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Abstract

In the present paper, we introduce a new subclass of harmonic func-
tions in the unit disc U by using the Derivative operator. Also, we
obtain coefficient conditions, convolution conditions, convex combina-
tions, extreme points and some other properties.
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1. Introduction

A continuous function f = u+iv is a complex-valued harmonic function in a complex
domain C' if both u and v are real harmonic in C. In any simply connected domain
D C C, we can write f = h+ g, where h and g are analytic in D. We call h the analytic
part and g the co-analytic part of f. A necessary and sufficient condition for f to be
locally univalent and sense-preserving in D is that |h'(z)| > |¢'(2)| in D, see [4].

In 1984, Clunie and Sheil-Small [4] investigated the class Sy and studied some suf-
ficient bounds. Since then, there have been several papers published related to Sy and
its subclasses. In fact by introducing new subclasses Sheil-Small [13], Silverman [14],
Silverman and Silvia [15], Jahangiri [6] and Ahuja [1] presented a systematic and unified
study of harmonic univalent functions. Furthermore we refer to Duren [5], Ponnusamy
[9] and references therein for basic results on the subject.
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Denote by Su, the class of functions f = h + g that are harmonic, univalent and
sense-preserving in the unit disk U = {z : |z| < 1} with normalization f(0) = h(0) =
f-(0) =1 =0. Then for f = h+7 € Sk, we may express the analytic functions h and g
as

(1.1) —z+Zakz7g z:bkz7 |b1] < 1.

Observe that Sy reduces to S, the class of normalized univalent functions, if the co-
analytic part of f is zero. Also, denote by S} the subclass of Sy consisting of functions
f that map U onto a starlike domain.

For f = h+7 given by (1.1), Al-Shagsi and Darus [3] introduced the operator DY as:
(12)  D{f(2) = DYh(z) + (—1)" DRgz), m, A€ No = NU{0}, 2 € U,

where DYh(z) = z + Zk C(\ k)arz", Dyg(z Zk C(\ k)brz" and C(\ k) =
e k=2 k=1
37

Recently Rosy et al. [10] defined the subclass G () C Su consisting of harmonic
univalent functions f(z) satisfying the condition

Re{(l—‘—em)z}cég) —em} >, 0<y<1, a€R.

They proved that if f = h + g is given by (1.1) and if

= [(2n—1-7) (2n+1+47) ]
1.3 an| + ball <2, 0<~ <1,
a9 3 [ B e+ S E

then f is in Gu(y).

This condition is proved to be also necessary by Rosy et al. if h and g are of the form

(1.4) —Z—Z|an|z , 9(z Z|bn|z .

Motivated by this aforementioned work, now we introduce the class Gu (n, A, o, p) as the
subclass of functions of the form (1.1) that satisfy the following condition

ir DnJrlf(Z)
where DY f(z) is defined by (1.2).

Let Gr(n, A, o, p) denote that the subclasses of G (n, A, o, p) which consists of har-
monic functions f, = h + g, such that h and g, are of the form

(1.6)  h(z)=2— larlz®, gn(z) = ()" > [brl2".
k=2 k=1

It is clear that the class G (n, A, a, p) includes a variety of well-known subclasses of Su,
such as,

(i) Gu(0,0,a,0) = Si (), Jahangiri [6],
(i) Gu(0,1,,0) = HK(«), Jahangiri [6],
(ili) Gu(n,0,a,0) = MH(n,0,a), Jahangiri et al. [7],

n=1

—pe”}>o¢7 0<a<l, reR, p>0,
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(iv) Gu (0, a,0) = M#(0, A\, a), Murugusundaramoorthy and Vijya [8],
(v) Gu(n, A a,0) = Mz(n, A, a), Al-Shaqgsi and Darus [2],
(vi) Gu(0,1,7,1) = Gu(v),Rosy et al. [10].

In this paper, we will give sufficient condition for functions f = h + g, where h and g
are given by (1.1), to be in the class Gu(n, A, a, p) and it is shown that this coefficient
condition is also necessary for functions in the class @H(n7)\7a7 p). Also, we obtain
distortion theorems and characterize the extreme points and convolution conditions for
functions in Gg(n, A, a, p).

Closure theorems and an application of neighborhoods are also obtained.

2. Coefficient bound

We begin with a sufficient coefficient condition for functions in Gg(n, A, a, p).

2.1. Theorem. Let f = h+g be given by (2.1). If

DUk +p) = (@t o)} lax] + {k(1+ p) + (a+ p)} [brl]
(2.1) P

X K"C(\ k) < 2(1 — ),

where a1 = 1, n,\ € No,C(\ k) = (kJri*l), p>0and 0 < a < 1, then f is sense-
preserving, harmonic univalent in U and f € Gu(n, A\, a, p).

Proof. If z1 # z2, then

f(z1) — f(22) _g(z1) — g(22)
‘h(zn “h(e) | 7T hGen) = ()
Zbk(zf — 25)
— 1 _ k=1 —
(21 — 22) + Zak(zlf - Zé)
k=2
kb
(2.2) . ; *
1= klax|
S+ + 0+ p;]k”m )b
2 S T = @ T PO Bl
p)—(&—Tp ) ak
1= kzzz 1—«
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which proves univalence. Note that f is sense-preserving in U. This is because

W ()] 2 1= klar|l=/""

k=2
~ {k(1+ p) — (a + p)}k"C (N, k)|ax]
Z l1-«a
(2.3) > ~ {k(L+ p) + (@ + p) Ik O\ k)b
’ T = 1 -«

{k(1+ p) + (a+ p)IK"C (A k) b2
11—«

V
R-Mg

3 i

fun

klbel |27 = 19/ ().

(]

k=1
Using the fact that Rew > « if and only if |1 — a + w| > |1 + o — w] it suffices to show
that

n+1
1 —a) + (14 peny BT i

DYE)
Ll da) - (4 ey BIE) | ey
D) =

Substituting the value of DY f(z) in (2.4) yields, by (2.1),
(1 —a —pe)DXf(2) + (1 + pe" ) DY f(2)]
— = A+ a+pe")Df(2) + (1+pe') DY f(2)]

=2 —a)z+ Z{k(l + e + (1 —a — pe™ ) }"C(A, k)

X apz® — (— Z{k 14 pe™) — (1 — o — pe Ik C (N, k)bi2"|

—|—az+ Z{k(l +pe'™) — (1 + a+ pe' " C (A, k)arz"
k=2

Z (14 pe™) + (1 + a+ pe'™)}k"C(\, k)b 2F

k=1

Z k(L + p) — (a4 p)Ye"C(\, k)|ar| 2]
2(1_a|z|{ S 1_>}a OO Rla |2

= {k(d+p) + (at p)}k"C(/Mk)lkaIZIk}

l1—«

11—«

>9(1—a) {1 _ i {k(1 +p) — (a+ p)}E"C(A, k) ax]

11—«

=S {0 +p) + (atp)}E"C(A, k)lbkl] '

This last expressions is non-negative by (2.1), and so the proof is complete. O
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The harmonic function

_ (1-a) k
D= AT (at OO
(1-a) —
- 2 T ) + (@ + I Cn

(2.6)

oo oo

where n, A € Nog, 0 < p <1 and Z |xk| + Z |yx| = 1 shows that the coefficient bound
k=2 k=1

given by (2.1) is sharp. The functions of the form (2.6) are in Gu(n, A, o, p) because

2 [k(1 k(1
Z[ e L *’?fi‘“*”)wk@ K OOLR)
k=1

(2.7)

=14 o+ el =2
k=2 k=1

In the following theorem, it is shown that the condition (2.1) is also necessary for functions
fn =h+79,, where h and, g, are of the form (1.6).

2.2. Theorem. Let f, = h+3,, be given by (1.6). Then fn € Gu(n, A\, o, p) if and only
if
(28) > [{k(1+p) = (a+p)}Har| + {k(1 + p) + (a + p)}brlJE"C(A k) < 2(1 — )

where ay =1, n,\ € No, C(A\,k) = (*171),p>0,0<a < 1.

Proof. Since G (n, A\, o, p) C Gu(n, A\, o, p) we only need to prove the “only if” part of
Theorem 2.2. To this end, for functions f, of the form (1.6), we notice that the condition
(1.5) is equivalent to

n+1
Re {(1 + peir)DBT{Sj) — (pe'™ + a)} >0
E
{(1 + pe) DY f(2) — (pe™ + a) DY f(2)}
Re A ) >0
E
(1+ pe”)(z - i k"I ON, ) |ag| 2" 4+ (=1)2 T ik"ﬂbkm(x, k)Ek)
Re k: 2 k=1
z—Zk C(AB)|ar|z" + (=1)*" DK "C (X, k)b [Z"
k=2 k=1
(pe' +a)(z = Y K C(\ k)|ax|2" + ( 2"Zk"|bk|0()\ k)z")
k=2 k=1

— >0

oo

z—Zk" (A, K)|ar|2" + ( Z C(\, k) |bx|Z"

k=2 =1
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==
(1= )z =Y K"k(1+ pe’™) = (pe'” + a)]C(\, k)|ax|2"
Re k=2
2= K"C\ k)ax|z" + (=1)*" > K" C(\, k)[be|Z*
k=2 k=1
(1) Z K" [k(1+ pe’™) + (pe'” + a)|C(A k) |bx[Z"
— — >0
2= K"C(\k)aklz" + (=1)*" > K" C(\, k)|bk|z*
k=2 k=1
==
(1—a) Zk”[kz 14 pe'™) — (pe'” + a)]C(\, k)|ag|2" "
Re = — =
1— n NP A AT Sk—1
D> KON k)laxlz* T+ ~(-1) > EC(N k) |be|Z
(2 9) k=2 k=1
Z(—1)P" Y K" [k(L 4 pe) + (pe’ + @)]C(A k) [br|z5
- k=1 >0

o n o Z RS _
1= k"C(\ k)lak 2" 1+;(—1)2 S TENC(A K)[be[24
k=1

k=2

The above condition (2.9) must hold for all values of z on the positive real axes, where
0 < |z| = v < 1, we must have

oo

(1—a) = > _k"(k = a)C(\ k)|axly" ™

k=2
Re

1= K"CO R)arly* ™ + (=1)*" DK CO k)b
k=2 k=1

oo

(1" Y K" (k+a)CO\ k) by " = Z C\ k)lax|y ™
k=1 b2
1= E"COK)|arly* ™+ (1) > K"C(\ )by
k=2

k=1

(1) pe’™ 3K (k + DO, B)bily* !
k=1

— — > 0.
1=K COR)arly" ™ 4+ (=1 D TR O k) bry*
k=1

k=2
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Since Re(—e'™) > —|e'"| = —1, the above inequality reduce to
(1—a) =Y K"{(k(1+p) = (p+ a))}C(\ k)|axly" "
k=2
1= K "COK)|arly* ™+ ) K CON k) by
(2.10) h2 =

K" {(k(1+ p) + (p+ @) }O(N ) [brly"

gk

> 0.

Mgt

L= KOO K)axly* ™" + Y K" COR) by
k=1

bl

=2

If the condition (2.8) does not hold, then the numerator in (2.10) is negative for =
sufficiently close to 1. Hence there exists a zop = o in (0,1) for which the quotient in
(2.10) is negative. This contradicts the condition for f, € Gz (n, ), o, p) and so the proof
is complete. O

3. Distortion bounds

In this section, we will obtain distortion bounds for functions in @H(m A a,p).
3.1. Theorem. Let f, € Gu(n, A\, a,p). Then for|z| =~ < 1, we have

(1—a) { 1+2p+a|b1|}

o= U Dy e~ Graor [

(1-a)
1 2 (0= Il = o o Ty L e

Proof. We only prove the left-hand inequality. The proof for the right-hand inequality

is similar and is thus omitted. Let f, € Gm(n, ), o, p). Taking the absolute value of f,,
we obtain

|fn(2)]
:‘Z—Zakz + ( "Zbk ‘

< (1+ i)y Z |ax] + [bx])y

8

< (1+ b))y i (lak| + |bx])y

o 11—«

21 +p) = (p+a))2"(A+1)
<3 ((2 1+p)—(p+a))2" (A + 1)|ak|

11—«

<+ b))y +

k=2

—+

(2(1+p) - (1/J_+Oté:¥))2”(A +1) |bk|> o2
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l1-a
RA+9) - (p+a)Z O+ 1)
" Z [ (1+p)—(p+a)k"C(\ k)

<A+ b))y +

l-« x|
k=2

L k@A p) + (p+ )K"C(AK) |b’“|} 2
l-«a
< (L4 [baf)y
l1-«a 1+p)+(p+a
R e e LIk
< (1A [baf)y
1—«a 1+2p+ « 2
e R e wn ] R O] B
The functions
f(z) =z + bz
n 1 [ 1-—«a B 1+2p+« |b1|}227
2"(A+1) [2(1+p)—(p+ ) 2(1+p)—(p+ )
f(z) = (1= bu])z
1 [ 1-—«a B 1+2p+« |b1|}z
2"(A+1) [2(0+p)—(p+ ) 2(1+p)—(p+ )
for |b1] < ngﬁ show that the bounds given in Theorem 3.1 are sharp. ]

The following covering result follows from the left-hand inequality in Theorem 3.1.

3.2. Corollary. If the function fn = h +7g,, where h and g given by (1.4) are in
Gr(n,\, a,p), then
) 2"A+1)(p+2)—1-(2"(A+1) - 1)
ot <« T v e
2+ D(p+2)—(20+1) = (2"(A+1) + Dafb|
2O A DA+ - (o a) jerw o

(3.1)

4. Convolution, convex combinations and extreme points

In this section, we show the class Gu(n, A, a, p) is invariant under convolution and
convex combination.

For harmonic functions
=z — Z akz +( Z bk
and
=z — Z A" +( Z B.z" ,

the convolution of f,, and F;, is given by

(4.1) (fn * Fn)(2) = fn(2) * Fn(2) —Z_ZakAkZ +( Zkakz.

k=2
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4.1. Theorem. For 0 < 8 < a <1, let fn € Gu(n, A\ a,p) and F, € Gu(n, ), B,p).
Then fn* Fn € Ga(n, A\, o, p) C Gu(n, A, B, p).

Proof. We wish to show that the coefficient of fn * Fy, satisfies the required condition
given in Theorem 2.2. For F, € Gu(n, A, S, p), we note that |Ax| < 1 and |Bg| < 1.
Now, for the convolution function f, * F},, we obtain

Z{k +p) = (B+ p)}k"C(N\ k)

- |ak || Ak
N i {k(1 +p) 1/3_+ﬂp)}k”0(/\ K el 1B
k=2
o5 BEA B AL ALY,
Z k(1 +p) : _+ap)}k”0()\, k) x|
Z{k 1+p)+ 1_a)}k"C(A,k)|bk|

Since 0 < 8 < a < 1 and f, € Gu(n,\ a,p), then f, * F, € Gur(n,\,a,p) C
GH(TI,)\,,B,p)- |

We now examine convex combinations of Gy (n, A, a, p).

Let the functions fn;(2) be defined, for j = 1,2,...,m, by

(4.2)  fo, (2 7Z—Z|a;w|z + ( Z|b;w|z .

4.2. Theorem. Let the functions fn;(z) defined by (4.2) be in the class Gu(n, X, a, p)
for every 5 =1,2,...,m. Then the functions t;(z) defined by

(4.3)  t;(z chfn] ,0<¢ <1,
are also in the class Gr(n, )\, o, p), where dieic =1

Proof. According to the definition of ¢;, we can write

t5(2) —z—Z(ZCﬂ%H)Z +( ni(

k=2

m

ch|bn,j|)5k

k=1 \j=1
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Further, since ., (2) are in G (0. A, p) for every j — 1,2, .., m, then
i {loasn-c@+ p>>(§lcj|ak,j|)
T+ (K14 9) + (0 +p>>(§jlcj|bk,j|)}k"c<x,k)}
- i <§[(k(1 + ) = (@ + p)lans]

(Rt )+ (et )b K" COA k))

<> g2l —a)<2(1-a).

j=1
Hence Theorem 4.2 follows. O

4.3. Corollary. The class Gu(n, \, o, p) is closed under convez linear combinations.

Proof. Let the functions fn,(2)(j = 1,2...,m) defined by (4.2) be in the class G (n, A, a, p).
Then the function ¥(z) defined by

(44)  WE) = pfa () + (L= @)y (2), 0 p <1

is in the class aH(m A, a, p). Also, by taking m = 2, t; = pand t2 = 1—p in Theorem 4.1.
a

Next we determine the extreme points of closed convex hulls of G g (n, A, a, p), denoted
by cleo Gu(n, A, @, p).

4.4. Theorem. Let f, be given by (1.6). Then f, € Gu(n, )\, a, p) if and only if

Jo(2) = S (X (2) + Yiegun (),
k=1
where
_ _ _ 1—« Zk _
mie) == me) =~ (Gt e )

n 1—« k B
) ((k(1+p)+(a+p))k”0(>\,k)>Z s k=1,2,3...

gni(2) = 24 (=1
and Z(Xk+Yk) =1, X3 >0, Yy > 0. In particular, the extreme points of Gu(n, \, @, p)
k=1
are {hi} and {gn,}.

Proof. For the function f, of the form (4.7), we have

fa(2) =Y (Xihi(2) + Yign, (2))

oo

l1—« k
(X Y%) X
b+ Y) ZZ KA+ p)— (@t p)k"CN k) *

™
Il
-

M

™
Il
-

ni 11—« sz:
2 (k(1+p) + (a+ p)k"C(AB) "
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Then
= (k(1+ p) = (o + PE"COAK)
Z 1 |ax|
-«
k=2
o~ (k(1+p) + (@4 p))k"C(\. k)
(4.5) +>° T b |
k=1
=) Xi+) Yi=1-X: <1,
=2 k=1
and so fn € clco Gr(n, \, a, p).
Conversely, suppose that f, € clcoGu(n, A, a, p). Setting
(4.6) k(1 1 _+a E"C(\ kK
Yk:(( +p)+(106 ap)) (7 )|bk|70§Yk§1k:172737...7
and X1 =1— ZXk + ZYk then f,, can be written as
k=2 k=1
fa(z) = 2= lanl" + (=)™ D |bi[z*
k=2 k=1
> (1 - Oé)Xk k
=z — z
2 AT (@t ) FCOE)
n > (1 — Oé)Yk _k
+ (-1
A S a: B o) 1o PWO
=24 Y (hk(2) = 2) Xk + Y _(gni(2) — 2)Yi
k=2 k=1
= th(z)Xk + Zgnk(z)Yk + z <1 — ZXk — ZYk>
k=2 k=1 k=2 k=1
(4.7) = Z(hk (2) Xk + gn,, (2)Yk), as required.

™
Il
-

Using Corollary 4.3 we have clco Gr(n, A\, a, p) = Gu(n, A, a, p). Then the statement of
Theorem 4.4 is true for f € Gg(n, A, o, p). O
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