the Zagreb indices for connected bicyclic graphs, MATCH
Commun. Math. Comput. Chem. 62, 699-714, 2009.

Todeschini, R. and Consonni, V. Handbook of Molecular Descriptors (Wiley-VCH, Wein-
heim, 2000).

Vukicevié, D. Talk on the meeting of International Academy of Mathematical Chemistry,
Dubrovnik, 2007.

Vukicevié, D. Comparing variable Zagreb indices, MATCH Commun. Math. Comput. Chem
57, 633-641, 2007.

Vukicevié, D. and Graovac, A. Comparing Zagreb My and Ma indices for acyclic molecules,
MATCH Commun. Math. Comput. Chem. 57, 587-590, 2007.

Vukicevié, D. and Graovac, A. Comparing variable Zagreb M1 and Ma indices for acyclic
molecules, MATCH Commun. Math. Comput. Chem 60, 37-44, 2008.

Vukicevié, D. and Graovac, A. Comparing Zagreb My and Ma indices: Overview of the
results, personal communication.

Vukicevié, D. and Trinajsti¢, N. Modified Zagreb index Mo o Comparison with the Randic
connectivity index for benzenoid systems, Croat. Chem. Acta 76, 183-187, 2003.
Vukicevié, D. and Trinajsti¢, N. On the discriminatory power of the Zagreb indices for
molecular graphs, MATCH Commun. Math. Comput. Chem 53, 111-138, 2005.

Yan, Z., Liu, H. and Liu, H. Sharp bounds for the second Zagreb index of unicyclic graphs,
J. Math. Chem. 42, 565-574, 2007.

Zhang, L. and Wu, B. The Nordhaus-Goddum-Type inequalities for some chemical indices,
MATCH Commun. Math. Comput. Chem. 54, 189-194, 2005.

Zhou, B. Upper bounds for the Zagreb indices and the spectral radius of series-parallel
graphs, Int. J. Quantum Chem. 107, 875-878, 2007.

Zhou, B. and Gutman, 1. Further properties of Zagreb indices, MATCH Commun. Math.
Comput. Chem. 54, 233-239, 2005.



