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Abstract

In this paper, the generating matrix function and recurrence relations
for Chebyshev matrix polynomials of the second kind are obtained.
Several families of bilinear and bilateral generating matrix functions
for Chebyshev matrix polynomials of the second kind are derived.
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1. Introduction

There has been significant development in the study of orthogonal matrix polynomials.
For example, some results in the theory of classical orthogonal polynomials have been
extended to orthogonal matrix polynomials, see [3, 4, 7, 8, 9, 10, 11, 13, 15]. Jacobi
matrix polynomials, Chebyshev matrix polynomials of the first and second kind have
been introduced and studied in [2, 5, 12] for matrices in C¥*¥. Our main aim in this
paper is to prove new properties for Chebyshev matrix polynomials of the second kind.
The outline of this paper is as follows. In section 2, we demonstrate some properties of
the Chebyshev matrix polynomials of the second kind. We derive bilinear and bilateral
generating matrix functions for Chebyshev matrix polynomials of the second kind in
section 3.

Throughout this paper, for a matrix A in CN*V_ its spectrum o(A) denotes the set
of all eigenvalues of A. The two-norm of A, which will be denoted by ||A||, is defined by
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where, for a vector y € CV, lyll, = (yTy)1/2 is the Euclidean norm of y. If f(z) and
g(z) are holomorphic functions of the complex variable z, which are defined in an open
set Q of the complex plane and A is a matrix in CV*" with ¢(A) C Q, then from the
properties of the matrix functional calculus in [6], it follows that:

f(A)g(A) = g(A)f(A).
Hence, if B € CV*" is a matrix for which ¢(B) C Q and AB = BA, then

f(A)g(B) = g(B)f(A).
We say that a matrix A in CV*% is a positive stable matrix if Re(\) > 0 for all A € o(A),
where o(A) is the set of all eigenvalues of A. Throughout this paper, the zero matrix of
CN*N will be denoted by 0. Furthermore, the identity matrix of C¥*¥ will be denoted
by I. The hypergeometric matrix function F'(A, B;C; z) has been given in the form [10]
as follows:

o (A)n (B)n

F(AB;Ciz) =Y (A (B)n
n=0

for matrices A, B and C in CM*Y such that C' + nI is invertible for all integers n > 0

and for |z| < 1. From [10], one recalls the Pochhammer symbol in its matrix version as

follows

[(C)a] ™" 2"

n!

(An=AA+I)A+2])---(A+(n—-1)1), n>1; (A)o=1.
1.1. Lemma. [14] If ||-|| denotes any matriz norm for which ||I|| = 1, and if |M|| < 1
(M € CN*NY, then (I + M)™' exists:
(IT+M)y ' =T-M+M>—---. 0
If D is the complex plane cut along the negative real axis and log(z) denotes the
principle logarithm of z, then z'/? represents exp((1/2) log(z)). If A is a matrix in CNV*V

with o(A) C D, then A'/? = \/A denotes the image by z'/? of the matrix functional

calculus acting on the matrix A.

CN*N where

Let A be a matrix in
A + nl is invertible for every integer n > 0

and let A\ be a complex number whose real part is positive. Then the Laguerre matrix
polynomials L) (z) are defined by [8] as follows:

1) LY@ =) ﬁm +1)n [(A+ 1] (A2)*, n>0.
k=0

Let A be a matrix in CV*Y where

Re(w) > 0 for all eigenvalue p € o(A).
Then the Hermite matrix polynomials H,(z, A) are defined by [7] as:

(3] K
(1.2)  Hp(z,A) =n! Z k:!((n_ii)%)!(x 242 > 0.
k=0

The Jacobi matrix polynomials P,SA’B)(:C) have been given in [5] for parameter matrices

A and B whose eigenvalues, z, all satisfy the condition Re(z) > —1. For any natural
(A,B)

number n > 0, the Jacobi matrix polynomials Pn (z) are defined by
(43 _ (1" [
1y PT@= F(A+B+n17 nliB+ I — )

x I ' (B+IT(B+ (n+1)I).
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In [2], the Chebyshev matrix polynomials of the second kind are defined by

/2l ko )2k
(L) Un(w,A) =) — %!(r]j)i(;g?) ’

k=0
(CNXN

where A be a positive stable matrix in

2. Some results for Chebyshev matrix polynomials of the second
kind

In this section, we derive the generating matrix function and recurrence relations for

Chebyshev matrix polynomials of the second kind. We have the following main theorem.

2.1. Theorem. Let A be a matriz in CN*N where Re(\) > 0 for all eigenvalue A € o(A)
and H\/ZH < % Then the generating matrix function for Chebyshev matriz polynomials
of the second kind is

(21) > Un(z, A" = (I = V2Azt + )7, [t| < 1, [a| < L.
n=0

Proof. By making use of (1.4) in the left-hand side of (2.1) and replacing n by n + 2k,
we have

ad oo [In/2] i -
S Un(e, )" =3 S (=1)* (n — k)! (v2Ax) .

oy =\ k!l (n — 2k)!
0 °° — k n n e (n 2k n.n
—Z<Z( D't Dt ) (ot b, >( Ayt
n=0 \k=0
By using

(14 £2)-n :i (—1)’“(n+1)(z!+2)"'(”+k)t2’“; It < 1,

we can write

> Un(z, A" = (1 +17) 7" (V24z)"t",
n=0 n=0

and then by Lemma 1.1, for H\/ZH < %7 one can obtain the generating matrix function
for Chebyshev matrix polynomials of the second kind. O

2.2. Theorem. Let A be a matriz in CV*YN where Re(X\) > 0 for all eigenvalue X € o(A)
and H\/ZH < % Then recurrence relation for Chebyshev matriz polynomials of the
second kind is

/ ’

V2AU, 1 (2, A) = Uy (, A) + Up_y(x, A) = V2A 2 U,_y (2, A); n > 2, |a] < 1.

Proof. By differentiating (2.1) with respect to =, making the necessary arrangements and
identification of coefficients of ", the theorem can be proved. O

2.3. Theorem. Let A be a matriz in CN*N where Re(\) > 0 for all eigenvalue A € o(A)
and H\/ZH < % Then the recurrence relation for Chebyshev matrix polynomials of the
second kind is

Unyi1(z,A) = —Un—1(z,A) + V2A © Un(z,A); n>1, |z| < 1.
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Proof. By differentiating (2.1) with respect to ¢, making the necessary arrangements and
identification of coefficients of ", the theorem can be proved. O

2.4. Corollary. Let A be a matriz in CN*N where Re(\) > 0 for all eigenvalue A € o(A)

and H\/ZH < % Then the Chebyshev matriz polynomials of the second kind satisfy
Un(—IE,A) = (—l)nUn(IE,A), |:Z?| <L

Proof. Taking (—z) instead of z and (—t) instead of ¢ in (2.1), the proof is completed. O

2.5. Corollary. Let A be a matriz in CN*N where Re(\) > 0 for all eigenvalue A € o(A)
and H\/ZH < L. Then Chebyshev matriz polynomials of the second kind satisfy

V2
Ul(va) _UO(va) ”_ Un(:Z?,A) - ”*1(x7A) .
Uo(z, A) 0 “NUni (@A) —Uya(z, a)|F P20 I2I<T,

where U_1(z, A) = 0.
Proof. By using induction and Theorem 2.3, one can obtain the desired result. (]

2.6. Theorem. Let A be a matriz in CN*N where Re(\) > 0 for all eigenvalue A € o(A)

and H\/ZH < % Then Chebyshev matriz polynomials of the second kind satisfy

(Un(z,A),Un-1(z, A)) = (U1(z, A), Uo(m7A))(I70)"71; n>2,

where
(U”(x7 A)7 Unfl(ﬂ% A))(I7 0) = (—Unfl(% A) +v 2A‘TU”E($7 A)7 Un(ili, A)):
n>1, |z| <1
Proof. By using induction and Theorem 2.3, the theorem can be proved. (]

3. Multilinear and multilateral generating matrix functions for
Chebyshev matrix polynomials of the second kind
In this section, we derive several families of bilinear and bilateral generating matrix
functions for Chebyshev matrix polynomials of the second kind generated by (2.1).
We first state our result as follows.

3.1. Theorem. Corresponding to a non-vanishing function Qu(y1,...,ys) consisting of
s complex variables yi,...,ys (s € N) and of complez order p, let

(31)  Au(yi,...,ys;2) = Zak Qv (W1, ys) 2°
k=0

and for (ax # 0, p,v € C),
[n/p]

(82 Oupun(@iyn,osysi0) = > ar Unpu(w, A) Qi (g, ) ¢,
k=0

where A is a positive stable matriz in CN*N with H\/ZH < %, n,p € N and (as usual)
[A] represents the greatest integer in A € R. Then we have

(33) D Onpuw (w;yu---,ys; t%) " = (I = V2Axt + 1) Ny (1, ., ysim),
n=0

provided that each member of (3.3) exists for |t| < 1, |z| < 1.
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Proof. For convenience, let S denote the first member of the assertion (3.3) of Theo-
rem 3.1. Then, plugging the polynomials

Onpuw (:v;yu s Yss tﬂp)
which come from (3.2) into the left-hand side of (3.3), we obtain

oo [n/p]

(3.4) S = Z Z ar Upn—pk (2, A) Qpgor (Y1, -, ys) 1 ke yn—pk

n=0 k=0

Upon changing the order of summation in (3.4), if we replace n by n + pk, we can write

S = ZZak Un(z,A) Q,Hl,k(yl,...,ys)nk t"

n=0 k=0
<Z Un CC A ) <Z ag Qu+uk(y17 "7y3) nk>
n=0 k=0

= (I —V2Axt + 152[)71AH,,,(yl7 cey Ysi M),
which completes the proof of Theorem 3.1. O

By expressing the multivariable function Q4% (y1,-..,ys ), (k € No, s € N) in terms
of a simpler function of one or more variables, we can give further applications of Theo-
rem 3.1. For example, consider the case of

s=1and Quivi(y) = Lfﬁ;\é (v)

in Theorem 3.1. Here the Laguerre matrix polynomials LY (y) are defined by (1.1) as

)\k _
LN () Z A (B+1), [(B+1),] " y*

in which B is a matrix in (CNXN7 B + nl is invertible for every integer n > 0 and A is
a complex number with Re (A) > 0. Notice that the Laguerre matrix polynomials are
generated as follows:

35) S LPVu)tt=1-1)" P exp <ﬂ) :

1—-1
n=0

[t] <1, —oo < y < co. Then we obtain the following result which provides a class of
bilateral generating matrix functions for the Chebyshev matrix polynomials of the second
kind and the Laguerre matrix polynomials.

3.2. Corollary. Let Ay, (y;2) == Z ak L(}i;\,i( ) 2¥, where (a, # 0, p,v € No) and

(n/p]
On po (2395 C) = Z ak Un—pk(z, A) LL{BFVA/%( )C )
k=0

where n,p € N and A and B are matrices in CV*¥ satisfying the condition Re(\) > 0
for all eigenvalues X € o(A), and B + nl is invertible for every integer n > 0. Then we
have

69 3 O (w9522 ) " = (T = V240t 4+ 1) A (i)

provided that each member of (3.6) exists for H\/_H i and [t| < 1, |z| < 1. O
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3.3. Remark. Using the generating matrix function (3.5) for the Laguerre matrix poly-
nomials and taking ar, =1, p = 0, v = 1, we have

oo [n/p]

SN Unopielz, A LEY (y) o 777

n=0 k=0
= (I —V2Azt+ 1) (1 =) P exp <I/\—y:77> 7
where || < 1, —oo < y < 0.

Set s =1 and Quivk(y) = befu?( ) in Theorem 3.1, where the Jacobi matrix poly-

nomials P (y) are defined by (1.3) as:

P,(IB'C)(y):—(_nl') F<B+C+(n+1) —nl;C +1I; Hy)

“HCH+ DT(C + (n+ 1)),

where B and C' are matrices in whose eigenvalues, z, all satisfy the condition
Re(z) > —1. Here the Jacobi matrix polynomials are generated by

(CNXN

S (B+C+)n PPy [(C+ D)l 1"
n=0

(3.7) B+C+1 B+C+2I 2r(y + 1)
= (1 —(B+C+I) . I:
(1+7) 5 5 ;C+ I TETE
Irl <1, |yl <1,
which was given in [1]. Then we obtain the following result which provides a class of

bilateral generating matrix functions for Chebyshev matrix polynomials of the second
kind and the Jacobi matrix polynomials.

3.4. Corollary. Let Ay (y;2) = >, ax(B+C+ 1) Pﬁfuck)( ) [(C 4+ 1] ™" 2* where
(ar #0 p,v € No) and

[n/p]
O (@355C) = D ar Un—pi(w, A) (B+C + D P () [(C+ i) ¢F,
k=0

where n,p € N and A, B and C are matrices in CV*V satisfying the condition Re(M\) >0
for all eigenvalues A € o(A), Re(y) > —1 for all eigenvalues v € o(B) and Re(§) > —1
for all eigenvalues & € o(C). Then we have

(3.8) Zew, (wys 22 ) " = (1 = V2wt + 1) M yim)

provided that each member of (3.8) exists for H\/ZH < % and [t] < 1, |z| < 1. O

3.5. Remark. Using the generating matrix function (3.7) for the Jacobi matrix poly-
nomials and taking ar, =1, p = 0, v = 1, we have

oo [n/p]

DD Unpklw, A) (B+C+ D B () [(C+ Di] 7t "7

n=0 k=0
= (I —V2Azt +°1)""

) B+C+1 B+C+2I 2y + 1)
1 (B+C+1)F . I
x (1+mn) 3 , 3 i C+ 1 L
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where 9] <1, |y| < 1.

In Theorem 3.1 choose

s=1and Quivk(y) = Uutvr(y, B),
where B is a positive stable matrix in CV*¥ and u,v € Ng. Then we obtain the following
class of bilinear generating matrix function for the Chebyshev matrix polynomials of the

second kind.
3.6. Corollary. Let Ay, (y;2) := > ar Untur(y, B) 2%, where (ar, # 0, p,v € No) and
k=0

[n/p]
Onp (3 4Q) i= Y ar Ui (@, AUyt (y, B) ¥,

k=0

where n,p € N and B is a positive stable matriz in CN*Y . Then we have

(39) Y Onpur (wwi g5 ) 1" = (I = V2AzL+ 1) A (i)
n=0

provided that each member of (3.9) exists for H\/ZH < % and [t] < 1, |z| < 1. O
3.7. Remark. Using Corollary 3.4 and taking ar =1, u = 0, v = 1, we have

co [n/p]

DD Unpi(, A) Ur(y, B)n*t" "

n=0 k=0

=(I- V2A:ct+t21)71(1— \/2By77—&—772l)717
where |n| < 1, [y| < 1 and ||v/B|| < %

Furthermore, for every suitable choice of the coefficients ar (k € Np), if the multi-
variable function Quyk(y1,-..,ys), (s € N), is expressed as an appropriate product of
several simpler functions, the assertions of Theorem 3.1 can be applied in order to de-
rive various families of multilinear and multilateral generating matrix functions for the
Chebyshev matrix polynomials of the second kind.

We set
s =2 and QM+Vk(y7Z) = HHJrVk(ywsz)

in Theorem 3.1. Here the two-variable Hermite matrix polynomials Hy(y, z, B) are de-
fined by means of the generating matrix function in [2] as follows:

3.10) exp (ytV2B — #t°I) = iHn Y, 2z, B)t"; |t] < oo,
[
n!
n=0

where B is a positive stable matrix in CV*¥ . Then we obtain the following result which
provides a class of multilateral generating matrix functions for the two-variable Hermite
matrix polynomials and the Chebyshev matrix polynomials of the second kind defined
by (1.4).

3.8. Corollary. Let A, y(y,2;7) := > ar Hutror(y, 2z, B)r", where (ar # 0, p,v € No)
k=0
and
[n/p]

@n,p,u,w(x§ Y, z; <—) = Z ag U7L*Pk(x7 A) HM+Vk(y7 Z, B)Ckv
k=0
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where n,p € N and A and B are positive stable matrices in CN*Y . Then we have

(3.11) Z Onp, i) (ac; Y, 2; tﬂp) t" = (I — V2Axt + 1521)71!\W¢,(y7 z;1m)
n=0

provided that each member of (3.11) exists for H\/ZH < % and [t] < 1, |z| < 1. O

3.9. Remark. Using the generating matrix function (3.10) for the two-variable Hermite
matrix polynomials and taking axr = %7 u=0,v =1, we have

co [n/p]
Hi(y, 2z, B e
E § Unfpk(va) 71&(3/ z ) nkt Pk

k!
n=0 k=0

= (I —V2Azt + t21)71 exp (yn\/ 2B — zn21) ,

where || < co.
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