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Abstract

Some common fixed point theorems for Banach operator pairs with
Cirié type nonexpansive mappings, and the existence of common fixed
points of best approximation have been proved in the framework of
convex metric spaces. The results proved in the paper generalize and
extend some of the results of N. Hussain (Common fized points in best
approximation for Banach operator pairs with Cirié type I-contractions,
J. Math. Anal. Appl. 338, 1351-1363, 2008) from the Banach space
framework into the framework of convex metric spaces.
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1. Introduction and Preliminaries

For a metric space (X, d), a continuous mapping W : X x X x [0,1] — X is said to
be a convex structure on X if for all z,y € X and X € [0, 1],

d(u, W(z,y,\)) < Md(u,z) + (1 — N)d(u,y)

holds for all u € X. The metric space (X, d) together with a convex structure is called a
convez metric space [27].

A subset K of a convex metric space (X, d) is said to be a convex set [27] if W (x,y, ) €
K for all z,y € K and X € [0,1]. The set K is said to be p-starshaped [13] if there exists
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a p € K such that W(z,p,\) € K for all z € K and XA € [0,1] i.e. the segment
[p,z] = {W(x,p,\) : X € [0,1]} joining p to x is contained in K for all z € K.

Clearly, each convex set is starshaped but not conversely.

A convex metric space (X,d) is said to satisfy Property (I) [13] if for all z,y,q € X
and X € [0, 1],

dW(z,q,A), W(y,q,N)) < Ad(z,y).

A normed linear space and each of its convex subsets are simple examples of convex
metric spaces. There are many convex metric spaces which are not normed linear spaces
(see [4, 13, 27]). Property (I) is always satisfied in a normed linear space.

1.1. Example. [20] Consider a closed subset X of the unit ball S = {|jz|| = 1} in a
Hilbert space H, such that X has diameter §(X) < /2 and is geodesically connected,
i.e., the point W (z,y,\) = % lies in X whenever z,y € X and A € [0,1]. The
metric space we obtain by measuring distances in X through central angles, i.e., with
the metric d[z,y] = cos™(x,y) for every x,3y € X, turns out be a convex metric space

(whose convex sets are exactly the goedesically connected subsets of X).

For a non-empty subset M of a metric space (X,d) and z € X, an element y € M is
said to be a best approximant to x or a best M -approzimant to z if d(x,y) = dist(xz, M) =
inf{d(x,y) : y € M}. The set of all such y € M is denoted by P (x).

For a convex subset M of a convex metric space (X,d), a mapping g : M — X is
said to be affine if for all z,y € M, g(W (z,y,\)) = W(gz,gy, ) for all A € [0,1]. g is
said to be affine with respect to p € M if g(W (z,p,\)) = W(gz,gp,A) for all x € M and
A€ 0,1].

Suppose (X, d) is a metric space, M a nonempty subset of X, and S, T self mappings
of M. T is said to be

(i) An S-contraction if there exists a k € [0,1) such that d(Tz, Ty) < kd(Sz, Sy),
(ii) S-nonezpansive if d(Tz,Ty) < d(Sz,Sy) for all z,y € M.

If S = identity mapping, then T is called a contraction, nonexpansive respectively in (i)
and (ii).

A point z € M is a common fized (coincidence) point of S and T if x = Sz = Tz
(Sz = Tz). The set of fixed points (respectively, coincidence points) of S and T is
denoted by F(S,T') (respectively, C(S,T')). The pair (S,T) is said to be commuting on
M if STx =TS« for all x € M.

The ordered pair (T,1) of two self maps of a metric space (X,d) is called a Banach
operator pair [5], if the set F'(I) of fixed points of I is T-invariant, i.e. T(F(I)) C F(I).
Obviously, a commuting pair (7,1) is a Banach operator pair but not conversely (see
[5]). If (T, 1) is a Banach operator pair then (I,T") need not be a Banach operator pair
(see [5]). If the self maps T and I of X satisfy d(ITx,Tx) < kd(Iz,z), for all z € X
and for some k > 0, ITz = TIx whenever z € F(I) i.e. Tx € F(I), then (T,1) is a
Banach operator pair. In particular, when I = T the above inequality can be rewritten
as d(T?z,Tx) < kd(Tz,z) for all x € X. Such a T is called a Banach operator of type k
(see [25, 26]).

This class of non-commuting mappings is different from the known classes of non-
commuting mappings viz. R-weakly commuting, R-subweakly commuting, compatible,
weakly compatible and Cy-commuting etc. (see [5, 16]). Hence the concept of Banach
operator pair is of basic importance for the study of common fixed points.
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1.2. Example. Let X = R with its usual metric and K = [1,00). Let T(z) = 2® and
I(x) =2z —1, for all € K. Then F(I) = {1}. Here (T,I) is a Banach operator pair
but T" and I are not commuting.

W.G. Dotson Jr. [10] proved some results concerning the existence of fixed points
of nonexpansive mappings on a certain class of nonconvex sets. In order to prove these
results, which extended his previous work [9] on starshaped sets, he introduced the fol-
lowing class of nonconvex sets:

Suppose M is a subset of a normed linear space F, and let § = {fa }acm be a family of
functions from [0, 1] into M having the property that for each a € M we have fo(1) = a.
Such a family § is said to be contractive provided there exists a function ¢ : (0,1) — (0,1)
such that for all o, 8 in M and for all ¢ in (0, 1) we have

[fa(®) = oI < @(t) [l = Bl -

Such a family $ is said to be jointly continuous provided that if ¢ — to in [0,1] and
a — ao in M then fo(t) = fao(to) in M.

Suppose that H = {fa}tacm is a family of functions from [0, 1] into M having the
property that for each sequence (A,) in (0, 1], with A, = 1, we have

We observe that H C § and it has the additional property that it is contractive and
jointly continuous.

If for a subset M of E, there exists a contractive jointly continuous family of functions
F = {fatacm (respectively, a family of functions satisfying (1.1)), then we say that S
has the property of contractiveness and joint continuity (respectively, the property (1.1))
(see [3, 19]).

1.3. Example. Any subspace, a convex set with 0, a starshaped subset with center 0
and a cone of a normed linear space have a family of functions associated with them
which satisfy condition (1.1).

In fact, it is easy to observe that if M is a g-starshaped subset of a normed linear space
X and fz(t) = (1—t)g+tx, for each z, g € M and t € [0, 1], then § is a contractive jointly
continuous family with ¢(t) = ¢, t € (0,1). Also if S is affine self mapping of M and
S(q) = g, we have S(f.(£) = S((1 — )g+tx) = (1 —£)S(q) +t5(z) = (1 — t)g +tS(x) =
fs@)(t), for all z, g € M and t € [0,1]. Thus the class of subsets of X with the property
of contractive and joint continuity contains the class of starshaped sets, which in turn
contains the class of convex sets.

In recent years, many results related to Gregus’s Theorem [12] have appeared. Fisher
and Sessa [11], Jungck [17], Ciri¢ [6], [7] and many others (see [4, 8, 16] and references
cited therein) have generalized the theorem of Gregus with more contractive conditions.
The purpose of this paper is to prove some similar results for a class of Banach operator
pairs without the assumptions of linearity or affinity of either 7" or S. We prove some
common fixed point theorems for Banach operator pairs with Ciri¢ type nonexpansive
mappings and the existence of common fixed points from the set of best approximation
in the framework of convex metric spaces. The results proved in this paper generalize,
unify and extend some of the results of [2, 3, 4, 5, 14, 15, 16, 18, 22, 23, 24, 26] and of a
few others.
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2. Main results

2.1. Common fixed point theorems with Cirié type nonexpansive mappings.
In this section we prove some common fixed point theorems for Banach operator pairs
with Ciri¢ type nonexpansive mappings in convex metric spaces.

The following result of Ciri¢ [7] will be used in our first theorem:

2.1. Lemma. Let C be a closed convezr subset of a complete convexr metric space (X,d)
and T : C — C a mapping satisfying, for all x,y € C

d(Tz,Ty) < amax{d(z,y), c[d(z,Ty) + d(y, Tz)]} + bmax{d(z,Tz),d(y,Ty)},

where 0 <a<1l,a+b=1,¢c< g:;. Then T has a unique fixed point. ]

The following result extends and improves [16, Lemma 2.1] of Hussain.

2.2. Theorem. Let M be a closed conver subset of a complete convexr metric space
(X,d), and (T,I) a Banach operator pair on M. Assume that T and I satisfy

d(Tz,Ty) < amax{d(Iz,Iy), c[d(Iz,Ty)+ d(Iy,Tz)]}
+ bmax{d(Tx,Iz), d(Ty,Iy)}

forallz,y € M, where 0 <a<1l,a+b=1,0<c<n, wheren:min{gig, 2;‘%%}.

If I is continuous, F(I) is nonempty and convez, then there is a unique common fized
point of T and 1.

Proof. Since (T,I) is a Banach operator pair, T(F(I)) C F(I). The continuity of I
implies that F'(I) is closed. Thus F(I) is a nonempty, closed and convex subset of M.
Further for all z,y € F(I), we have
AT, Ty) < amax{d(Iz, Ty), cld(Iz, Ty) +d(Iy, Tx)]}
+ bmax{d(Tz,Iz), d(Ty,Iy)}
< amax{d(z,y), c[d(z, Ty) +d(y, Tx)]} + bmax{d(z, Tz), d(y,Ty)}.

So by Lemma 2.1, T has a unique fixed point z in F'(I) and consequently MNF(T)NF(I)
is a singleton. |

The following theorem extends Hussain [16, Theorem 2.2]:

2.3. Theorem. Let M be a closed convez subset of a complete convex metric space (X, d)
with Property (I), and S,T continuous self maps of M. Suppose that F(S) is nonempty
and convez and that (T, S) is a Banach operator pair on M. If cl(T'(M)) is compact and
satisfies

d(Tz, Ty) < max{d(Sz, Sy), c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tz])]}
+ % max{dist(Sz, [p, Tx]), dist(Sy, [p,Ty])}

for some p € F(S)NM, for all z,y € M, 0 <A< 1,0<c< 3, then there is a common
fized point of T and S.

Proof. For each n, define T, : M — M by T,z = W (Tx,p, M), x € M, where < A\, >
is a sequence in (0,1) such that A, — 1. Now as (7,5) is a Banach operator pair and
F(S) is convex, Th(z) = W(Tx,p, \n) € F(S) for each z € F(S) since Tz € F(S). Thus
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(T, S) is a Banach operator pair for each n. Consider
d(Thx, Trhy) = dW (Tx,p, An), W(Ty,p, A\n))
< A\d(Tz,Ty), by Property (I)
< An{max{d(Sz, Sy), c[dist(Sz, [p, Ty]) + dist(Sy, [p, T'z])]}
+ 1;i" max{dist(Sz, [p, Tx]), dist(Sy,[p,Ty])}}
< An{max{d(Sz, Sy), c[d(Sz,T,y) + d(Sy, Tnx)]}
+ (1 — X)) max{[d(Sz, Tnx), d(Sy,Tny)|}

forall z,y € M,0 <c < %. Therefore, by Theorem 2.2, there exists some x, € M such
that F(T,) N F(S) = {xn} for each n > 1. The compactness of cl(T'(M)) implies that
there exists a subsequence {T'zy, } of {T'z,} and z € cl(T'(M)) such that Tx,, — z € M.
Now Zn, = Tn,(zn;) = W(T'zn,,p, kn;) = W(z,p,1) = z. By the continuity of T and S,
we have z € F'(T) N F(S). Hence M N F(T) N F(S) # 0. O

2.4. Example. Consider M = R? with the usual metric d((z1,y1), (2, y2)) = |x1—z2|+

lyr — 2|, (x1,31), (z2,y2) € R%. Define T and S on M as T'(z,y) = (”gQ, #) and

S(z,y) = (”gz , &2 4+y—4). Obviously, T is S-nonexpansive but S is not linear. Moreover,
F(T) = (~2,0), F(S) = {(~2,9) : y € R} and C(S,T) = {(w,y) : y = 4 — 2, € R}.
Thus (7, S) is a continuous Banach operator pair, F'(S) is convex and (—2,0) is a common
fixed point of S and T'.

2.2. Common fixed point theorems and invariant approximation. In this sec-
tion we prove the existence of some common fixed points of best approximation for
Banach operator pairs with Ciri¢ type nonexpansive mappings.

We begin the section with the following result.

2.5. Proposition. If C is a closed and convex subset of a convex metric space (X,d)
and © € X then Pco(z) is closed and convez.

Proof. Let y,z € Pc(z) and A € [0,1]. Consider
d(z, W(y,z,\) < Md(z,y) + (1 — N)d(z, 2)
= Adist(z, C) + (1 — N)dist(z, C)
= dist(z, C)
<d(z,W(y,z,\)) as W(y,z, ) € C.

Therefore, d(xz, W (y, z,A)) = dist(z, C) and so W (y, 2, A) € Pc(x). Thus Pc(x) is convex
and it is easy to prove that it is closed. (|

The following theorem extends/generalizes the corresponding theorems of [2, 3, 4, 5,
18, 22, 23, 24], and [26].

2.6. Theorem. Let C be a closed and conver subset of a complete convexr metric space
(X, d) with Property (1), and S,T : X — X mappings such thatw € F(S)NF(T') for some
uw€ X and T(OCNC) C C (OC denotes the boundary of C). Suppose that D = Pc(u) is
nonempty and F(S) is nonempty and convez, S is continuous on Pc(u), and S(D) C D.
If T is continuous, cl(T(D) is compact and (T, S) is a Banach operator pair on D that
satisfies

d(Sz,Su) ify=u,

M(z,y) ifye D, ()

d(Tz,Ty) < {
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where

M(z,y) = max{d(Sz, Sy), c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tx])]}
+ % max{dist(Sz, [p, Tx]), dist(Sy, [p, Ty])},

for somep € F(S)ND, forallz,ye C,0<A<1,0<c< i, then there is a common
fized point of T', S and D.

Proof. Let € Pc(u), then for any A € (0, 1), we have
AW (u,z, A),u) < Ad(u,u) + (1 —N)d(z,u) = (1 — N)d(z,u) < dist(u,C).

It follows (see [1, Lemma 3.2]) that the line segment {W (u,z, ) : 0 < A < 1} and the set
C are disjoint. Thus z is not in the interior of C' and so x € dCNC. Since T'(0CNC) C C,
Tz must be in C. Also since Sz € Po(u), u € F(T)N F(S), and from Inequality (), we
have

d(Tz,u) = d(Tz,Tu) < d(Sz, Su) = d(Sz,u) = dist(u, C).

This implies that Tx € Pc(u). Consequently, Pc(u) is T-invariant, closed and convex.
Hence the result follows from Theorem 2.3. d

2.7. Corollary. [16, Theorem 2.5 (i)] Let C' be a subset of a Banach space X, and
S,T : X — X mappings such that uw € F(S)NF(T) for some u € X and T(0CNC) C C.
Suppose that D = Pco(u) and F(S) are nonempty and convez, S is continuous on Pc(u),
and S(Po(u)) C Po(u). If T is continuous, cl(T'(Pc(u)) is compact and (T,S) is a
Banach operator pair on Pc(u) which satisfies

Sz — Sul| ify =,

[Tz —Ty|| < .
M(z,y)  ifyeD,

where

M(z,y) = max{||Sz — Sy||, c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tz]|}
+ % max{dist(Sz, [p, Tz]), dist(Sy,[p,Ty])},

for some p € F(S)NC, forallz,y € C, 0 <A< 1,0<c< 1, then there is a unique
common fized point of T, S and Pc(u). a

Let G, denote the class of closed convex subsets containing a point z, of a convex
metric space (X,d) with Property (I). For M € G, and p € X, let M, = {& € M :
d(z,z.) < 2d(p,zo)}. For h > 0, let Py(p) = {x € M : d(p,z) = d(p, M)} - the set
of best approximants to p in M, C5;(p) = {& € M : Sz € Py(p)} and D%°(p) =
Par(p) NG5 (p), where G (p) = {x € M : d(Sz,p) < (2h + 1)dist(p, M)}.

2.8. Theorem. Let M be a convex subset of a complete conver metric space (X,d) with
Property (I), and S,T : X — X mappings such that u € F(S) N F(T) for some u € X
and T(OM N M) C M. Suppose that S is continuous on the closed convex set D" (u),
DY (w) N F(S) is nonempty and S(D%°(w)) C D% (u). If cl(T (D% (u)) is compact, T
is continuous and the pair (T, S) satisfies

(i) d(STz,Tx) < hd(Sz,z) for all z € D};° (u) and h > 0;

(i) For allz € D% (u) U {u},
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(T, Ty) < {d(Sx, Su) z:fy = u,h .
M(z,y) ify € Dy,
where
M(z,y) = max{d(Sz, Sy), c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tx])]}
+ % max{dist(Sz, [p, Tx]), dist(Sy,[p,Ty])},
for some p € F(S)NPy(u), 0 <A<1,0<c<1,
then Pa(uw) N F(T) N F(S) # 0.

Proof. Let x € D%(u). Then = € Par(u), and as in the proof of Theorem 2.6, we see
that Tz is in M. Since Sz € Py (u), u € F(S)N F(T) and S and T satisfy (i) and (ii),
it follows that d(T'z,u) = d(Tz,Tu) < d(Sz, Su) = d(Sz,u) = dist(u, M). Now
d(STz,u) < d(STz,Tz)+ d(Tz, Tu)

< hd(Sz,z) + d(Tx,u)

< hld(Sz,u) + d(u, z)] + d(T'z, u)

< h[dist(u, M) + dist(u, M)] + dist(u, M)

< (2h + 1)dist(u, M).

This implies that Tz € Gh°(u). Consequently, Tz € D};°(u) and so T(D};®(u)) C
Dxis(u). Inequality (i) also implies that (T, S) is a Banach operator pair. As M is convex,
D" (u) is convex. Thus by Theorem 2.3, we obtain that Py (u) N F(T)N F(S) # 0. O

2.9. Remark. Let Oy (u) = {x € M : Sz € Py(u)}. Then S(Pun(u)) C Pu(u)
implies that Pa(u) C Cyy(u) € D% (u) and hence D};°(u) = Par(u). Consequently,
Theorem 2.8 remains valid when D%(u) = Pa(u) and the pair (T,S) is a Banach
operator pair on Py (u) instead of satisfying (i), which in turn extends/generalizes the
corresponding results in [2, 5, 14, 22, 24] and [26].

2.10. Corollary. [16, Theorem 2.6 (i)] Let M be a subset of a Banach space X, and
S, T : X — X mappings such that uw € F(S)N F(T) for some u € X and T(OM N
M) C M. Suppose that S is continuous on the closed convex set D% (u), D% (u) N
F(8) is nonempty convex and S(D%°(u)) C D% (u). If (T(D%°(u)) is compact, T is
continuous and the pair (T,S) satisfies

(i) ||STx — Tz|| < h|Sx — z|| for all z € D% (u) and h > 0;

(ii) For allz € DR}S(U) U{u}, and 0 < A < 1,
Sz — Syl ify=u,

Tz — Ty < {|1|\4( I s

xyy) ny G M >

where
M (z,y) = max{||Sz — Sy||, c[dist(Sz,[p, Ty]) + dist(Sy, [p, T'z]]}
+ 152 max{dist(Sz, [p, Tz]), dist(Sy, [p,Ty])}
for some p € F(S)N Py(u), forallz,y e M, 0<A<1,0<c< i,
then Py (u) N E(T)NF(S) # 0. O

The next two theorems extend and generalize the corresponding results of [2, 4, 14,
16, 22] and [24].
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2.11. Theorem. Let S and T be self maps of a complete convex metric space (X, d) with
Property (1), w € F(S)NF(T) and M € G such that T(M,) C S(M) C M. Suppose
that cl(S(M.)) is compact, d(Sx,Su) < d(z,u) for all x € My, T,S are continuous on
M.y, T satisfies d(Tz,u) < d(Sz,u) for all x € M,,. Then

(1) Pa(u) is nonempty, closed and convex,
(ii) T(Pm(u)) € S(Pum(u)) € Pun(u), provided that d(Sz,Sp) = d(z,u) for all
x € Cy(u), and
(iii) Par(u) N F(S) N F(T) # O provided that d(Sx, Su) = d(z,u) for all x € Cyy(u),
F(S) is nonempty and convez, (T,S) is a Banach operator pair on Pa(u) and
T satisfies for some p € F(S) N Py (u),

d(Tz,Ty) < max{d(Sz, Sy), c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tz])]}
+ 152 max{dist(Sz, [p, Tz]), dist(Sy, [p,Ty])}

for all z,y € Pp(p), 0 < A< 1, and some 0 < c < i.

Proof. If u € M then all the arguments are obvious. So assume that v ¢ M. If
x € M\M,, then d(z,zo) > 2d(u,z.) and so d(u,z) > d(x,z.) — d(u,zo) > d(u,xo) >
dist(u, M). Thus a = dist(u, My) = dist(u, M) < d(u,x.). Since cl(S(My)) is com-
pact, and the distance function is continuous, there exists z € cl(S(M,)) such that
B = dist(u, cl(S(Mu))) = d(u, z). Hence

a = dist(u, My)
< dist(u,cl(S(My))) as T(My) C S(M) C M = clS(M,) C M
= 4 < dist(u, S(Mu)) < d(u, Sz)
< d(u,x)

for all z € M,. Therefore « = = dist(u, M) ie. dist(u, M) = dist(u,cl(S(Mu))) =
d(u, z) i.e. z € Py(u) and so Py (u) is nonempty. The closedness and convexity of Pas(u)
follows from that of M. This proves (i).

To prove (ii) let z € Pp(u). Then d(Sz,u) = d(Sz,Su) < d(z,u) = dist(u, M). This
implies that Sz € Py (u) and so S(Par(u)) € Par(u). Let y € T(Par(u)). Since T'(M.,) C
S(M) and Puy(u) € M, there exists z € Py(u) and 1 € M such that y = Tz =
Szi. Further, we have d(Sz1,u) = d(Tz,u) < d(Sz,u) < d(z,u) = dist(u, M). Thus
Sz1 € Pu(u) and x1 € Cyy(u). Also, as Sx1 € M and dist(u, M) < d(Sz1,u), it follows
that dist(u, M) = d(Sz1,u). Since d(z1,u) = d(Sz1,u) = dist(u, M), 1 € Py(u) and
y = Sz € S(Pm(u)). Hence T'(Par(u)) C S(Pa(w)) and so (ii) holds.

By (ii), the compactness of cl(S(M)) implies that cl(7(Pa(u))) is compact and hence
complete. Hence the conclusion (iii) follows from Theorem 2.3 applied to Pas(u). O

2.12. Corollary. [16, Theorem 2.7] Let S and T be self maps of a Banach space X with
u € F(S)NF(T) and C € Go such that T(Cy) C S(C) C C. Suppose that cl(S(Cu)) is
compact, ||Sz — u|| = ||z — ul|| for allz € Cy, T, S are continuous on Cy, and T satisfies
[Tz — ul|| < ||Sz —u|| for all z € Cy. Then

(i) Pc(u) is nonempty, closed and convez,
(if) T(Pco(u)) C S(Pc(u)) C Po(u), provided that ||Sx — u|| = ||z — u|| for all x €
C2(u), and
(iii) Po(u) N F(S) N F(T) # 0 provided that ||Sx — u| = || — u|| for all x € C&(u),
F(S) is nonempty and convez, (T,S) is Banach operator pair on Pc(u) and T
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satisfies for some p € F(S)N Pc(u),
Tz — Ty|| < max{||Sz — Sy||, c[dist(Sz, [p, Ty]) + dist(Sy, [p, Tx]]}
+ 152 max{dist(Sz, [p, Tz]), dist(Sy, [p,Ty])},
for all z,y € Pc(u), 0 < A < 1, andsom60§c<i. |
2.13. Theorem. Let S and T be self maps of a complete convex metric space (X, d) with
Property (1), w € F(S)NF(T) and M € G such that T(M,) C S(M) C M. Suppose

that cl(T'(My)) is compact, d(Sx,Su) < d(x,u) for all x € My, T,S are continuous on
M., and T satisfies d(Tz,u) < d(Sz,u) for all x € M,. Then

(1) P (u) is nonempty, closed and convex,

(ii)) T(Pm(u)) € S(Pum(w)) € Pa(u), provided that d(Sz,Su) = d(z,u) for all
x € Cy(u), and

(iii) Par(u) N F(S) N F(T) # O provided that d(Sx, Su) = d(z,u) for all x € Cyy(u),
F(S) is nonempty and convez, (T,S) is a Banach operator pair on Par(u) and
T satisfies
d(Tz, Ty) < max{d(Sz, Sy), c[dist(Sz, [p,Ty]) + dist(Sy, [p, Tx])]}

+ 45> max{dist(Sz, [p, T'z]), dist(Sy, [p,Ty])}
for allp € F(S) N Py(u), z,y € Pu(u), 0 <A <1, and some 0 < c < 1.
Proof. Similar to that of Theorem 2.11. ]

2.14. Corollary. [16, Theorem 2.8] Let S and T be be self maps of a Banach space
X with uw € F(S)N F(T) and C € Go such that T(Cy,) C S(C) C C. Suppose that
c(T(Cy)) is compact, ||Sz —u| = ||z —u|| for all x € Cu, T,S are continuous on Cy,
and T satisfies || Tz — ul|| < ||Sz — u|| for all z € Cy. Then
(i) Pc(u) is nonempty, closed and convez,
(if) T(Pc(u)) € S(Pc(u)) C Po(u), provided that ||Sx — u|| = ||l — u|| for all z €
C2(u), and
(iii) Pco(u) N F(S)N F(T) # 0 provided that ||Sx — u| = || — u|| for all x € C&(u),
F(S) is nonempty and convez, (T, S) is a Banach operator pair on Pc(u) and
T satisfies

T2 - Ty|| < max{||Sz — Syll, cldist(Sz, [p, Ty]) + dist(Sy, [p, Ta]]}
+ % max{dist(Sz, [p, Tx]), dist(Sy,[p, Ty])},
for allp € F(S)N Pc(u), z,y € Po(u), 0 < A< 1, and some 0 < ¢ < i. |
2.3. Common fixed point theorem with generalized nonexpansive mappings.

In this section we prove a common fixed point theorem for Banach operator pairs with
generalized nonexpansive mappings in metric spaces.

The following lemma of Hussain [16] will be used in our next theorem.
2.15. Lemma. [16] Let C' be a nonempty subset of a metric space (X,d), (T, f) and
(T, g) Banach operator pairs on C. Suppose that cl(T'(C)) is complete and T, f, g satisfy
foralz,ye C and 0 <k <1,
d(Tz,Ty) < kmax{d(fz,gy), d(Tz, fx), d(Ty,gy), d(Tx,gy), d(Ty, fz)}.
If f and g are continuous and F(f) N F(g) is nonempty, then there is a unique common

fized point of T, f and g. a

The following result extends and improves the corresponding results of [2, 3, 5, 14, 16,
18, 21, 22] and [23].
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2.16. Theorem. Let C be a nonempty subset of a metric space (X,d), T,g and h self
maps of C. Suppose that g and h are continuous and that C' has a contractive jointly
continuous family § = {fe : © € C} with gfz(k) = fg=(k) and hfz(k) = fre(k) for all
x €M, kel0,1]. If cI(T(C)) is compact, T is continuous and (T, g), (T,h) are Banach
operator pairs that satisfy

d(Tz, Ty)
< max{d(hz, gy), dist(hz, Y, *), dist(gy, Y, ¥), dist(hz, Y, ¥), dist(gy, Y, *)}

for allz,y € C, where Y, = {fr.(k) : 0 < k <1} and ¢ = fr«(0), then T, g and h have
a common fixed point.

Proof. For each n € N, define Ty, : C — C by Tn(z) = fre(kn) for each z € C, where
(kn) is a sequence in (0, 1) such that k, — 1. Then each T}, is a self mapping of C. As
(T, g) is a Banach operator pair, for € F'(g) we have Tz € F(g). Consider

Then T,z € F(g). Thus for each n, (T»,g) is a Banach operator pair on C. Similarly,
(T, h) is a Banach operator pair on C. Consider

d(Thz, Thy)
= d(frz(kn), fry(kn))
< ¢(kn)d(Tz, Ty)
< @(kn) max{d(hz, gy), dist(hz, Y, *), dist(gy, Y, ¥), dist(hz, Y, ¥),
dist(gy, Yy ")}
< p(kn) max{d(hz, gy), d(hz, Tnz), d(9y, Tny), d(ha, Tay), d(gy, Tnz)}

for all z,y € C. As cl(T'(C)) is compact, cl(T(C)) is compact for each n and hence
complete. Now by Lemma 2.15, there exists =, € C such that z, is a common fixed
point of g,h and T}, for each n. The compactness of cl(7T(C)) implies there exists a
subsequence {Txy,} of {T'z,} such that Tz,, -y € C. Now

Tny = Tn; Tn; = fTwni (k”i) - fy(l) =Y,
and the result follows by using the continuity of T\, h and g. |

If C is a g-starshaped subset of a convex metric space (X,d) with Property (I), and
we define the family § as fz(a) = W (z, ¢, @), then

d(fz(), fy(@)) = d(W(z,q,a), W(y,q,a))
< ad(z,y),

so taking p(a) = o, 0 < a < 1, the family is a contractive jointly continuous family.
Consequently, we have:

2.17. Corollary. Let C be a nonempty q-starshaped subset of a conver metric space
(X, d) with Property (I), and let T, g and h be self maps of C. Suppose that g and h are
continuous and F(g) and F(h) are g-starshaped with q € F(g) N F(h). If (T (C)) is
compact, T is continuous and (T, g), (T,h) are Banach operator pairs that satisfy

d(Tz,Ty) < max{d(hz, gy), dist(hz, [¢, Tx]), dist(gy, [¢, Ty]), dist(hz, [¢, Ty]),
dist(gy, [¢, Tz])}
forallz,y € C, k €]0,1), then T, g and h have a common fized point.
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Proof. For each n € N, define Ty, : C — C by Tnh(zx) = W(Tz,q,kn) for each z € C,
where (k,) is a sequence in (0, 1) such that k, — 1. Then each T, is a self mapping of C.
Since (T}, g) is a Banach operator pair and F'(g) is g-starshaped, then for each z € F(g),
Tn(z) = W(Tz,q,kn) € F(g), since Tx € F(g). Thus (Tn,g) is a Banach operator pair
for each n. Similarly, (T, h) is a Banach operator pair on C. Consider

< knd(Tx,Ty)

< kn max{d(hz, gy), dist(ha, [q, Tz]), dist(gy, [¢, Ty]),

dist(hx, [¢, T'y]), dist(gy, [¢, Tx])}

< kn max{d(hz, gy), d(hz, Tnx), d(gy, Tny), d(hz, Tny), d(gy, Tnz)}
for all z,y € C. As cl(T'(C)) is compact, cl(T(C)) is compact for each n and hence
complete. Now by Lemma 2.15, there exists x,, € C such that z, is a common fixed
point of g,h and T}, for each n. The compactness of cl(7T(C)) implies there exists a
subsequence {T'xy, } of {T'z,} such that Tz,, -y € C. Now, as k,, — 1, we have

T, = Tn,xn, = W(Tx,q,kn;) = v,

and the result follows by using the continuity of T\, h and g. |

2.18. Corollary. [16, Theorem 2.11] Let C be a nonempty q-starshaped subset of a
normed linear space X, and let T, g and h be self maps of C. Suppose that g and h are
continuous and that F(g) and F(h) are g-starshaped with g € F(g) N F(h). If c(T(C))
is compact, T is continuous and (T,g), (T,h) are Banach operator pairs that satisfy

d(Tz, Ty) < max{d(hz, gy), dist(ha, [Tz, q]), dist(gy, [Ty, q]),
dist(hz, [T'y, q]), dist(gy, [T'z,q])}
forallz,y € C, k €0,1), then T,g and h have a common fized point. a
2.19. Corollary. Let C be a nonempty q-starshaped subset of a conver metric space
(X, d) with Property (I), and let T, g and h be self maps of C. Suppose that g and h are

continuous and affine with ¢ € F(g)NF(h). If cI(T(C)) is compact, T is continuous and
(T, g), (T,h) are Banach operator pairs that satisfy

d(Tz,Ty) < max{d(hz, gy), dist(hz, [q, Tz]), dist(gy, [¢, Ty]), dist(hz, [, T'y]),
dist(gy, [q, Tz]) }
forallz,y € C, k €0,1), then T, g and h have a common fized point.
Proof. Taking kn, = 27, define Ty, (z) = W (T'z, g, k»). Since (T, g) is a Banach operator
pair, g is affine with ¢ € F(g) N F(h) so for each x € F(g) we have Tz € F(g). Consider
9(Tn(z)) = gW (T, q,kn)) = W(g(Tx),9(q), kn) = W(Tx,q,kn) = Tn(z),

so that Thx € F(g). Thus (Th, g) is a Banach operator pair for each n. Similarly, (T, h)
is a Banach operator pair on C for each n. Now proceeding as in Corollary 2.17, we get
the result. (|

2.20. Remark. As an application of Theorem 2.16, the analogues of [15, Theorem 2.3 (i),
Corollary 2.6, Corollary 2.7, Theorem 2.8 (i), Corollary 2.9 (i), Corollary 2.10 (i)] can be
established for Banach operator pairs (7, g) and (7, h) in convex metric spaces.

Acknowledgements.

The authors are thankful to the learned referee for the valuable comments and sug-
gestions.



882 S. Chandok, T.D. Narang
References
[1] Al-Thagafi, M. A. Best approzimation and fized points in strong M -starshaped metric

2]

(3

[4]

[9

(10]
(11]
(12]

13]

[14]

(15]

[16]
(17]
(18]
(19]
20]
(21]

(22]

(23]

[24]
[25]

spaces, Internat. J. Math. Sci. 18, 613-616, 1995.

Al-Thagafi, M. A. Common fixed points and best approrimation, J. Approx. Theory 85,
318-323, 1996.

Chandok, S. and Narang, T.D. Some common fized point theorems for Banach operator
pairs with applications in best approximation, Nonlinear Analysis 73, 105-109, 2010.
Chandok, S. and Narang, T.D. Common fized points and invariant approximation for Gre-
gus type contraction mappings, Rendiconti Circolo Mat. Palermo, DOI 10.1007/s12215-011-
0043-5, 2011.

Chen, J. and Li, Z. Common fized points for Banach operator pairs in best approximations,
J. Math. Anal. Appl. 336, 1466-1475, 2007.

Cirié, Lj.B. On Diviccaro, Fisher and Sessa open questions, Arch. Math. (Brno) 29, 145-
152, 1993.

Ciric’, Lj.B. On a generalization of Gregus fixed point theorem, Czechoslovak Math. J. 50,
449-458, 2000.

Cirié, Lj.B., Hussain, N.; Akbar, F. and Ume, J.S. Common fized points for Banach op-
erator pairs from the set of best approximation, Bull. Belg. Math. Soc. Simon Stevin 16,
319-336, 2009.

Dotson, W. W. Jr. Fized point theorems for nonexpansive mappings on starshaped subset of
Banach spaces, J. London Math. Soc. 4, 408-410, 1972.

Dotson, W. W. Jr. On fized points of nonexpansive mappings in nonconvez sets, Proc. Amer.
Math. Soc. 38, 155-156, 1973.

Fisher, B. and Sessa, S. On a fized point theorem of Gregus, Internat. J. Math. Math. Sci.
9, 23-28, 1986.

Gregus, M. Jr. A fized point theorem in Banach space, Boll. Unione Mat. Ital. Sez. A Mat.
Soc. Cult. 517, 193-198, 1980.

Guay, M.D., Singh, K.L. and Whitfield, J. H. M. Fized point theorems for nonexpansive
mappings in conver metric spaces, Proc. Conference on nonlinear analysis (Ed. S.P. Singh
and J. H. Bury) Marcel Dekker 80, 179-189, 1982.

Habiniak, L. Fized point theorems and invariant approximation, J. Approx. Theory 56,
241-244, 1989.

Hussain, N. and Jungck, G. Common fized point and invariant approximation results for
noncommauting generalized (f,g)-nonexpansive maps, J. Math. Anal. Appl. 321, 851-861,
2006.

Hussain, N. Common fized points in best approximation for Banach operator pairs with
Cirié type I-contractions, J. Math. Anal. Appl. 338, 1351-1363, 2008.

Jungck, G. On a fized point theorem of Fisher and Sessa, Internat. J. Math. Math. Sci. 13,
497-500, 1990.

Jungck, G. and Sessa, S. Fized point theorems in best approrimation theory, Math. Japon.
42, 249-252, 1995.

Khan, A.R., Thaheem, A.B. and Hussain, N. Random fized points and random approzima-
tions in nonconver domains, J. Appl. Math. Stoch. Anal. 15, 247-253, 2002.

Machado, H. V. A characterization of conver subsets of normed spaces, Kodai Math. Sem.
Rep. 25, 307-320, 1973.

Narang, T. D. and Chandok, S. Fized points and best approzimation in metric spaces, Indian
J. Math. 51, 293-303, 2009.

Narang, T.D. and Chandok, S. Common fized points and invariant approximation of R-
subweakly commuting maps in convex metric spaces, Ukrainian Math. J. 62, 1367-1376,
2010.

Narang, T. D. and Chandok, S. Common fized points and invariant approximation of point-
wise R-subweakly commuting maps on nonconvex sets, General Math. 4, 109-125, 2010.
Smoluk, A. Invariant approrimations, Mat. Stosow 17, 17-22, 1981.

Subrahmanyam, P. V. Remarks on some fixed point theorems related to Banach’s contraction
principle, J. Math. Phys. Sci. 8, 445-457, 1974; Erratum: J. Math. Phys. Sci. 9, 195, 1975.



Common Fixed Points and Invariant Approximation 883

[26] Subrahmanyam, P.V. An application of a fized point theorem to best approximation, J.
Approx. Theory 20, 165-172, 1977.

[27] Takahashi, W. A convezity in metric space and nonexpansive mappings I, Kodai Math.
Sem. Rep. 22, 142-149, 1970.



