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Abstract

In this work, it is shown that under certain conditions, the values of
some generalized lacunary power series with algebraic coefficients from
a certain algebraic number field K of degree m for Liouville number
arguments belong to either the algebraic number field K or |J;*, U; in
Mahler’s classification of the complex numbers.
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1. Introduction

A power series F(z) = >.3° cpz" (e € C, h=0,1,2,...) with a positive radius of
convergence, satisfying the following conditions

ch =0, Th <h<s, (n=1,2,3,...),
ch #0, h=r, (n=1,2,3,...),
ch #0, h=s, (n=0,1,2,...),

where {s,}22 and {r,}5=; are two infinite sequences of non-negative rational integers
with
.8
O0=s50<r1<s1<rag<sa<rg<ss<..., lim —n:oo,

n—00 Ty

is called a generalized lacunary power series.
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First, Mahler [9], in 1965, investigated a class of generalized lacunary power series with
rational integral coefficients and gave a necessary and sufficient condition that these series
take transcendental values for non-zero algebraic number arguments. Later, Braune [1],
in 1977, obtained further results for some generalized lacunary power series with algebraic
coefficients.

Zeren [15], in 1988, considered certain generalized lacunary power series with algebraic
coefficients from a certain algebraic number field and showed that under some conditions
these series take values belonging to the subclass U; in Mahler’s classification of complex
numbers, where ¢ denotes a natural number (recall that natural number means positive
rational integer) dependent on the given series and the argument, for non-zero algebraic
number arguments.

In the present work, we show that the generalized lacunary power series with alge-
braic coefficients treated by Zeren [15], under certain conditions, take values belonging
to either a certain algebraic number field or U;’;l U; in Mahler’s classification of the
complex numbers, where m denotes the degree of the algebraic number field to which the
coefficients of the given series belong, for some Liouville number arguments.

In [4] we considered some non-generalized lacunary power series with algebraic co-
efficients from a certain algebraic number field K of degree m, and showed that under
certain conditions these series take values belonging to either the algebraic number field
K or |J*, Ui in Mahler’s classification of the complex numbers for some Liouville num-
ber arguments. Hence, Theorem 3.1 can be regarded as an extension of [4] to generalized
lacunary power series.

2. Background

Mahler [8], in 1932, divided the complex numbers into four classes and called numbers
in these classes A-numbers, S-numbers, T-numbers, and U-numbers as follows.

We shall be concerned with polynomials P(z) = anz™ + - - - + ao with rational integral
coefficients. The height H(P) of P is defined by H(P) = max (|ax|,...,|ac]), and we
shall denote the degree of P by deg(P).

Given a complex number ¢ and natural numbers n and H, Mahler [8] puts

wn(H,§) = semin_ [P
H(P)<H
P(£)#0

The polynomial P(z) =1 is one of the polynomials which lie in the minimum, and so we
have 0 < wn(H,&) < 1. wn(H,§) is a non-increasing function of both n and H. Next,
Mahler [8] puts

wn () is a non-decreasing function of n. Furthermore, the inequalities 0 < wp(§) < oo
and 0 < w(€) < oo hold. If wy,(€) = oo for some integer n, let p(&) be the smallest of such
integers. In this case, we have w,(£) < oo for n < p(§) and wn(§) = oo for n > p(€). If
wn (&) < oo for every n, put pu(§) = 0o. So u(€) and w(§) are uniquely determined and are
never finite simultaneously, for the finiteness of p(§) implies that there is an n < oo such
that wn(§) = oo, whence w(€) = oo. Therefore there are the following four possibilities
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for &, and £ is called

An A-number if w(§) =0, p(§) = oo,
An S-number if 0 < w(&) < oo, p(§) = oo,
A T-number if w(§) = oo, u(é) = oo,
A U-number if w(&) = oo, p(€) < oo.

Every complex number £ is of precisely one of these four types. The A-numbers are
precisely the algebraic numbers (see Schneider [11, pp. 68-69]). So the transcendental
numbers are distributed into the three disjoint classes S,T,U. Let £ be a U-number such
that u(§) = m, and let Uy, denote the set of all such numbers, i.e. Up, = {£ € U : p(€) =
m}. Obviously, the set U, (m =1,2,3,...) is a subclass of U, and U is the union of all
the disjoint sets Un,. LeVeque [6] showed that U, is not empty for any m > 1.

Koksma [5], in 1939, set up another classification of the complex numbers. He divided
the complex numbers into four classes A*, S*, T*, U*, as follows.

Suppose that « is an algebraic number and P(z) is the minimal defining polynomial
of a such that its coefficients are rational integers, relatively prime, and its highest
coefficient is positive. Then the height H(«) of « is defined by H(«) = H(P), and the
degree deg(«) of « is defined as the degree of P.

Given a complex number ¢ and natural numbers n and H, Koksma [5] puts

w;(H7€) = min |€_O‘|7
o is algebraic
deg(a)<n
H(a)<H

a€

wy, (&) = lim sup M7 and w*(£) = lim sup wn_(f)
H—o00 log H n— o0 n
wy (H,€) is a non-increasing function of both n and H, and so w;,(€) is a non-decreasing
function of n. The functions wy,(§) and w*(§) satisfy the respective inequalities 0 <
wi(€) < oo and 0 < w*(€) < oo. If wy(§) = oo for some integer n, let p*(§) be the
smallest of such integers. In this case, we have wy,(§) < oo for n < p*(§) and w;, (§) = oo
forn > p*(§). If w;,(€) < oo for every n, put p*(§) = co. So p*(§) and w* (&) are uniquely
determined and are never finite simultaneously. Therefore there are the following four
possibilities for €. Then, £ is called

An A*-number if w*(£) =0, p*(§) = oo,
An S™-number if 0 < w*(£) < oo, u*(€) = oo,
A T"-number if w*(§) = oo, p*(§) = oo,
A U -number if w*(§) = oo, p* (&) < oo.

Every complex number £ is of precisely one of these four types. Hence, the complex
numbers are distributed into the four disjoint classes A*, S*, T™, U*. Let £ be a U*-
number such that p*(§) = m, and let U;;, denote the set of all such numbers, i.e. Uy, =
{£ e U" : p* (&) = m}. Obviously, the set Uy, (m =1,2,3,...) is a subclass of U*, and
U™ is the union of all the disjoint sets U,,.

Koksma’s classification of the complex numbers is equivalent to Mahler’s, i.e. A*-,

S*-, T*-, U*-numbers are the same as A-, S-, T-, U-numbers, respectively. Moreover,
Un =U;, (m=1,2,3,...) holds (see Schneider [11] and Wirsing [12]).
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A real number ¢ is called a Liouville number if to each natural number n there exists
a rational number p,/qn (Pn,qn € Z) such that the inequalities

1
< J—

qrn
hold. We deduce from the definition that a Liouville number is an irrational number. The
set of Liouville numbers is identical with the subclass Uy in Mahler’s classification (for
more information about Liouville numbers see Perron [10, pp. 178-190] and Schneider
[11, Kapitel I]).

We need the following lemma in order to prove the main result of this paper.

qn>1,0<‘£—2—"

2.1. Lemma. (igen [3]) Let au,...,ax (k > 1) be algebraic numbers which belong to
an algebraic number field K of degree m, and let F(y,x1,...,xk) be a polynomial with
rational integral coefficients and with degree at least 1 iny. If 1 is any algebraic number
such that F(n,oa,...,ax) =0, then

deg(n) < dm
and
H(n) < 32dm+(l1+---+lk)mHmH(a1)l1m . H(ak)lkm,

where H is the height of the polynomial F, d is the degree of F iny, andl; (i=1,...,k)
is the degree of F inx; (i =1,...,k).

3. The main result

3.1. Theorem. Let K = Q(6) be an algebraic number field of degree m, and let

F(z)=Y e (cn€ K, h=0,1,2,..)
h=0

be a power series which satisfies the following conditions:
ch=0, T <h<sp(n=123,...),
(3.1) ch #0, h=r, (n=1,2,3,...),
ch#0, h=s, (n=0,1,2,...),
where {sn}org and {rn}nz1 are two infinite sequences of non-negative rational integers
with
(32) O=so<ri<si<ra<sa<r3<szg<---,
(3.3)  lim 2 =00

n—00 Ty
Suppose that the radius of convergence R of the series Y 7~ |Cal 2" 1 is positive (R may
be finite or infinite), and

(3.4) limsup log An

h—o0

< 0 (Ah:[ag,al,...,ah], h:1,2,3,...), ¥

where ap, (h=0,1,2,...) is a suitable natural number such that apcp, (h =0,1,2,...) is
an algebraic integer. Moreover, let & be a Liouville number such that forn =1,2,3,...,

€| denotes the maximum of the absolute values of the conjugates of the algebraic number
cp, over Q
i[ao, ai,...,ap] denotes the least common multiple of the rational integers ag, a1, ..., ap.
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there are rational integers pn,qn with g, > 1 and real numbers w, = o~ fgéqn with
limy,— 00 wn = 00 satisfying the following inequality
Dn 1
3.5 e
63 |- <
and let
(3.6) €] < R.

Then either F(&) is an algebraic number in K, or F(§) € UL, Us.

Proof. By (3.1), the series F'(z) can be written, for the complex numbers z at which F(z)
converges, as

(7)) F(2)=Y cnz" =) Pu(2),
h=0 k=0

where Py(z) = Z;’“:;k crz (k=0,1,2,...).
We shall prove the theorem in four steps.

1) The radius of convergence of the series F(z) = 352 cpz" is > R. For since |cs| <
[en] (h=0,1,2,...), F(z) converges for all the complex numbers z for which the series
S5, |en| 2" converges. Then F(z) converges for z = €.

2) We shall consider the polynomials

(3.8)  Fu(z) = i Pu(z) (n=1,2,3,...).
k=0

Define the algebraic numbers

Tn h
(3.9)  nn=F, <§—> => o <p—> eK (n=1,2,3,...).

n h=sg qn

Since n, € K (n=1,2,3,...), deg(n.) < m (n=1,2,3,...). By multiplying both sides
of the equality

Tn h
M=) cn (p—"> (n=1,2,3,..)

h=sqg dn

by A,,, we obtain

Tn h
Pn
3.10) Ap,mm — Ar.cn | — =0.
(3.10) n > h ( o >

h=sg
Ar,cn (h=s0,50+1,...,mn) is an algebraic integer in the algebraic number field K =
Q(0). Moreover, we can assume that the algebraic number 6 € K given in the hypothesis
of the theorem is an algebraic integer and shall do so. Then we have

(h) (h) g(h)
(B11)  Ar,en =25 4250+ + "519"“1 (h=s0,50+1,...,7n),
where féh),fih), e ,57(:),1, and D = ‘A2(1,9, R 0’"71)‘ > 0 are rational integers. Here,
1 1 1
pt1} pt2} gim}

A=A1,6,...,6m ") = , . . . ;

(omf'l){l} (omf'l){Z} . . (Hmfl){m}
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and () ... (09 (i = 1,2,...,m — 1) denote the field conjugates of #* (i =
1,2,...,m —1) for K = Q(# ) Obviously A, and so D depend only on 6 and the
conjugates of 6. From (3.10) and (3.11) we obtain,

Tn m—1
(312) DApm— >, > €Me (p”) =0.

h=sg p=0 qn

By multiplying both sides of (3.12) by ¢,;*, we obtain

Tn m—1
(3.13) g DAv i — Y Y Mg phor = 0.
h=sg pu=0

Then we have
(3.14) L(mn,0) =0,

where
rn m—1

(3.15)  L(y,x) = g" DAr,y— » . > &g "pra”

h=sg p=0

is a polynomial in y,z with rational integral coefficients. Since g," DA, # 0, the poly-
nomial L(y,z) is of degree 1 in y. The degree of L(y,z) in = is < m — 1. Denote the
height of the polynomial L(y,z) by H. Then, by Lemma 2.1, we obtain

(316) H(nn) < 32m+(m71)mHmH(9)(m71)m — 3m(m+1) HmH(g)(mfl)m

Now let us determine an upper bound for the height H of the polynomial L(y,z). Since
¢ is a Liouville number, we can assume that p, # 0 (n = 1,2,3,...), and shall do so.
Hence |pn| > 1, for p, is a non-zero rational integer. Also we have g, > 1 (n=1,2,3,...)
by the hypothesis of the theorem. Thus it follows from (3.15) that

H= max (anDA"“vml{(h)'an hlpﬁl)

h=sg,...,Tn
(3.17) pOm "
<@ lpal™ | max (DA, [8."]).
=505--sTn,
pn=0,....m—1
Now we shall determine an upper bound for |§Lh)| (p

1,...,7n). Put
(3.18) &= DA,,cn.

y1,...,m—1; h = so,S0 +

Note that ¢ is an algebraic integer in K, since A, cp is an algebraic integer in K and D
is a natural number. By (3.11) and (3.18), we have

(319) =€ +eMo4 4 0™ (h=s0,50+1,...,7n).
By using the field conjugates of 0 for K in (3.19), we obtain the system of linear equations

50 =l 4 Mot 4o g ()
52 — {(()h) + ggh)9{2} R 55:;)71(077171){2}
(3.20)

in the unknowns f(h) (h)7 . 75(}1), . The coefficient matrix of (3.20) is different from

m—1

zero, since A%(1,0,...,0™ ") # 0. Thus, the system of linear equations (3.20) has a
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unique solution which is

321) &M =3" %5“} (h=0,1,...,m—1),
j=1
where Ay; (0w =0,1,...,m—1; 5 =1,2,...,m) are complex constants which depend

only on 0 and the conjugates of 6, are independent of §,n, and h. It follows from (3.21)
that

m—1 m
3.29 (h) |AH]| st} < [Au] 51 <[5 |A
(3.22) I_Z |67 Zm'll IIZZ

pn=0 j=1

However, since, by (3.18), 6 = DA, cn, we have
By (3.22) and (3.23),

m—1 m

|Aw|
61 < DA ferl 3 3SR
(3.24) =0 =1
=C(K)Ar,|en] (p=0,1,....m—1; h=5s0,...,70),
where C(K) = D3 DN T K‘J is a positive real number which depends only on 6

and the conjugates of 0 is independent of n, h, and p. From (3.17) and (3.24) follows

H < g lpa[™ | _max (DA, TK)A,, (o))

(325 " _
< g o ) Ar, | _max (1, [er)

yeeesTm

where C(K) = max (D, C(K)) > 1 is a real constant which depends only on ¢ and the
conjugates of 6.

Let us choose a real number p satisfying the inequality
(326) 0< ¢l <p<R.

(If R = oo, then p is chosen as p > [¢]). By (3.26), the series > 37 [cr| p" is convergent.
Thus, limp,— o |Cr] ph = 0, so the sequence {|E| ph}zozo is bounded, and therefore there
is a real number M > 0 such that

_ M
(3.27) el < p_h (h=0,1,2,...).
Then

max (1,]¢x|) < max <17PMh>

h=s0,...,Tn h=sg,...,

M 1 m
< max <M17 —hl> = M (max (17 —)) ,
h=s0,...,Tn P P

where M7 = max (1, M) > 1.

(3.28)

oo
Since limsup,,_, ., 2245 < co by (3.4), the sequence {loghAh'} is bounded above.
=1
So there exists a real number ¢ > 0 such that
log A <
S
From (3.29), we obtain

(330) A, <€’ (n=1,2,3,...).

(3.29) (h=1,2,3,...).
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By (3.16), (3.25), (3.28), and (3.30), we have
(331)  H(nm) <eg""qn""|pal™™ (n=1,2,3,...),
where e = 3™ C(K)e” M; max (17 %) H(0)™ ' > 1 is a real constant independent of

T, Tn, Mn, and gn. On the other hand, since ¢ is a Liouville number, we can assume that
limy— 00 gn = 00, and shall do so. So eg < g for sufficiently large n. Hence, by (3.31),

(332)  H(m) < g2 " lpa|™"
for sufficiently large n. It follows from (3.5) that

Pn

(333) || < jg]+1,

and so

(3:34)  Ipn| < gn (Il +1).

From (3.32), (3.34), and the fact that |£| + 1 < g, for sufficiently large n, we obtain
(3.35) Hn) <q™

for sufficiently large n, where e; = 4m > 0.

3) We have

(3.36) [F(€) =1l < [F(E) = Fu()| + [Fa(€) = 1l (n = 1,2,3,..).

Now we shall determine an upper bound for |F(£) — F,,(€)| and |F.(§) — nn|. By (3.8),
(3.26), and (3.27), we have

|F(&) = Fa(©I < > [enl l€"
h=sn
<y
h=sn,

Sn 2
Mg ar ()" (184 ()Y,
P P P P

thus,
€2
(337) |F© - Fa@)l < = (n=1,23,.),
3
where es = % > 0 and e3 = % > 1 are real constants independent of n,r,, sn, Nn,

o
and ¢,. By (3.27),

S

(3.38) |en] < — < MB"< M B" (h=0,1,2,...),

—

R}

where B = max (1,%) > 1, My = max(1,M) > 1. From (3.5), (3.8), (3.9), (3.33),
(3.38), and the fact that |¢] < |¢] + 1, it follows

’n h—1
Cr p - - p7 p'r
Fu(©) —mal < D [aml €= =2 (1" 41672 |22+ 4 |22
h=sq dn 4n qn
Tn
Tn RN 1 Tn
0 <Y M BT o (€] + 1)
h=sg n

1 T T T
< pEn (rn +1)> M{"B™ (|| + 1) .
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Since limy,— o0 Tn = 00, it follows limp oo "{/ (7n + 1)2 =1, and so there is a real number
e4 > 1 such that

(3.40) (rn+1)* <ejn

for sufficiently large n. By (3.39) and (3.40), we have for sufficiently large n

Tn

2

(341)  |Fn(§) —nnl < PETTE

where e5 = e4M1B (|| + 1) > 1. From (3.41) and the fact e5 < ¢, for sufficiently large
n, we obtain

(342)  [Fn(§) —mm| <

qzn(umfl)

for sufficiently large n. Let A be a real number such that 0 < A < min (1,loges). Then
the inequalities

€2 1
(343 2 <L _
e g n =D
and
1 1
(3.44) ;n(wnfl) = q;n(wﬁUA

hold for sufficiently large n. It follows from (3.36), (3.37), (3.42), (3.43), and (3.44) that

2 1
(3‘45) |F(£) - 77n| < qfn(wnfl)k <

q:'bn (wn—=2)\

for sufficiently large n. We deduce from (3.45) that lim,—eo |F(§) — nn| = 0, and so
limp 00 M = F(€). We obtain from (3.35) and (3.45) that

(3.46)  [F(§) —nal < (lim 75, = o0)

H(np)m oo

for sufficiently large n, where ~,, = @ (n=1,2,3,...).
4) There exist the following two cases for the sequence {|F(§) — nn|}:
a) |F(€) — nn| = 0 from some n onward:

In this case, 7, = F(§) from some n onward, that is, {n,} is a constant sequence.
Since n, € K (n=1,2,3,...), in case a) it is obtained that F'(§) is an algebraic number
in K.

b) |F (&) — nn| # 0 for infinitely many n:

In this case, the sequence {1, } has an infinite number of different terms. For otherwise
{n»} would have a finite number of different terms, and so the sequence {|F(§) — nn|}
would have a finite number of different terms. Since |F'(£) —ny| # 0 for an infinite number
of n, there is a non-zero term in the sequence {|F(§) — nn|}. Then {|F (&) — nn|} would
have only a finite number of different terms which are not zero. Hence, let us denote
the different and non-zero terms in the sequence {|F(§) — nn|} by w1, uz, ..., ue (¢ > 1).
Put ¢ = min(u1, u2,...,u:). Note that ¢ is a positive real number, since all the u; (i =
1,2,...,t) are positive real numbers. Thus, for any natural number n

(3.47) either |F(§) —nmnu| =0o0r |[F(§) —nn| > c.
Since limy,— o |F(§) — 77n| = 0, there exists a natural number no such that

(348) [F(§) —na| <c
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for n > ng. However, since |F(§) — .| # 0 for an infinite number of n, there exists a
natural number T > ng for which |F(§) — nm| # 0. By (3.47), we have |F(§) —na| > ¢
which contradicts (3.48). Therefore {n,} must have an infinite number of different terms.

The sequence {H (n,)} of natural numbers, formed by the heights of the algebraic
numbers 7, is not bounded. For otherwise there would be a real number M> > 0 such
that H(nn) < Mz for n = 1,2,3,.... Then since also deg(n.) < m (n = 1,2,3,...),
the sequence {n,} would have a finite number of different terms, contrary to the fact
that {n,} has an infinite number of different terms. Thus limsup,,_, . H(n.) = oo, for
{H(nn)} is not bounded above. Since limsup,, _, . H (1) = 0o, the sequence {H (1)} of

natural numbers has a subsequence {H(nnj )}]Oil such that

(3.49) 1< H(mny) < H(Mny) < H(nng) < ..., len;oH(nnj):m.

By (3.49), the terms of the sequence {nn; }52; are all different, i.e. if i # j, then 1., # 1,
So the sequence {nnj }521 may have at most one term equal to F(§). If there is a term
equal to F'({) among the terms 7,; (j =1,2,3,...), i.e. if there exists a natural number
jo for which 7, = F(§), then we throw away the first jo terms fn,, 7y, ..., nn,, and
renumber the terms of the sequence {nn].} (Jo+1—1, jo+2—2,...), and so all the
terms of the sequence {nn j} are now different from F(£). To summarize, the sequence
{nn}nz1 has a subsequence {7, };2; for which the following properties hold:

i) 1< Hny) < HMny) < H(nny) < ..., limjoeo H(nnj) = oo,

iii) deg(nn;) <m (j =1,2,3,...), for g, € K (j=1,2,3,...).

From (3.46) and i), we obtain for sufficiently large j that

(850) 0<|F(€) | < (lim yn, = o).

1
H(Unj)%j Jj—eo
Put Hj = H(n;) > 1 (j = 1,2,3,...). By ii), {H;}]Z, is a strictly increasing subse-
quence of natural numbers. By i), iii), and (3.50), we have for sufficiently large j
1 1

wh (Hy, F©) = min_|F(§) — a] < [F(€) — | < T = s
s e Hm, )™~ 1)
H(a)<H;
a#F(§)

and so it follows that 0 < wy, (Hj, F(§)) < 71"]_ for sufficiently large j. Consequently,

H,;
8 ij;‘n(llfjﬂs)) . . . .
—— e = 7Yn; — 1 for sufficiently large j. Since lim;_ oo n; = 00, we obtain

log H ;
log —— 1
- g Hjw}, (Hy, F(€)) s
j—oo log H;

Hence wy, (F(§)) = co. This implies that F'(§) € U* and p* (F(§)) < m, in other words,
F(¢) e UL, Uf. Since U = U; for ¢ = 1,2,..., this implies that in case b) we have
F(¢) € U~ Us. This completes our proof. O

If we take m = 1 in Theorem ??, we obtain the following corollary.

3.2. Corollary. Let F(z) = ch;o cnz (ch € Q; e = b € Z, an € N;

ap’
h=0,1,2,.. ) be a power series which satisfies the following conditions:
ch=0, T <h<sp(n=123,...),
ceh #0, h=r, (n=1,2,3,...),
crh #0, h=s, (n=0,1,2,...),
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where {sn}org and {rn}o, are two infinite sequences of non-negative rational integers
with
s
O0=s0<r1<s1<rg<s3<r3<s3<--- and lim == =0
n—oo Ty
Suppose that the radius of convergence R of the series F(z) is positive (R may be finite
or infinite), and

log A
lim sup 82 oo (A = lao,a1,...,as], h=1,2,3,...).
h— oo

Moreover, let € be a Liouville number such that for n = 1,2,3,..., there are rational in-
tegers pn, qn with g, > 1 and real numbers w, = Tf# with limy, s 00 wy, = 00 satisfying
the following inequality

‘5 S %7

dn gn

and let |€] < R. Then F(£) is either a rational number or a Liowville number.

3.3. Note. Theorem ?? and Corollary 3.2 also hold true for real numbers w, = Tnfoﬁ

with limsup,,_, ., wn = o0.
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