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Abstract

In this paper, using the idea of quasi-coincidence of a fuzzy point
with a fuzzy set, the concept of (€,€ Vg)- fuzzy interior ideals in
a I'-semigroup has been introduced and some of their important re-
lated properties have been investigated. Characterizations of regular I'-
semigroups, intra-regular I'-semigroups, and semisimple I'-semigroups
in terms of (€, € Vq)-fuzzy interior ideals have also been obtained.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [36]. Since then many researchers
have explored generalizations of fuzzy sets. Many papers on fuzzy sets have appeared
showing the importance of the concept and its application to logic, set theory, group
theory, semigroup theory, real analysis, measure theory, topology etc. It was first applied
to the theory of groups by A. Rosenfeld [20]. In [34], Yuan et al. introduced the definition
of fuzzy subgroup with thresholds, which is a generalization of Rosenfeld’s fuzzy subgroup
and Bhakat and Das’s fuzzy subgroup. Murali [18] proposed a definition of fuzzy point
belonging to a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
quasi coincidence of a fuzzy point with a fuzzy set, which is mentioned in [19], played a
vital role in generating some different types of fuzzy subgroup. Bhakat and Das [2, 3]

*Department of Mathematics, Jadavpur University, Kolkata-700032, India.
E-mail: (S. K. Sardar) sksardarjumath@gmail.com (S. K. Majumder) samitmathalg@yahoo.co.in
(S. Kayal) soumitrakayal.ju@gmail.com
tDepartment of Mathematics, Yazd University, Yazd, Iran. E-mail: davvaz@yazduni.ac.ir
*Corresponding Author.



232 S. K. Sardar, B. Davvaz, S. K. Majumder, S. Kayal

gave the concept of (a, 8)-fuzzy subgroups by using the belong to relation (€) and quasi-
coincidence with relation (q) between a fuzzy point and a fuzzy subgroup, and introduced
the concept of an (€, € Vq)-fuzzy subgroup. In particular, the (€, € Vq)-fuzzy subgroup
is an important and useful generalization of Rosenfeld’s fuzzy subgroup. We see the
fuzzification of different concepts of semigroups in [15, 16, 17]. Yungiang Yin and Dehua
Xu [35] introduced the concepts of (€, € Vq)-fuzzy subsemigroup and (€, € Vq)-fuzzy
ideals in semigroups. In [14], Y. B. Jun and S. Z. Song introduced the notion of generalized
fuzzy interior ideals in semigroups. X. Huang and Y. Yin [13] introduced the notions of
(€, € Vq)-fuzzy prime ideals and (€, € Vq)-fuzzy maximal ideals in a semigroup. Sen and
Saha in [31] defined the concepts of I'-semigroups as a generalization of semigroups and
ternary semigroups.

I'-semigroups have been analyzed by many mathematicians, for instance Chattopad-
hay [4, 5, 29], Dutta and Adhikari [7, 8], Hila [11, 12], Chinram [6], Saha [21, 30] and Seth
[32]. Sardar and Majumder[22, 24, 28] characterized subsemigroups, bi-ideals, interior
ideals (along with B. Davvaz [25]), quasi ideals, ideals, prime (along with D. Mandal [23])
and semiprime ideals, ideal extensions (along with T.K. Dutta [9, 10]) of a I'-semigroup
in terms of fuzzy subsets. They also studied their different properties directly and via op-
erator semigroups of a I'-semigroup. In [26, 27], S. K. Sardar, B. Davvaz, S. K. Majumder
and S. Kayal introduced the concept of generalized fuzzy subsemigroup and generalized
fuzzy bi-ideal, generalized fuzzy ideals in a I'-semigroup. The purpose of this paper is as
stated in the abstract.

2. Preliminaries

In this section we discuss some elementary definitions which will be used in the sequel.
A function p from a non-empty set X to the unit interval [0, 1] is called a fuzzy subset
[36] of X.
Let S ={z,y,2,...} and ' = {a, 8,7, ...} be two non-empty sets. Then S is called
a I'-semigroup [31] if there exists a mapping S x I' x S — S (images to be denoted by
aab) satisfying
(1) zyy € S,
(2) (xBy)yz = zB(yvyz), for all z,y,z € S and for all 8,y € I.
2.1. Example. [25] Let I' = {5,7}. For any z,y € N and v € I, define zyy =z - vy
where - is the usual multiplication on N. Then N is a I'-semigroup.

A non-empty subset A of a [-semigroup S is called a subsemigroup [28] of S if ATA C
A.

A non-empty subset A of a I'-semigroup S is called a left (right) ideal [22] of S if
STAC A (AT'S C A). A non-empty subset A of a I'-semigroup S is called an ideal (two
sided ideal) [22] of S if it is both a left ideal and right ideal of S.

A subsemigroup A of a I-semigroup S is called an interior ideal [25] of S if STAT'S C
A.

A T-semigroup S is called regular [7], if for each a € S, there exist x € S and o, 8 € T
such that a = aaxfa.

A T-semigroup S is called intra-regular [7], if for each a € S, there exist z,y € S and
a, B,7v € I such that a = zaaBavyy.

A T-semigroup S is called right (left) zero [33] if xyy = y (resp. xyy = z) Va,y €
S, VyeTl.

A T-semigroup S is called semisimple [33] if for each a € S there exist z,y,z €
S, a, B,7,0 € T such that a = zaafyyadz.
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2.2. Definition. [18] A fuzzy subset p of a set X of the form

t(#0) ify=ux,
uy) = 7O
0 ify # x,
is said to be a fuzzy point with support x and value t, and is denoted by x:.

2.3. Definition. [28] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
subsemigroup of S if p(xyy) > min{p(z), u(y)}ve,y € S, vy €T

2.4. Definition. [25] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
interior ideal of S if

(I1) w(zyy) Zmin{u(z), u(y)} Va,y € S, v € T.
(12) pw(zaaBy) = pla) Va,z,y € S, Vo, B €T

2.5. Definition. [22] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
left ideal of S if p(xzyy) > p(y) Yo,y € S, Vy €.

2.6. Definition. [22] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
right ideal of S if p(xzyy) > p(z) Ve,y € S, Vy €T

2.7. Definition. [22] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
tdeal or fuzzy two-sided ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of
S.

2.8. Definition. [35] A fuzzy point x; is said to belong to (be quasi coincident with) a
fuzzy subset u, written as z; € u(resp. xiqu) if p(z) >t (resp. p(z) +t > 1).

x¢ € p or x:qu will be denoted by z: € Vqu,z: € p and x:qu will be denoted by
¢ € Agu. Also, z:€u, x:€ Vqu and z:€ Aqu will respectively mean z+ ¢ p, x+ ¢ Vqu
and x+ ¢ Aqpu.

2.9. Definition. [13] Let X be a non-empty set and p a fuzzy subset of X. Then for
any t € (0,1], the sets py = {z € X : p(z) > t} and Supp(p) = {z € X : p(z) > 0} are
respectively called the t-level set and supporting set of u, respectively. The t-level subset
ue of p is also denoted by U(u;t).

3. Main Results

3.1. Definition. [26] A non-empty fuzzy subset u of a I'-semigroup S is called an
(€, € Vq)-fuzzy subsemigroup of S if Vz,y € S, Vy € T, t,r € (0,1], x¢,yr € 4 =
(YY) min(t,r) € Vap.

3.2. Definition. An (€, € Vq)-fuzzy subsemigroup p of a I'-semigroup S is called an
(€, € Vq)-fuzzy interior ideal of S, if Va,z,y € S, Vo, 3 € T, ¥Vt € (0,1], ar € p =
(zaafy): € Vqu.

3.3. Theorem. Let p be a fuzzy subset of a I'-semigroup S. Then p: is an interior ideal
of S for allt € (0.5,1], provided p; is non-empty, if and only if p satisfies the following
conditions:

(1) max{u(zyy),0.5} > min{u(x), u(y)}, Vo,y € S, Vy €T,
(2) max{u(zaapy),0.5} > p(a), Va,z,y €S, Va, B €T.

Proof. Let us suppose that p is an interior ideal of S for all ¢ € (0.5, 1]. Then by defini-
tion, u: is a subsemigroup of S. Let z,y € S,y € I'. If possible, let max{u(xzyy),0.5} <
min{u(z), p(y)}. Let min{u(z), u(y)} = s. Then p(z) > s, u(y) > s, s > 0.5 and
w(zyy) < s. Thus z,y € ps but zyy ¢ us- a contradiction. Hence the condition (1) is
valid. Now if possible, let there exist a,z,y € S, a, 8 € T" such that max{u(zaafy),0.5} <
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u(a). Let p(a) = r. Then a € pr. Also r > 0.5 and p(zaafy) < r. Since a € p, and
wr is an interior ideal of S, zaafBy € pr, which implies p(zaaBy) > r, a contradiction.
Hence the condition (2) is valid.

Conversely, let us suppose that the fuzzy subset p satisfies the conditions (1) and (2)
such that ¢ is non-empty for ¢ € (0.5,1]. Let x,y € pu¢, v € I'. Then p(z) > ¢, u(y) > t.
Then by condition (1), max{u(zyy),0.5} > min{pu(z), u(y)} = max{u(zyy),0.5} > ¢
and t > 0.5 = pu(ayy) > t. Consequently, zyy € u¢. Hence u; is a subsemigroup of S.

Now let z,y € S,a,8 € T" and a € ps. Then wp(a) > ¢. Then by condition (2),
max{p(zaafy),0.5} > pla) > t and ¢ > 0.5 = p(zraafy) > t. Consequently,
raafBy € p. Hence py is an interior ideal of S. 0

The following theorem is a characterization of (€, € Vq)-fuzzy interior ideals.

3.4. Theorem. Let p be any (€, € Vq)-fuzzy subsemigroup of a I'-semigroup S.Then the
following statements are equivalent:

(1) pis an (€, € Vq)-fuzzy interior ideal of S,
(2) for any z,y € S,a € Supp(u),a, B €T, p(raafy) > min{u(a),0.5},
(3) Vr €(0,0.5], if pr is non-empty, then p, is an interior ideal of S.

Proof. (1) = (2) Suppose p is an (€, € Vg)-fuzzy interior ideal of S. Let z,y € S,a €
Supp(i) and a, 8 € I'. Then p(a) > 0. If possible, suppose p(zaaBy) < min{u(a),0.5}.
Let min{p(a),0.5} = t. Then p(a) > t,t < 0.5 and p(raafy) < t. Hence a¢ € p and
wlzaafy) +t < 1. But by (1), a; € p = p(raafy) >t or plzaafy) +t > 1. Thus we
get a contradiction. Hence (2) follows.

(2) = (3) Let us suppose that (2) holds. Let r € (0,0.5] be such that p, is non-
empty. Since p is a (€, € Vg)-fuzzy subsemigroup of S, then p, is a subsemigroup of S
[26]. Let a € pr, z,y € S and o, B8 € I'. Then u(a) > r, whence a € Supp(u). Then
by (2) we obtain p(zaafy) > min{u(a),0.5} > min{r,0.5} = r. Hence zaafBy € p,.
Consequently, u, is an interior ideal of S. Hence (3) follows.

(3) = (1) Suppose (3) holds. Let a,z,y € S, a, B € T, t € (0, 1] be such that a;: € p.
Then p(a) > t, whence a € py.

Case (i) Suppose t < 0.5. Then by (3), zaaBy € u:. Hence p(zaafy) > t =
(zaafy): € Vqu.

Case (ii) Suppose ¢ > 0.5. If possible, suppose (zaafBy):€ Vqu. Then u(zaafBy) < t
and p(zaafy)+t < 1. Since t > 0.5, p(zaaBy) < 0.5. Let s be such that p(zaafy) < s <
0.5. Then p(a) > s, whence a € us. Hence by (3), zaafy € ps whence p(zaafy) > s, a
contradiction. Consequently, (1) follows. O

3.5. Proposition. If u is an (€, € Vq)-fuzzy interior ideal of a I'-semigroup S, then
Supp(u) is an interior ideal of S.

Proof. Let p be an (€, € Vq)-fuzzy interior ideal of a I'-semigroup S. Then Supp(u) is an
fuzzy subsemigroup [26]. Let z,y € S, a € Supp(p), a, 8 € I'. Then p(a) > 0. Since p is
an (€, € Vq)-fuzzy interior ideal of S, by Theorem 3.4 p(zaafy) > min{u(a),0.5} > 0,
whence zaafy € Supp(p). Consequently, ST (Supp(u))I'S C Supp(u). Hence Supp(p) is
an interior ideal of S. U

3.6. Proposition. If i is a fuzzy interior ideal of a I'-semigroup S then  is an (€, € Vq)-
fuzzy interior ideal of S.
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Proof. Let p be a fuzzy interior ideal of S. Then p is a fuzzy subsemigroup of S. Hence
w is an (€, € Vq)-fuzzy subsemigroup of S [26]. Let a,z,y € S, a, 8 € " and r € (0, 1]
be such that a, € p = p(a) > r. Now by hypothesis, u(zaaBy) > p(a). Hence
u(xaaBy) > r. Therefore (zaafy)r € Vqu. Consequently, u is an (€, € Vq)-fuzzy
interior ideal of S. 0

The converse of the above proposition is not necessarily true, as is clear from the
following example.

3.7. Example. Let S = {z,y,z,7,t} and I' = {y}, where v is defined on S with the
following Cayley table:

e BRSNS
8 8 8 8 8|8
23 3 e 3
SIS S S !
= 0% 3o 3=
T S B

Then S is a I'-semigroup. We define a fuzzy subset p: S — [0,1] as pu(z) = 0.8, p(y) =
0.7, pu(z) =0.6, p(r) =0.5, u(t) =0.3.

Then it is easy to verify that u is an (€, € Vq)-fuzzy interior ideal of S, but it is not
a fuzzy interior ideal of S.

3.8. Theorem. Let {u; : i € I} be any family of (€, € Vq)-fuzzy interior ideals of S.
Then (;e; i is an (€, € Vq)-fuzzy interior ideal of S.

Proof. Clearly, [;c; i is an (€,€ Vq)-fuzzy subsemigroup of S [26]. Let a,z,y €
S, a, B €T be such that a € Supp((;c; pi). Then a € Supp(u:) Vi € I, so

(M) waasy) = inf(s (waasy)

> irelﬁ(min{ui(a),O.S}) (cf. Theorem 3.4)

= min{inf(n:(a)), 0.5}
= min { ( ﬂ Ni) (a),0.5}.

Hence, by Theorem 3.4, (), ps is an (€, € Vq)-fuzzy interior ideal of S. |

The following theorem shows that the image and inverse image of (€, € Vq)-fuzzy
interior ideals of a I'-semigroup are also (€, € Vq)-fuzzy interior ideals.

3.9. Theorem. Let S and S’ be T'-semigroups, p and p' respectively (€,€ Vq)-fuzzy
interior ideals of S and S’, and f be a homomorphism from S onto S’. Then

(1) f(u) is an (€, € Vq)-fuzzy interior ideal of S’,
(2) £ (W) is an (€, € Vq)-fuzzy interior ideal of S.

Proof. (1) Let p be an (€, € Vq)-fuzzy interior ideal of S. Then p is an (€, € Vq)-fuzzy
subsemigroup of S. Then f(u) is an (€, € Vq) fuzzy subsemigroup of S’ [26].
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Let 2',y € ', @’ € Supp(f(1)), o, B € I'. Since f is onto, there exist a,z,y € S such
that f(a) =d’, f(z) =2, f(y) =y and p(a) > 0. Then f(zaaBy) = z'aa’By’. Then
F(p)(a'ad'By') = sup{u(z) : z € [ (¢/ad'By)}
> sup{p(zaafy) 1w € f~(2), a€ f7(d), y€ [ ()}
> sup{min{u(a),0.5} :a € f~'(a’)

=min{ sup pu(a),0.5}
a€f—1(a’)

— min{f(1)(a"),05).
Hence f(u) is an (€, € Vq)-fuzzy interior ideal of S’.
(2) Let p' be an (€, € Vq)-fuzzy interior ideal of S’. Then p' is an (€, € Vq)-fuzzy
subsemigroup of S’. Then f~'(x') is an (€, € Vq)-fuzzy subsemigroup of S [26].
Let z,y € S, a € Supp(f (1)), a,8 € T. Then f~'(1/)(a) > 0 = p/(f(a)) >
0 = f(a) € Supp(p’). Then we have
W) (waaBy) = i/ (f(zaaBy))
= 1/ (f(x)af(a)Bf(y))
> min{u(f(a)), 0.5}
— min{f~ (') a), 05},
Hence f~'(y') is an (€, € Vq)-fuzzy interior ideal of S. d

4. (o, B)-fuzzy interior ideals
In what follows, unless otherwise mentioned, «, 8 denote any one of €, € Vg or € Agq.

4.1. Definition. A non-empty fuzzy subset u of a I'-semigroup S is called an («, 8)-fuzzy
interior ideal of S, where o #€ Aq, if it satisfies
(1) Vw,y S 57 V’Y S F7 Vtvr S (07 1]7 TtOply, YrOph —> (xr}/y)min(t,r)B/L
(2) Va,z,y € S, Vn,6 €T, Vt € (0,1], arap = (xnady):LBu.
In the following theorem it is shown that every fuzzy interior ideal of a I'-semigroup
S is an (€, €)-fuzzy interior ideal of S, and conversely.

4.2. Theorem. For any fuzzy subset p of a I'-semigroup S, the conditions (I1) and (12)
in Definition 2.3 are equivalent, respectively, to the conditions (13) and (I14) stated below:
(I3) Vz,y € S, Vy e, Vi,r € (0,1], z¢ € p,yr € 4 = (TVY)min(t,r) € K-
(I14) Ya,z,y€ S, VB,0 €T, Vt € (0,1], ar € p = (xzPady): € .

Proof. The equivalence of (I1) and (I3) is shown in [26, Theorem 5.3].

(I12) = (14) Let a,z,y € S; 8,6 € " and t € (0,1] be such that a; € u. Then
u(a) > t. So, by (I2) we have pu(zBady) > u(a) > t. Hence (xBady): € p.

(I14) = (I2) Let a,z,y € S, 5,0 € T'. Since ay,) € p, so by (I4), we obtain
(zBady)u(a) € 1 and consequently, p(zBady) > p(a). d

4.3. Definition. For any fuzzy subset u of a I'-semigroup S and ¢ € (0,1], we have
Q(ut) == {z € S : zyqu} and [p]: == {& € S : ¢ € Vgu}. It is clear that [u], =
U(p;t) UQ (s t).

4.4. Theorem. Let A be a non-empty subset of a I'-semigroup S. Then A is an interior
tdeal of S if and only if pa is an (€,€ Vq)-fuzzy interior ideal S, where pa is the
characteristic function of A.
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Proof. Let A be an interior ideal of S. Then the characteristic function pa of A is a
fuzzy interior ideal of S (cf. [25, Corollary 3.4]). Hence by Proposition 3.6, ua is an
(€, € Vq)-fuzzy interior ideal of S.

Conversely, let pa be an (€, € Vq)-fuzzy interior ideal of S. Then p4 is an (€, € Vq)-
fuzzy subsemigroup of S. Then A is an subsemigroup of S [26]. Let z,y € S,a €
A,B,6 € T. Then pa(a) = 1. Hence by the hypothesis and Theorem 3.4, pa(zBady) >
min{pa(a),0.5} = 0.5 = pa(zfady) = 1. Consequently, zfady € A. Hence A is an
interior ideal of S. U

4.5. Theorem. Let S be a I'-semigroup and p be a non-empty fuzzy subset of S. Then
u is an (€, € Vq)-fuzzy interior ideal of S if and only if [u]+ is an interior ideal of S.

Proof. Let p be an (€, € Vq)-fuzzy interior ideal of S. Then p is an (€, € Vq)-fuzzy
subsemigroup of S. Hence by [26, Theorem 5.21], [u]; is a subsemigroup of S. Let
z,y € S,a € [u)t,a,8 € T and ¢t € (0,1]. Then a+ € Vqu, which implies, u(a) > ¢ or
pula) +¢> 1.

Case-(i) Let p(a) >t = a; € p. Then p being an (€, € Vq)-fuzzy interior ideal of
S we obtain (zaafBy): € Vgu, whence zaafy € [p)¢.

Case-(ii) Let p(a) +t > 1. Then pu(zaaBy) > min{u(a),0.5} > min{l — ¢,0.5}.
Ift > 05, plzaaBy) > 1 -t = p(zaaBy) +t > 1 and consequently, (zaaBy)iqu.
If t < 0.5, then p(zaaBy) > t and so (zaafy): € u. Hence (zaaBy): € Vqu, whence
zaafy € [u]t. Consequently [u]; is an interior ideal of S.

Conversely, let [u]: be an interior ideal of S. Then [u]: is a subsemigroup of S. Then u
is an (€, € Vq)-fuzzy subsemigroup of S [26]. Let z,y € S,a € Supp(u), a, 8 € I be such
that p(zaafy) < t < min{u(a),0.5} for some ¢t € (0,0.5]. Then a € U(p;t) C [p]¢, which
implies that zaafy € [u]: (since [u]¢ is an interior ideal of S). Consequently, p(zaafBy) >
t or u(zaafy)+t > 1, a contradiction. Thus pu(zaaBy) > min{u(a),0.5}, Vz,y € S, a €

Supp(i), ¥V «,B € I'. Hence p is an (€, € Vq)-fuzzy interior ideal of S. d

4.6. Theorem. Let u be a non-zero («, B)-fuzzy interior ideal of a I'-semigroup S. Then
the set po := {x € S: pu(x) > 0} is an interior ideal of S.

Proof. Since p is non-zero («, 3)-fuzzy interior ideal, po is non-empty. Then po is a
subsemigroup of S, as p is («, 8)-fuzzy subsemigroup of S [26]. Let z,y € S,v,0 € T.
Let a € po. Then p(a) > 0. Let us assume that p(zyady) = 0. If a € {€,€ Vg¢}
then a,(q)op but (xvaéy)u(a)ﬁp for every B € {€,q, € Vq, € Aq}, a contradiction. Thus
u(zyady) > 0. Consequently, zyady € po. Hence po is an interior ideal of S. |

4.7. Definition. [27]
(i) A non-empty fuzzy subset p of a I'-semigroup S is said to be an (€, € Vq)-fuzzy

left ideal of S, ifVz,y€ S, VyeT, re(0,1],yr € p = (xvy)- € Vqu.

(ii) A non-empty fuzzy subset p of a I-semigroup S is said to be an (€, € Vq)- fuzzy
right ideal of S, if Vx,y € S, Vy €T, r € (0,1],z, € p = (YY), € Vqpu.

(iii) A non-empty fuzzy subset p of a I'-semigroup S is said to be an (€, € Vq)-fuzzy
ideal of S, if it is an (€, € Vq)-fuzzy left ideal and an (€, € Vq)-fuzzy right ideal
of S.

4.8. Definition. [26] Let S be a I'-semigroup and p be a non-empty fuzzy subset of S.
Then u is called an (€, € Vq)-fuzzy left ideal (fuzzy right ideal) of S f Vz,y € S, Vv €
L, p(zyy) = min{u(y), 0.5} (resp. p(zyy) = min{u(x),0.5}).

4.9. Definition. [27] Let S be a I'-semigroup. A non-empty fuzzy subset u of S is called
an (€, € Vq)-fuzzy ideal of S if Vz,y € S, Vy € T, p(zyy) > min[maz{u(z), u(y)},0.5].
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4.10. Theorem. In a regular I'-semigroup every (€, € Vq)-fuzzy ideal is an (€,€ Vq)-
fuzzy interior ideal and conversely.

Proof. Let u be an (€, € Vq)-fuzzy ideal of S. Let z,y € S, a € Supp(u), o, 8 € I
Then

p(zaafy) = p(ra(aby))
> min{u(aBy), 0.5} (since p is an (€, € Vq)-fuzzy left ideal of S,

by 5.8)
> min[min{u(a),0.5},0.5](since u is an (€, € Vq)-fuzzy right
ideal of S, by 5.8)
= min{u(a),0.5}.
Hence by Theorem 3.4, i is an (€, € Vq)-fuzzy interior ideal of S.

Conversely, let us suppose that p is an (€, € Vq)-fuzzy interior ideal of S. Let z,y €
S,y e TI'. If u(x)=0, then p(zyy) > min{pu(x),0.5}. If p(x) > 0 then = € Supp(p). Since
S is regular, there exist a € S, a, 8 € I" such that © = zaafz. Then zvyy = (zaafz)yy =
(zaa)Bzyy. Thus by hypothesis, pu(zvy) = p((zaa)Bzyy) > min{u(x),0.5} (cf.Theorem
3.4). Hence p is an (€, € Vq)-fuzzy right ideal of S. Similarly we can prove that p is an
(€, € Vq)-fuzzy left ideal of S. Hence p is an (€, € Vq)-fuzzy ideal of S. d

4.11. Theorem. In an intra-reqular I'-semigroup every (€, € Vq)-fuzzy ideal is an (€, €
Vq)-fuzzy interior ideal and conversely.

Proof. The first part of the theorem is similar to Theorem 5.10. Conversely, let us
suppose that p is an (€,€ Vq)-fuzzy interior ideal of S. Let z,y € S, v € I". If
w(z) = 0, then p(zvyy) > min{u(x),0.5}. If p(z) > 0, then x € Supp(p). Since S is
intra-regular, there exist a,b € S, «,,6 € I' such that z = aazfxdb. Then zyy =
(aaxBzdb)yy = (aaz)Bxd(byy). Then because of the hypothesis we apply Theorem 3.4
and obtain p(zyy) = p((acx)Bxd(byy)) > min{p(z),0.5}. Hence p is an (€, € Vg)-fuzzy
right ideal of S.

Similarly we can prove that p is an (€, € Vq)-fuzzy left ideal of S. Hence p is an
(€, € Vq)-fuzzy ideal of S. O

4.12. Theorem. In a semisimliple ['-semigroup every (€, € Vq)-fuzzy ideal is an (€, €
Vq)-fuzzy interior ideal and conversely.

Proof. First part of the theorem is similar with Theorem 5.10. To prove the converse
let us suppose that p is an (€, € Vq)-fuzzy interior ideal of S. Let z,y € S,y € I". If
w(z) = 0, then p(zyy) > min{pu(z),0.5}. If u(xz) > 0, then = € Supp(p). Since S is
semisimple, there exist a,b,c € S, «a,,d,n € I' such that z = aazpbdznc. Then xyy =
(aazBbéznc)yy = acxB(bdxncyy). Thus, by hypothesis, p(zyy) = plaazB(bdzncyy)) >
min{u(z),0.5}. Hence p is an (€, € Vq)-fuzzy right ideal of S.

Similarly we can prove that p is an (€, € Vq)-fuzzy left ideal of S. Hence p is an
(€, € Vq)-fuzzy ideal of S. d

4.13. Definition. [26] Let S be a I'-semigroup and = € S. Then we define a subset of
S, denoted by I, defined by I, := {y € S : pu(y) > min{pu(z),0.5}}.

4.14. Theorem. Let S be a I'-semigroup and p an (€, € Vq)-fuzzy interior ideal of S.
Then for every x € S, I is an interior ideal of S.
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Proof. By definition, « € I, for every © € S, so I, is non-empty. Let a,b € I,
v € I Then p(a) > min{u(x),0.5} and w(b) > min{u(z),0.5}. Now p is an (€, €
Vq)-fuzzy subsemigroup of S. Since p is an (€, € Vq)-fuzzy subsemigroup, u(ayb) >
min{p(a), p#(b),0.5} > min{pu(z),0.5}. Hence ayb € I.. Hence I, is a subsemigroup of

S.

Let ¢ € I;,a,8 € T and y,z € S. Then p(c) > min{u(z),0.5}. Since p is an
(€, € Vq)-fuzzy interior ideal of S, then by Theorem 3.4, p(yacBz) > min{u(c),0.5} >
min{min{p(z),0.5},0.5} = min{p(z),0.5}. Hence yacBz € I,. Consequently, ST[,I'S C
I.. Hence I, is an interior ideal of S. O

4.15. Definition. [26] Let S be a I'-semigroup. For any two fuzzy subsets u1 and p2 of
S we define the 0.5-product of p1 and p2 by

sup  min{yu (y), p2(2),0.5} if Aa # 0,
(Hl 00.5 ﬂg)(a) = (y,2)€EAq
0 if Ag =0
To conclude the paper we obtain the following characterization of (€, € Vq)-fuzzy
interior ideals of a I'-semigroup S.

4.16. Theorem. Let u be an (€, € Vq)-fuzzy subsemigroup of a T' semigroup S. Then
wis an (€, € Vq)-fuzzy interior ideal of S if and only if x c0.5 pto0.5 X C w1, where X s
the characteristic function on S.

Proof. Let p be an (€, € Vq)-fuzzy subsemigroup of a I semigroup S.

Let pu be a (€, € Vq)-fuzzy interior ideal of S. Let a € S. Now if (x©00.5 1005 X)(a) = 0,
then p(a) > 0. If (x 0.5 1005 x)(a) # 0, then there exists z,y,z,w € S, o, 8 € T such
that a« = zay, y = wBz. Then

(x©0:5 005 x)(a) = sup min{x(z), (1005 x)(y),0.5}

a=zay
= sup min{l, sup min{p(w), x(z),0.5},0.5}
a=zay y=wplz

= sup min{ sup min{p(w),1,0.5},0.5}
a=zay y=wfz
= sup min{ sup min{u(w),0.5},0.5}

a=xay y=wpPz

IA

sup min{p(w), 0.5}

a=zawfz

N

sup u(zawpz) (as pis an (€, € Vq)-fuzzy interior

a=zawfz

ideal of S)

m(a).
Hence x 00.5 pt 00.5 X C p.

Conversely let x og.5 005 x € p. Let z,y € S, a € Supp(u), o, 8 € I'. Then

w(xzaaBy) > (x00.5 1oo.s5 X)(zaafy) > min{x(z), u(a), x(y),0.5} = min{1, u(a),1,0.5} =
min{u(a),0.5}. Hence u is an (€, € Vq)-fuzzy interior ideal of S. O
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