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Abstract

In this paper we define non-null Mannheim partner curves in three
dimensional dual Lorentzian space D?, and obtain necessary and suffi-
cient conditions for the existence of non-null Mannheim partner curves
in dual Lorentzian space 3.
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1. Introduction

In the differential geometry of a regular curve in Euclidean 3-space E3, it is well
known that one of the important problems is the characterization of a regular curve.
The curvature functions k1 (curvature s) and kg (torsion 7) of a regular curve play an
important role in determining the shape and size of the curve [4, 8]. For example: If
k1 = ko = 0, then the curve is a geodesic. If ki # 0 (constant) k2 = 0, then the curve is
a circle with radius 1/k1. If k1 # 0 (constant) and k2 # O (constant), then the curve is
a helix in the space, etc.

Another route to the classification and characterization of curves is the relationship
between the Frenet vectors of the curves. For example Saint Venant, in 1845, proposed
the question whether upon the surface generated by the principal normal of a curve, a
second curve can exist which has for its principal normal the principal normal of the
given curve. This question was answered by Bertrand in 1850, when he showed that a
necessary and sufficient condition for the existence of such a second curve is that a linear
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relationship with constant coefficients shall exist between the first and second curvatures
of the given original curve. The pairs of curves of this kind have been called Conjugate
Bertrand Curves, or more commonly Bertrand Curves [4, 8, 13]. There are many works
related with Bertrand curves in Euclidean space and Minkowski space. Associated curves
of another kind, called Mannheim curves and Mannheim partner curves occur if there
exists a relationship between the space curves a and [ such that, at the corresponding
points of the curves, the principal normal lines of « coincide with the binormal lines of (.
Then, « is called a Mannheim curve, and 8 the Mannheim partner curve of . Mannheim
partner curves were studied by Liu and Wang [9] in Euclidean 3-space and in Minkowski
3-space.

Dual numbers had been introduced by William Kingdon Clifford (1845-1879) as a
tool for his geometrical investigations. After him Fduard Study (1862-1930) used dual
numbers and dual vectors in his research on line geometry and kinematics. He devoted
special attention to the representation of oriented lines by dual unit vectors and defined
the famous mapping: The set of oriented lines in a Euclidean three-dimensional space
E? is one to one correspondence with the points of a dual space D® of triples of dual
numbers [5].

Differential Geometric properties of regular curves in a dual space D°, as well as
in a dual Lorentzian space D} have been studied in many papers. For example see
[16, 3, 7, 17,18, 1, 2, 11, 15, 14]. Mannheim curves in a dual space were studied by the
authors in [12]

In this paper we study non-null Mannheim partner curves in a dual Lorentzian space
DS.

2. Preliminary

Dual numbers were introduced by W. K. Clifford (1845-1879) as a tool for his geo-
metrical investigations. After him, E. Study used dual numbers and dual vectors in his
research on the geometry of lines and kinematics. He devoted special attention to the
representation of directed lines by dual unit vectors, and defined the mapping that is
known by his name. Namely, there exists one-to-one correspondence between the points
of dual unit sphere S? and the directed lines in R?® [5].

If we take the Minkowski 3-space R instead of R® the E. Study (1862-1930) map-
ping can be stated as follows: The dual timelike and spacelike unit vectors of the dual
hyperbolic and Lorentzian unit spheres HZ and S? in the dual Lorentzian space D? are in
one-to-one correspondence with the directed timelike and spacelike lines in R$, respec-
tively. Then a differentiable curve on HZ corresponds to a timelike ruled surface at R3.
Similarly, the timelike (resp. spacelike) curve on S? corresponds to any spacelike (resp.
timelike) ruled surface in Rj.

We will survey briefly various fundamental concepts and properties in Lorentzian
space. We refer mainly to O’Neill [10].

Let R? be the 3-dimensional Lorentzian space with Lorentzian metric (-, -) : —dz? +
dz3+dz?. Tt is known that in R? there are three categories of curves and vectors, namely,
spacelike, timelike and null, depending on their causal character. Let 7 be a tangent
vector of Lorentzian space. Then 7 is said to be spacelike if (7,?) >0o0r @ = 6),
timelike if (7, 2") < 0, null (lightlike) if (7, 2Z) =0 and 7 # 0.

Let o : I € R — R? be a regular curve in R$. Then, the curve « is spacelike if all
its velocity vectors are spacelike. Similarly, it is called timelike and a null curve if all its
velocity vectors are timelike and null vectors, respectively.
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A dual number T has the form z + ez™ with the properties
e#0, 0e=e0=0, le=cl=c¢, e?2 =0,

where z and z* are real numbers and ¢ is the dual unit (for the properties of dual
numbers, see [16]). An ordered triple of dual numbers (Z1, Z2,Z3) is called a dual vector
and the set of dual vectors is denoted by

DP=DxDxD

=2, = * * *
:{x |z = (:c1+5:c1,x2+6x2,:c3+5:c3)}
TJ ?) * * *
={z | z = (z1,22,23) + £ (x],x3,23)}
= =
—(F|F=F+er, T, 7 eR?)
—= -
For any_;f = ?_}—6— s?, y = 7 + sy_’Z € D3, if the Lorentzian inner product of the dual
vectors T and 7 is defined by

=
z

= = =
(2,9)=(Z.7)+(Tv" )+ (" 7)),
then the dual space D?® together with this Lorentzian in_)ner product is called the dual
Lorentzian space, and it is shown by D?. A _()iual vector Z in D? is said to be spacelike,
timelike and lightlike (null) if the vector Z is spacelike, timelike and lightlike (1(51)11)7

%
respectively. The Lorentzian vector product of dual vectors z = (T1,Z2,73) and = =
(Z1,%2,73) in D? is defined by
= = NN N A~
TANY :=(T3Ye—T2Y3, T3Y1 —T1 Y3, T1Y2 — T2 Y1) -
= =
If 7 # 0, the norm H z H of 7 =7 —1—5317t is defined by
- - =
[Z]= Iz %))

—
A dual vector @ with norm 1 is called a dual unit vector. Let 7 = (Z1,72,73) € D3.
Then,
i) The set

= -
St = {55 =7 —&—5? ‘ H z H = (1,0); 77? € R} and the vector @ is spacelike}

is called the pseudo dual sphere with center 8 in D%,
ii) The set

- -
H2 = {37\ =7+ 6:? ’ H T H = (1,0); 7,:? € R? and the vector T is timelike}

is called the pseudo dual hyperbolic space in D? [15]
If all the real valued functions z1(¢) and z7, 1 < ¢ < 3, are differentiable, the dual
Lorentzian curve
z:ICR— D}

t ?(t) = (z1(t) +exi(t), z2(t) +exs(t), z3(t) +exs(t))
— P(t) + ez (1)
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ﬁ
in D} is differentiable. We call the real part 2 (t) the indicatriz of Z (t). The dual arc

%
length of the curve Z (t) from t; to ¢ is defined as

§::j H?(t)’

. . .
where ¢ is a unit tangent vector of 7(1&) From now on we will take the arc length s of
7 (t) as the parameter instead of ¢.

t

dt:/uz?(t)'u dt+s/<_t>7 () ) =stes,

ty

= = =
The equalities relative to the derivatives of the dual Frenet vectors ¢, n, b through-

out the dual space curve are written in the matrix form as

j
i |4 0 SR A

(2.1) e nl| =|—¢ciek 0 T |nl,
s f 0 —5253? 0 f

where K = k + ex™ is the nowhere pure dual curvature, 7 = 7 4+ e7* is the nowhere pure
dual torsion and

(T = (RR) =2 (3.3) =a (T.7)=(7.7) = (7.7) =0

The formulae (2.1) are called the Frenet formulae of the dual curve in dual Lorentzian
= = = = - = )
space. The planes spanned by { t, b }7 { t, n} and {n7 b } at each point of the dual

Lorentzian curve are called the rectifying plane, the osculating plane, and the normal
plane, respectively [1, 2, 11, 14].

3. Mannheim partner curves in D}

In this section, we define Mannheim partner curves in the dual space D} and we give
characterizations for Mannheim partner curves in the same space.

3.1. Definition. Let D$ be dual Lorentzian space with the Lorentzian inner product
(+,-). If there exists a correspondence between the dual Lorentzian space curves & and
B such that, at the corresponding points of the dual Lorentzian curves, the principal
normal lines of @ coincides with the binormal lines of B , then & is called a dual Lorentzian
Mannheim curve, and B\ a dual Lorentzian Mannheim partner curve of &@. The pair {&, B}
is said to be a dual Lorentzian Mannheim pair.

Let @ : 2(8) be a dual Lorentzian Mannheim curve in Df parameterized by its arc

length § and 3 : Z1(51) the dual Lorentzian Mannheim partner curve with an arc length
= = =

parameter $1. Denote by { t(s),n(s),0b (§)} the dual Lorentzian Frenet frame field
along @ : Z(3).

In the following theorems, we give necessary and sufficient conditions for a dual space
curve to be a dual Lorentzian Mannheim curve.

PO 2= =

3.2. Theorem. Let & : Z(3) be a Lorentzian curve in DS and t (3), 7 (5) and b
tangent, principal normal and binormal vector fields of @ : Z(3), respectively.

(5) the

—

i) In the case when ?(”s\) is a timelike vector, g(é\) and b (5) are spacelike vectors,

then & : Z(3) is a dual Lorentzian Mannheim curve if and only if its curvature k

and torsion T satisfy the formula k = X(?z —R?), where X is a never pure dual
constant.
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= - =
ii) In the case when t (3) and 7 (3) are spacelike vectors, b (5) a timelike vector,
then & : Z(S) is a dual Lorentzian M(mnhezm curve if and only if its curvature K
and torsion T satisfy the formula k = )\( —7%), where X is a never pure dual
constant. - _)
iii) In the case when t (3) and b (3) are spacelike vectors, n (S) a timelike vector,
then & : Z(8) is a dual Lorentzian Mannheim curve if and only if its curvature

R and torsion T satisfy the formula kK = —)\( +7 ), where \ is a never pure
dual constant.

Proof. i) Let @ : Z(8) be a dual Lorentzian Mannheim curve in Df with arc length
parameter 3, and 3 : Z1(51) the dual Lorentzian Mannheim partner curve with arc length
parameter 5. Then by the definition we can assume that

31 T3 =2() + 267 ()

for some never pure dual constant X(/s\) By taking the derivative of (3.1) with respect to
5 and applying the Frenet formulas we have

21 (3 PN 5 W
dwl—(s)z(1+/\ﬁ)t+§—gﬁ+/\?b.

ds
= =
Since t; is coincident with b; in direction, we get
dA(3)
Q= = 0.
ds
This means that \ is a never pure dual constant. Thus we have
dz1(5 ~\N = ~=
xdl—ﬁs): (1+/\;4) T +3h.
S

On the other hand, we have
=  dz ds = AAﬁ ds

By taking the derivative of this equation with respect to 51 and applying the Frenet
formulas we obtain

_>

dhy d§  (~di= ~2 s\ = AT ds
d2 P )\—Ht+<ﬁ+>\n2—>\?2)ﬁ+)\T =
ds dsi S

From this equation we get
~ ~ ds
R4+ AR2 -T2 == =,
(F+ ) &
R=AF2—RY).
This completes the proof.

ii) Let @ : Z(3) be a dual Lorentzian Mannheim curve in D? with arc length parameter
s and B : 71(51) the dual Lorentzian Mannheim partner curve with arc length parameter
51. Then by the definition we can assume that

(32) (3 =2(3) + 267 ()
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for some never pure dual constant X(/s\) By taking the derivative of (3.2) with respect to
s and applying the Frenet formulas we have

71 (8 ~\ = N
d21(5) _ (1 - ,\2) AR e
ds ds
= =
Since t; is coincident with b; in direction, we get
dA(3)
—= =0.
ds
This means that \ is a never pure dual constant. Thus we have
71(8 AN R A=
W8 _ (1-58) T + 55
ds
On the other hand, we have
= dz1 ds ~\N =2 ~ =2\ ds
o= s 1—,\A) AN
! ds dsi <( " TAT dsi

By taking the derivative of this equation with respect to 51 and applying the Frenet
formulas we obtain

=
S ~dr =2 ~ ~ — o~
dhy d5 _ (—,\fl—ft + (A3 +37°) 7 + 3
S

ds ds:

From this equation we get
~ a2y dS
S~ 32, a2
K — )\K/ )\ —_— = 0,
( +AT) =
R=AR -7).
This completes the proof.
iii) Let @ : Z(5) be a dual Lorentzian Mannheim curve in D} with arc length parameter

5, and B : Z1(81) the dual Lorentzian Mannheim partner curve with arc length parameter
51. Then by the definition we can assume that

33) #(68)=2(3) +A®)7 (3)

for some never pure dual constant X(/s\) By taking the derivative of (3.3) with respect to
s and applying the Frenet formulas we have

71(3) ~\= A R
dmlﬁs) = (1+)\2) AL v
ds ds
= =
Since t; is coincident with b; in direction, we get
dA(3)
=0.
ds

This means that X is a never pure dual constant. Thus we have
71(8 ~\N = ~=
d21(5) _ (1+/\2) t 43D,
ds
On the other hand, we have

= dzi ds ~\ R 2\ ds
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By taking the derivative of this equation with respect to §1 and applying the Frenet
formulas, we obtain

=

dtl dg Ad/K\/T\) —~ T2 T2 ’\d? dg
(R ( A2 A ) P

ds dsi ( ds TR AR AT + ds d31

From this equation we get
L 2 a2y dS5
(H + AR2 + )\7'2) 78 =0,
d51
R=-A7+7%).
This completes the proof. O

3.3. Theorem. Let @ : Z(38) be a dual Lorentzian Mannheim curve in D3 with arc length
parameter s.

= -

i) In the case where t (3) is a timelike vector, 1 (3) and b (3) are spacelike vectors,
then B : Z1(51) is the dual Mannheim partner curve of & if and only if the
curvature K1 and the torsion T1 of B satisfy the following equation
d?l //%1 ~2.~2
—=—=(1-
da: 7 ( 1% 71)
for some never pure dual constant .

= - =

ii) In the case where t (5) and n (3) are spacelike vectors, b (3) a timelike vector,
then B : Z1(51) is the dual Mannheim partner curve of & if and only if the
curvature El and the torsion T1 of B8 satisfy the following equation
dm 5222
- = 1+
&= 7 21+ 7°7)
for some mever pure dual constant .

= = —

iii) In the case where t (3) and b (S) are spacelike vectors, n (8) a timelike vector,
then B : Z1(51) is the dual Mannheim partner curve of a if and only if the
curvature 7%1 and the torsion T1 of B satisfy the following equation
d?l ~2~2
7= = 1-
dor M ( 12 7'1)

for some never pure dual constant .

Proof. i) Suppose that @ : Z(S) is a dual Lorentzian Mannheim curve. Then by the
definition we can assume that

=
(34)  @(51) = T1(51) + A(51)b1 (51)

for some function fi(51). By taking the derivative of (3.4) with respect to $1 and applying
the Frenet formulas, we have
=2ds = ap =

%
(35) T =i+ -Lb —pAan..

dsi dsi
= -
Since b is coincident with 7 in direction, we get
ai _

ds1
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This means that fi is a never pure dual constant. Thus we have

=2ds = -
(36) tom=t1—[Fn1
dSl

On the other hand, we have

= = ~ = ~
(3.7) t = ticoshf+ nqsinhb,
~ = =
where 6 is the dual hyberbolic angle between ¢ and t 1 at the corresponding points of

a and B By taking the derivative of this equation with respect to 51, we obtain

~

=ds (. dO\ .. = . db
nngz K1+ — | sinh@t 1+ [ k1 +
1

— =
—— | coshOnqi1+71sinh0b ;.
ds1 ds1

— =
From this equation and the fact that the direction of 7 is coincident with that of b1,

we get
<’/~%1 + d—f) cosh @ = 0.
d81

Therefore we have
do

—K1.

= =
From (3.6) and (3.7) and noting that ¢ is orthogonal to b1, we find that
a1

ds1 cosh®  sinh@
Then we have

pT1 = — tanh 9.
By taking the derivative of this equation and applying (3.8), we get

Ad?l ~ ~2~2
P = rm(l-pn7),
that is

dri k1 22
& @)

1—/14 T1

Conversely, if the curvature k1 and torsion 71 of the dual Lorentzian curve B satisfy

dTl K1 (1 . ﬁ2?12)

&0
for some never pure dual constant ji(5), then we define a dual curve by

=
(89)  #(E) =21(5) +fibi (31),

and we will prove that @ is a dual Lorentzian Mannheim curve and that B\ is the dual
Lorentzian partner curve of a.
By taking the derivative of (3.9) with respect to 51 twice, we get

=2ds = =

(3.10) T 1—@Tin
= (ds\? =d*s = dm\ = 2

3.11) kn | — t — = —pki7T1 t RKi—Ji— | n1—p7i b,
(3.11) RKn <d51> + = HK1TL 1+<ﬁ1 Fg, ) e ATiba
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respectively. Taking the cross product of (3.10) with (3.11) and noticing that

~ AdT1 A2 A2 0
K1 —u—dgl —p k1T =0,

ds1

By taking the cross product of (3.12) with (3.10), we obtain also

= (dg\' oo R
ﬂn( > :—uﬁz(l—pzﬁz)bl.

= /ds\?® = -
(3.12) Eb( 5> = PR T+ 7

sy
. L SR e g . .
This means that the principal normal direction 7 of @ : Z(3) coincides with the binormal

direction b1 of 8 : ZT1(51). Hence @ : Z(5) is a dual Lorentzian Mannheim curve and
B :Z1(81) is its dual Lorentzian Mannheim partner curve.

ii) Suppose that & : Z(3) is a dual Lorentzian Mannheim curve. Then by the definition
we can assume that

=
(3.13)  Z(51) = 21(51) + 1i(51) by (51)

for some function fi(51). By taking the derivative of (3.13) with respect to 51 and applying
the Frenet formulas, we have

2d5 = di=

P4

%
(3.14) to= =t o=b + TN

ds1 ds1
= —
Since b is coincident with n in direction, we get
di
=0
d51
This means that & is a never pure dual constant. Thus we have
=ds = =
(315) tT: t1—|—,u7'1n1.
d81

On the other hand, we have
= = ~ = ~
(3.16) t = ticos@+ nisind,

~ = = ~
where 0 is the dual angle between ¢t and t 1 at the corresponding points of & and f.
By taking the derivative of this equation with respect to 51, we obtain

= ds _do\ = (. db — =
rM—=—|kK1+ —|sinf0t1+ | k1 +—|cosni:+71sinlb1.
dsy dsy dsy

— =
From this equation and the fact that the direction of 7 is coincident with that of b1,

we get
r1+ f—g sinf =0
Rl + f—g cosf = 0.
Therefore we have
o

= = —K1.
d51

(3.17)
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= =
From (3.15), (3.16) and noticing that ¢ is orthogonal to b 1, we find that
& _ 1w

ds1 cos 6 sin 6

Then we have

a1 = tan 9.

By taking the derivative of this equation and applying (3.17), we get

_dm ~ JOSR

e = —Fa(l+ A7),
that is

dm R1 22

—=—-—=(1 .

e 7 ( +p 71)

Conversely, if the curvature k1 and torsion 7; of the dual Lorentzian curve B satisfy
dmn K1 2.2
— =—-—=(1+pT
da: 7 ( w 1)

for some never pure dual constant ji(5), then we define a dual curve by

=
(318) #(51) = 31(51) +ibs (51),
and we will prove that @ is a dual Lorentzian Mannheim curve and that B is the dual
Lorentzian partner curve of a.
By taking the derivative of (3.18) with respect to 51 twice, we get

=ds = =
(3.19) T2 = 14 +[7 na,
d81

= (dg\? RdF = (. dR\ = | .7
(3.20) ®n (d_/s\l> + td—g%:_u5171t1+<m+ud—,8\l> ni1+p7i b,
respectively. Taking the cross product of (3.19) with (3.20) and noticing that

~ AdTl A2~ Az_o
—m—ud—/s\l—u R1T1 = U,

we have
=/ ds\°® = =
3.21) #b <d—f> — R T+
d81
By taking the cross product of (3.21) with (3.19), we obtain also
= (ds\'_ ~2.2\
KN <d_”s\1> :uﬁ(l—i—u 7'1) b1

=y . .
This means that the principal normal direction 7 of & : Z(5) coincides with the binormal

direction b1 of 8 : Z1(51). Hence, @ : Z(5) is a dual Lorentzian Mannheim curve and
B :Z1(51) is its dual Lorentzian Mannheim partner curve.

iil) Suppose that & : Z(3) is a dual Lorentzian Mannheim curve. Then by the definition
we can assume that

=
(322) 3G =5(5) +AE)bh (31)
for some function fi(51). By taking the derivative of (3.22) with respect to 51 and applying
the Frenet formulas, we have

— gn
(323) t?: tl"’Tb +ﬁ?1n1-
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= —
Since b is coincident with n in direction, we get
di
L =o.
d51
This means that fi is a never pure dual constant. Thus we have
=ds = =
(324) tTZ t1+lu,7'1nl.
d81

On the other hand, we have

= = ~ = N
(3.25) t = ticoshf+ misinh6,

> = =
where 6 is the dual hyberbolic angle between ¢ and ¢ 1 at the corresponding points of

a and B By taking the derivative of this equation with respect to 51, we obtain

- ds o ~=t 0 =4 7
Eﬁd—f: El+d—f sinh@ t 1 + 7%1+d—f coshf@ni+71sinh@b ;.
ds1 ds1 ds1

— =
From this equation and the fact that the direction of 7 is coincident with that of b1,

we get
<El + d—f) cosh 6 = 0.
d51

Therefore we have

g
(326) d_é\l = —K1.

= =
From (3.24), (3.25) and noticing that ¢ 1 is orthogonal to b1, we find that
& _ 1w

ds1 cosh & B sinh @

Then we have

pT1 = tanh 9.
By taking the derivative of this equation and applying (3.26), we get

_dT: - PER

g = R -2'7),
that is

dm K1 2.2

& =7 (),

Conversely, if the curvature k1 and torsion 71 of the dual curve B satisfy

dnn R 22
d—glf—f(l—ﬂ )

for some never pure dual constant [i(s), then we define a dual Lorentzian curve by

B
(3.27)  2(51) = 71(51) + fibs (51),

and we will prove that @ is a dual Lorentzian Mannheim curve and that E is the dual
Lorentzian partner curve of a.
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By taking the derivative of (3.27) with respect to 31 twice, we get
s =

e

=d —
(3.28) 1= = 14+ 07 na,
d81

= (ds\? R=dF = dR\ = | .
(3.29) &n <§> + t Tz =pKk1iT1 t1+ </€1+,ud—/s\1> n1 +,U7'12b17
1 1 1

respectively. Taking the cross product of (3.28) with (3.29) and noticing that

d?l PO PN

r1 +ﬁd§1 — n17'12 =0,
we have
=2/ ds\* = —
(3.30) "D (%) =07 T+ AT
S1

By taking the cross product of (3.30) with (3.28), we obtain also

= (d5\" ~2 oo
KN <d_”s\1> = —uTi (l—u 7'1) bi.

=y . .
This means that the principal normal direction 7 of & : Z(5) coincides with the binormal

direction b1 of 8 : T1(51). Hence, @ : Z(5) is a dual Lorentzian Mannheim curve and
B :Z1(51) is its dual Lorentzian Mannheim partner curve. O

3.4. Remark. Let @ = a + ea™ and B = B + ¢B" be non-null dual curves in the dual
Lorentzian space D?. As a special case, if we consider the dual part of the given curves
as * = 0 and B8* = 0, then & and B are non-null Lorentzian curves in R3. In this case
all the results of this paper are similar to the results given in [9].
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