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Abstract

The aim of this paper is to introduce a new system of generalized H-
resolvent equations in uniformly smooth Banach spaces and to men-
tion the corresponding system of variational inclusions. An equivalence
relation is established between the system of generalized H-resolvent
equations and the system of variational inclusions. We also prove the
existence of solutions for the system of generalized H-resolvent equa-
tions and the convergence of the iterative sequences generated by the
algorithm. Our results are new and generalize many known results
appearing in the literature.
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1. Introduction

Using the concept of resolvent operator technique, Noor and Noor [17] introduced and
studied resolvent equations and established the equivalence between the mixed variational
inequalities and the resolvent equations. The resolvent equations technique is being
used to develop powerful and efficient numerical techniques for solving mixed (quasi)
variational inequalities and related optimization problems.

In 2001, Verma [22] introduced and studied a system of variational inequalities and
developed some iterative algorithms for approximating the solutions of this system of
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variational inequalities. Pang [18], Cohen and Chaplais [11], Bianchi [6], Ansari and Yao
[5] considered a system of scalar variational inequalities and Pang showed that the traffic
equilibrium problem, the Nash equilibrium, and the general equilibrium programming
problem can be modeled as a system of variational inequalities. As generalizations of
a system of variational inequalities, Agarwal et al. [1] introduced a system of general-
ized nonlinear mixed quasi-variational inclusions and investigated the sensitivity analysis
of solutions for the system of generalized mixed quasi-variational inclusions in Hilbert
spaces. Fang and Huang [12] introduced a new class of H-accretive operators in the set-
ting of Banach spaces and extended the concept of resolvent operators associated with
the classical m-accretive operators to H-accretive operators. By using this new resolvent
operator technique, they studied the approximate solutions of a class of variational inclu-
sions with H-accretive operators in the setting of Banach spaces. Lan, Cho and Verma
[14] solved cocoercive variational inequalities in Banach spaces and Verma [21] intro-
duced a general proximal point algorithm involving an n-maximal accretive framework
in Banach spaces.

Very recently J-W. Peng [19] introduced a system of generalized mixed quasi-varia-
tional-like inclusions with (H,n)-accretive operators i.e., a family of generalized mixed
quasi-variational-like inclusions with (H,n)-accretive operators defined on a product of
sets in Banach spaces. Ceng and Yao [10] and Ceng, Wang and Yao [8] studied system of
variational inequalities by using the projection method and relaxed extragradient method,
respectively. Ahmad and Yao [3] studied and introduced a system of generalized resolvent
equations and Ceng and Yao [9] studied mixed equilibrium problems. Ceng, Ansari and
Yao [7] applied relaxed viscosity iterative methods for solving variational inequalities
in Banach spaces and Hassouni and Moudafi [13] studied a perturbed algorithm for
variational inclusions.

Inspired and motivated by the recent research work going on in this field, the aim of
this paper is to introduce and study a new system of generalized H-resolvent equations
in uniformly smooth Banach spaces. We established an equivalence relation between
the system of generalized H-resolvent equations and the corresponding system of varia-
tional inclusions. Some iterative algorithms for solving system of generalized H-resolvent
equations and convergence criteria are discussed.

2. Formulation and preliminaries

Throughout the paper, unless otherwise specified, we assume that E is a real Banach
space with its norm || - ||, E* is the topological dual of E, d is the metric induced
by the norm || - ||, CB(E) (respectively, 2¥) is the family of all nonempty closed and
bounded subsets (respectively, all nonempty subsets) of E, D(-,-) is the Hausdorff metric
on CB(FE) defined by

D(A, B) = max { sup d(z, B), sup d(A, y)}7

TEA yeB
here d(z, B) = inf d d d(A,y) = inf d .
where d(z, B) = inf d(z,y) and d(4,y) = inf d(z,y)
We also assume that (-,-) is the duality pairing between E and E* and g : E — 27"
is the normalized duality mapping defined by
) ={f € E" : (. f) = lz[llIf]l, and [lz]| = ||f]]}, for all z € E.

Now, we recall some definitions, notations and results which will be used throughout the
paper.
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The uniform convexity of a Banach space E means that for any € > 0 there exists
d > 0 such that for any z,y € E, ||z|]| < 1, |ly|| £ 1, ||z — y|| = € ensure the following
inequality,
o+ yll < 2(1 = 9).

The function
. T+
st =t {1 = L2 ol = 1, =1, o = =}

is called the modulus of convexity of E.

The uniform smoothness of a Banach space E means that for any given € > 0, there
exists & > 0 such that

o+ yll + Jlz — gl
2
holds. The function
lz+yll+llz—yll

Te(t) = sup { .

is called the modulus of smoothness of FE.

— 1< €y

L llel = 1, ] :t}

We remark that the Banach space E is uniformly convex if and only if dg(e) > 0, for

all e > 0, and it is uniformly smooth if and only if lim; TEt(t) =0.

2.1. Definition. A mapping g : E — F is said to be
(i) accretive, if for any z,y € E, there exists j(x — y) € J(z — y) such that

(9(x) —9(y),i(z —y)) = 0;

(ii) strictly accretive, if for any x,y € E, there exists j(z — y) € J(x — y) such that
(9(x) —9(y),i(z —y)) = 0;
and equality holds if and only if z = y;

(iii) strongly accretive, if for any z,y € E, there exists j(z —y) € J(z — y) and a
constant d; > 0 such that
(9(2) — 9(v),3(@ — 1)) > Sallz — oIl

(iv) Lipschitz continuous if for any x,y € E, there exists a constant Ay such that

lg(@) =9Il < Aglle — yl|.
2.2. Definition. A multi-valued mapping M : E — 27 is said to be

(i) accretive, if for any x,y € E, there exists j(z — y) € J(z — y) such that for all
u € M(z) and v € M (y),

(u—v,j(x—y)) =0

(ii) strongly accretive, if for any z,y € E, there exists j(z —y) € J(z — y) and a
constant dys such that for all w € M(z) and v € M(y),
(= v,z ) > butlle I

(iii) m-accretive, if M is accretive and (I + pM)(E) = E for every (equivalently, for
some) p > 0, where I is the identity mapping (equivalently, if M is accretive
and (I + M)(E) = E).

2.3. Definition. Let H : E — E be an operator. A multivalued mapping M : E — 2F
is said to be H-accretive if M is accretive and (H + pM)(FE) = E for all p > 0.
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2.4. Remark. If H = I, then Definition 2.3 reduces to the usual definition of m-accretive
operator.

2.5. Definition. Let H : E — E be a strictly accretive operator and M : E — 27 an
H-accretive multivalued mapping. The H-resolvent operator J IA{/I , + B — E associated
with H and M is defined by

JIAJ/I,,)(SC) = (H + pM)™ ' (z), for all z € E.

2.6. Theorem. [12] Let H : E — E be a strongly accretive operator with constant r
and M : E — 2F an H-accretive multivalued mapping. Then the H-resolvent operator
JIA{/{,) : B — E associated with H and M is Lipschitz continuous with constant %, that 1is,

1
150 (x) = i (W) < Tz =yl forallz,y € E. 0

2.7. Definition. [2] The H-resolvent operator Jﬁ{p : E — E is said to be a retraction if
[Ji ,(2))* = Jif (x), for all z € E.

2.8. Definition. A multivalued mapping G : F — CB(E) is said to be D-Lipschitz
continuous if for any z,y € E, there exist a constant Ap, > 0, such that

D(G(z),G(y)) < Apgllz —yll.

2.9. Proposition. [4, 20] Let E be a uniformly smooth Banach space and J : E — 28"
a normalized duality mapping. Then, for any x,y € F,

@) [lz +y1* < ll2l* + 2y, j(z +y)), for all j(z +y) € Iz +y),

(i) (z—y,5(z) = i(y)) <2C°1e(4||z —yl|/D), where D = \/([lz[* + [ly[[?) 0

Let E7 and E2 be any two real Banach spaces, S : F1 X Fo — E1, T : E1 X E2 — Es,

p:FE1 — F1,q: E2 —» E>, H : F1 — Eq and Hs : F2 — FE»> single-valued mappings,
G : E1 — CB(Eh), F : E3 — CB(FE>) multi-valued mappings. Let M : E1 x E1 — 281 pe
Hi-accretive and N : Es X Es — 22 be Hy-accretive mappings. let f: F1 — F; and g :
E> — E5 be nonlinear mappings with f(E1)ND(M(-,z)) # 0 and g(E2)ND(N(-,y)) # 0,
respectively. Then we consider the following system of generalized H-resolvent equations:

Find (2,y) € F1 X B2, u € G(z), v € F(y), 2’ € E1, 2" € E3 such that
S(z = ple),v) +p 'Ry )7 () =0, p>0,

(2.1) B
T(u,y —a(y)) +7 'Ry (") = 0, 4 >0,
where Ry O™ =1 — Hi(J3/C7), RYUY =1 — Ha(J3 %) and J107, T3 0% are the

resolvent operators associated with M and N, respectively.

The corresponding system of generalized variational inclusions of (2.1) is the following:
Find (z,y) € E1 X E2, u € G(z), v € F(y) such that
0 € S(z —p(x),v) + M(f(2),2),

(2.2)
0€T(uy—4q()+Ng(y)y)
A problem similar to (2.2) is considered by Lan et al. [15] in Hilbert spaces.

2.10. Lemma. (z,y) € F1xE2, u € G(z), v € F(y) is a solution of system of generalized
variational inclusions (2.2) if and only if (z,y,u,v) satisfies

f@) = TP (f(2) — pS(a — p(x), )],
9(y) = T [Ha(g(y)) — AT (u,y — q()],

where p > 0 and v > 0 are constants.



Generalized H-Resolvent Equations and Variational Inclusions 37

Proof. The proof is a direct consequence of the definition of H-resolvent operator, and
hence, is omitted. O

3. Iterative algorithms and a convergence result

In this section, we first establish an equivalence relation between system of generalized
H-resolvent equations (2.1) and the system of generalized variational inclusions (2.2).
Finally, we prove the existence of a solution of (2.1) and the convergence of sequences
generated by the proposed algorithms.

3.1. Proposition. The system of generalized variational inclusions (2.2) has a solution
(z,y,u,v) with (z,y) € E1 x E2, u € G(z), v € F(y) if and only if the system of
generalized H -resolvent equations (2.1) has a solution (2',2",x,y,u,v) with (z,y) € E1 x
E>, ue G(x), v e F(y), 2’ € E1, 2" € B2 where

(3.1)  flz)=J 07 (),
(32)  gly) = Jp ("),
where 2" = Hi(f(x)) — pS(z — p(x),v) and 2" = Ha(g(y)) — T (u,y — q(y)).

Proof. Let (z,y,u,v) be a solution of the system of generalized variational inclusion (2.2).
Then by Lemma 2.10, it satisfies the following equations

f(@) = TP [Hi(f(2)) — pS(x — plz),v)],
9(y) = IV [Ha(g(y) — vT(u,y — q(y)]-
Let 2/ = Hi(f(z)) — pS(z — p(z),v) and 2" = Ha(g(y)) — ¥T(u,y — q(y)). Then we have
fl@) = J00 (),
9(y) = TP ("),
¢ = Hi(Jy 0 () = pS(z — p(),v) and 2" = Ha(Jy P (2")) = AT (u,y — q(y)). Tt
follows that
(I = Hi (T ) () = 2 = Hi(J 7 ()
= Hi(Ji;7 (2) = pS(@ — p(x),v) — Hi (T30 ("))
= —pS(z — p(),v),
and similarly
(I = Ha(J ) (2") = =41 (u,y — q(y)),
Sz —p(x),v) +p 'Ry P (2) =0,
T(u,y —aq(y) +7 'Ry (2") = 0.

Thus, (2, 2", z,y,u,v) is a solution of the system of generalized H-resolvent equations
(2.1).

Conversely, let (2/,2",z,y,u,v) be a solution of the system of generalized H-resolvent
equations (2.1), then

(3.3)  pS(z —p(x),v) = —Ry 7 (2),
(34)  7T(u,y —aly)) = —RyV ().
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Now
pS(x — p(z),v) = —Rpy ()
—(I = Hi(J ) (')
= (H1(Jy 0 () - 2
= (H1(J 5 ) [HL (f(2)) — pS(z — pl), v)]
— [Hi(f()) — pS(z — p(z),v)]
which implies that
f@) = TP H L (f(2) — pS(a — p(x), )],
and
VT (u,y — q(y)) = Ry P (")
= —(I — Ha(J ) (")

Ha,y

= (Ha(J ) (") — 2"

= (H2(J5 ) [Ha(g(y) — 4T (u,y — q(y))]
— [Ha2(9(y)) = T (u,y — q(y))]
which implies that
9(y) = TV [Ha(g(y) — T (u,y — a(y))).
Thus, we have
f@) = T CP L (f(2) — pS(a — p(x), )],
9(y) = Il [Ha(g(y) — 4T (u,y — a(y))],

so, by Lemma 2.10, (z,y,u,v) is a solution of the system of generalized variational
inclusions (2.2). O

Alternative Proof. Let

¢ = Hi(f(2)) — pS(w — p(x),v) and 2" = Ha(g(y)) — /T (u,y — q(y)).
Using (3.1) and (3.2), we can write

¢ = (H(J5 ) () =pS(x—p(),v) and 2" = (Ha (T ) (") =T (w,y—q(v)),
which implies that

S —p(@),v) +p Ry (;P(Z) =0, p>0,

T(u,y—q(y) +7 'Ry (") =0, v >0,

is the required system of generalized H-resolvent equations. (|

3.2. Algorithm. For given (To,Yo) € F1 X Ea, uo € G(xo), vo € F(yo), 2z, € Ex,
zy € B3, compute {zn}, {zn}, {zn}, {yn}, {un} and {vn} by the iterative schemes,

(35)  flxn) = J5 0 (20)
(3.6)  glyn) = Jn ) (20).
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Using Nadler’s theorem [16], we have
(37) Un € G(xn) : ||U7L+1 - Un” < D(G(xn+1)7G(xn))7
(3.8) Un € F(yn) : [ons1 = vnll < D(F(ynt1), F(yn)),
(3:9)  zny1 = [Hi(f(za)) — pS(zn — p(aa), vn)],
(3.10)  zyy1 = [Ha(9(yn)) — 7T (wn, yn — qlyn))],
n=0,1,2,....
The system of generalized resolvent equations (2.1) can also be written as

Z = Hi(f(2)) = S —p(x),v) + (I = p )Ry )7 (),

2" = Ha(g(y)) = T(u.y — a(y)) + (I =7 RE{Y ().
We use this fixed-point formulation to suggest the following iterative method.
3.3. Algorithm. For given (To,Yo) € F1 X Ea, uo € G(x0), vo € F(yo), 2z, € Ex,
zy € B3, compute {zn}, {zn}, {xn}, {yn}, {un} and {vn} by the iterative schemes,

M(-@n
Flan) = T ),
9(yn) = Ty 7 (1),
Un € G(xn) : ||U7L+1 - Un” < D(G(xn+1)7G(xn))7
Un € F(yn) : [[ons1 = vnll < D(F(ynt1), F(yn)),

Zhr = Hi(f(wn)) = S(an = p(an), vn) + (I = p” VR (210),

2 = Ha(g(yn)) = T(un,yn — alyn)) + (I =y~ HRE I (21,
n=0,1,2,....
3.4. Theorem. Let E1 and FE2 be any two real uniformly smooth Banach spaces with
module of smoothness g, (t) < Cht? and TEy(t) < Cyt? for Cy,Ca > 0, respectively.
Let G : E1 — CB(E1) and F : E2 — CB(E2) be D-Lipschitz continuous mappings
with constants Ap, and App, respectively. Let H1 : 1 — E1 and Ha : E2 — E2 be
strongly accretive and Lipschitz continuous mappings with constants r1, r2 and A\g,, A\H,,
respectively. Let M : E1 x B — 281 pe an Hi-accretive operator and let N : Fa X Fo —
282 pe an Hy-accretive operator such that the Hi-resolvent operator associated with M
and the Ha-resolvent operator associated with N are retractions. Let f,p: E1 — FE1, g,q:
E> — Es be strongly accretive mappings with constants d¢, 6p, 64 and 64, respectively, and
Lipschitz continuous with constants Ay, A\p, Ag and Aq, respectively. Let S : E1 X Ey — E1

and T : E1 X E2 — FEo be Lipschitz continuous in the first and second arguments, with
constants As,, As, and Ar,, Ar,, respectively.

If there exist constants p > 0 and v > 0, such that

0<B’1/2+1+p)\51 1 —260p + 64C1 A2 + YA, Apg <1

B/ )
(3.11) n(-3)
BY/2 4+ 14 A1, /1 — 26 + 64C2 A2 + pAs, Apg
0< — <1,
ra(1— =)
where

B, :2\/1—2r1,\§+6401A§{1,\§, B =2,/1— 287 + 64C1 )2,
BY = 2,/1 - 21203 + 64C223, 13, BY = 2,/1 - 26, + 64C2)2,
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then there erist (z,y) € F1 X E2, u € G(z), v € F(y), 2’ € E1, 2" € E» satisfying the
system of generalized H-resolvent equations (2.1) and the iterative sequences {z}, {zn },
{zn}, {yn}, {un} and {vn} generated by Algorithm 3.2 converge strongly to ', 2", x, y, u
and v, respectively.

Proof. From Algorithm 3.2, we have

241 = 2zl = [H1(f(2n)) — pS(zn — p(2n), vn)
— [H1(f(@n-1)) = pS(@n—1 = p(Tn-1), vn-1)]ll
Swn = zn—1 = (Hi(f(2a)) = Hi(f(@a-0))I| + l[2n — 2ol
+ IS (@n = p(@n), vn) = S(@n—1 = p(Ta—1), va-1)||

(3.12)

Since H; is strongly accretive with constant r; and Lipschitz continuous with constant
Am,, [ is Lipschitz continuous with constant Ay and by Proposition 2.9, we have

len = 21 — (Hi (f(2a)) = Hy (f(2a-1))|
< flan = @nal]® + 20~ (H1 (f(@n)) = Hi (f(2a-1)),
3(@n = 21 — (Hi(f(2n)) = Hi(f(2n-1))))
= llen = 2aall® + 2(~(Hr (f@n) — Hi (f(@n-1))), 5(n — @um1))
+2(~(Hr(f(@n)) = Hi(f@a-1)),
§(@n = 21 — (Hi(f(2n) = Hi (f(2n-1))) = j(@n — 0-1)))
< Jlan = @na]]® = 2r1[1f (@n) = F@n)|?

" 4d2TE(4HH1(f(9Un)) _d

<l|lzn — xn,1|\2 — 2r1)\?||xn — xn,1|\2 + 6401)\311 )\?«H:cn — xn,1||2
(3.13) < (1= 27127 + 64C A AP [0 — 2ot

Hi(f(2n— 1))|I)

Since S is Lipschitz continuous in both arguments, F' is D-Lipschitz continuous, we have

[S(zn = p(zn),vn) = S(@n—1 = p(&n-1), vn-1)||
= [[S(@n = p(xn),vn) = S(#n-1 = p(Tn-1),vn)
+ S(@n—1 = p(@n-1),vn) = S(@n—1 = p(Ta—1), vn-1)||
<IS(@n = p(n), vn) = S(@n—1 = p(Tn-1), va) |
+15(@n-1 = plen—1),0n) = S(@n—1 = p(xn-1), va-1)||
S Asi[[@n = 2n1 = (p(2n) = p(@n-1))l| + Asy llvn — vaa]]
SAsi[[@n = zn1 = (p(zn) = p(@a-1))ll + As D(F(yn), F(yn-1))
(3.14) S Asi[[@n = zn—1 = (p(zn) = p(En-1))l + As: A [lyn = yn-1]]-

By Proposition 2.9, we have (see, for example the proof of [4, Theorem 3])
(815)  ln — @not — (p(2n) — plen-)” < (1 = 26, + 64C1 A2l — s .
Using (3.15), (3.14) becomes

[S(zn —p(zn),vn) = S(@n—1 = p(xn-1), va-1)]

(3.16)
< Asy /1= 20, + 64C X2 [l — 2 ||+ Ao App Iy — Y .
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Using (3.13) and (3.16), (3.12) becomes

HZ;L+1 - Z;LH

< /1= 2010 +64C1 03, Xl =zt | + |on — 2o

+ (s, /1 — 20, + 64C1 A3l — @acal| + AsyAp e [y — il

_ (\/1 — 22 4 64CIAZ A2 + 1+ phs, (/1 — 20, + 6401A,2,) [

+ pAss AD g [Yn — Yn—1ll

= (B{/z + 14 prs,y/1—26, + 6401,\,%) 2 — Zn]

(3.17) +p)‘32)‘DFHyn — Yn—1]|,

where B} = 2\/ 1— 27122 + 64C1 A, A2

Again, from Algorithm 3.2 we have

241 = 2znll = 1H2(9(yn)) = VT (tn, yn — q(yn))
= [H2(9(yn—1)) = YT (Un-1,yn—1 — q(yn—1))]l
< yn = yn—1 — (H2(g(yn)) — H2(g(yn-1))Il + [lyn — yn-1ll
(3.18) + AT (ns yn — q(yn)) = T'(Un-1,yn-1 — q(yn-1))|l-

Since H» is strongly accretive with constant r2 and Lipschitz continuous with constant
AH,, g is Lipschitz continuous with constant Ay and by Proposition 2.9, we have

(3.19) lyn —yn—1—(Ha(g(yn)) —Ha(g(yn-1))I* < (1=2r2A5+64C2271, A9) lyn —yn—1 .

Since T is Lipschitz continuous in both arguments, G is D-Lipschitz continuous, we have

1T (ns yn — q(yn)) = T'(Un-1,yn-1 — q(yn-1))|l
< T (s yn — q(yn)) — T'(tn—1,yn — q(yn))|l
+ 1T (un—1,yn — q(yn)) = T(un—1,yn-1 — q(yn—-1))l
<An flun = un—1| + Az [yn — @(yn) — (Yn—1 — a(yn—1))|l
<A D(G(zn), G(zn-1)) + A1, [[yn — Yn—1 — (a(yn) — q¢(yn—1))]|
(3.20) <A Apg [T = Tn—1ll + Az, [y — yn—1 — (@(yn) — @(yn-1))]-

Using the same argument as for (3.15), we have
(321)  llyn = yn—1 = (a(yn) = a(yn—1))II* < (1 = 28, + 64C2A7) [y — yn—1|*.
Using (3.21), (3.20) becomes

1T (wn, yn — q(yn)) = T(un—1,Yn—1 — ¢(yn—1))ll

(3.22)
<A ADg B0 — Tn-1ll + Amy /1 — 20g + 64C2AF[lyn — yYn—1]-



42 R. Ahmad. Mursaleen

Using (3.19) and (3.22), (3.18) becomes

" "
Hzn+1 - Zn”

< 1= 20202 + 64C2 N3, M3y = Yool + iy — s

+ 7 (A Apgllzn = a1 + Az /1 = 28+ 64C22Zllyn — yu-1 )

_ (\/1 — 2192 + 64C2023 A2 + 1+ yAgyy /1 — 26, + 64C2Ag) [ ——

+ YA, Apg || Tn — Tn—1]|

- (B;’/z 1+ YAy /1 — 20, + 6402Ag) [T

(3.23) + A1 Apg [|2n — zn-1l,

where B = 2\/1 — 2roXZ + 646’2)\%2 AZ.
By (3.17) and (3.23), we have

lzns1 — znll + llzn41 — 20l

(3.24) < (31/2 + 1+ pAs, \/ 1- 251’ + 6401)‘% + A1, )‘Dc)”xn - $n71||
+ (BI/2 4+ 14921y /1 = 26, + 64C223 + pAsy Ay ) lym — g1

Also from (3.5) and (3.6), we have

fon = norll = lon = @ncr = (F@n) = Fl@a1)) + T o (z0) = TH (1)l
< e — @1 — (Flan) = F@a) + T3 (1) = T8 ()]
(3.25) < o = no1 = (F(n) = F@a-1)l + —llzh =zl

Using the same argument as for (3.15), we have
(326)  llzn — @n-1 — (f(@n) = f@n-1)|I* < (1 = 207 + 64C1AF) ||z — zna|*.
Using (3.26), (3.25) becomes

1
= @amal] < /(1 = 20 + 64CI Al = wumall + —llzh = 24|

B; 1
< SEllen = @acall+ sk = 2l

where B} = 2\/ (1— 207 +64C1A2). This implies

1
(3:27) lon = znall € ——=llz0 = 2nall;
(1= 22

2

and
[yn — yn—1ll = [yn — yn—1 — (9(yn) — 9Wn-1)) + Jity. (21) — Jity (zn—1) |
N 12 N "
< lyn = Yn—1 = (9(¥n) = 9Yn—1))Il + [[Tiy,5 (20) = Ty 5 (2n—1) |l

" 1" H

1
(3.28) < llyn = yn1 = (9(n) = 9(n-2))l + llen — 20
Using the same argument as for (3.15), we have

(329) Iy — yn—1 — (9(yn) — 9(n-1))1* < (1 — 254 + 64C227)|lyn — yn—1]*.



Generalized H-Resolvent Equations and Variational Inclusions 43

Using (3.29), (3.28) becomes

1
e = 111 < 4/ (L = 205 + 64C )l — | + 25 = 21|
"

B; 1, »
< —lyn — Yn— —|#n = Zn
e e AP |

where By = 2,/1 — 28, + 64C2A2. This implies that
1
(3:30)  |lyn — yn-1ll £ ——57 Iz — 2z l.
7”2(1 — 72)
Using (3.27) and (3.30), (3.24) becomes
241 = znll + 2041 — 20l
B1/24+ 14 pAs;y/1— 26, +64C102 + YA Apg |, ,
S B’ Hzn - anlu
r(l—3)
BY /2 + 1+ yAn /1 — 264 + 64C222 + pAsoAne |, 4
+ Bl H Zn 1”
7‘2(1 — 72)
(3‘31) (”Zn - Zn 1” + Hzn - Zn 1”)

where

{B{/Q + 1+ pAs, /1 — 26, + 64C1A2 + YA Ape
0 = max o )
7”1(1 — 72)
BY /24 1+ vA1n, /1 — 264 + 64C2A2 + pAs, Apy }
(-5
By (3.11) we know that 0 < § < 1 and so (3.31) 1mphes that {z;,} and {z } are both

Cauchy sequences. Thus, there exists 2z’ € E; and 2/ € E> such that 2z, — 2’ and
2 = 2" as n — oo.

From (3.27) and (3.30) it follows that {z,} and {yn} are also Cauchy sequences, that
is, there exists * € F1 and y € E» such that =, — « and y, = y as n — oo.

Also from (3.7) and (3.8), we have
[unt1 = unll < D(G(znt1), G(zn)) < Abgl|Tnt1 — @all,
[on+1 = vonll < D(F(Yn+1), F(yn)) < Appllyn+1 = yall,
and hence {u,} and {v,} are also Cauchy sequences, so there exist u € Fy and v € Ej
such that u, — v and v, — v respectively.
Now, we will show that v € G(z) and v € F(y). In fact, since u, € G(z,) and

d(un, G()) < max {d(un, G(2)), s A(G(an),w1) }

<max{ sup d(ws,G(x)), sup d(G(zn),w1)}
wo €G(xn) w1 €G ()

= D(G(zn), G(2)),

we have
d(u, G(z)) < |lu — un| + d(un, G(z))
< lu = unll + D(G(zn), G(z))

< |luw—unll + Apg||zn — z|| = 0 as n — oo.
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which implies that d(u,G(x)) = 0. Since G(z) € CB(E), it follows that u € G(z).
Similarly, we can show that v € F(y). By continuity of f, g, p, ¢, H1, H2, G, F, M, N,
S, T, Jﬁ{hp(-7x)7 Jg%y(yy) and Algorithm 3.1, we have

2 = Hy(f(@)) = pS(x — p(x),v) = Ky (J, ,(,0)(=") = pS(z — p(a),v) € Ex

and
2" = Ha(9(y)) =T (u,y — a(y)) = H2(Ji1, 5 (-, 9)(2") = 7T (u,y — q(y)) € Eo.
By Proposition 3.1, the required result follows. O
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