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Highlights
A Durrmeyer variant of Bernstein-Stancu operators is studied.
*These operators are introduced with shifted knots.
*Asymptotic behavior of these operators is examined by using Voronovskaja-type theorem.
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In this paper, we study on a Durrmeyer variant of Bernstein-Stancu operators. We give a
Received: 16/01/2019 Voronovskaja-type theorem for these type operators.
Accepted: 25/03/2019

Keywords

Durrmeyer type operators
Bernstein-Stancu type operators
Voronovskaja-type theorem

1. INTRODUCTION

In [1], for f € C[0,1], the Bernstein polynomials (B, f) are defined by

Ba(f ) = X0 f (5) bur(®) ,n €N (1)
where by (x) = () x* 1 — )" ¥, k=0,1,...,n

In [2], Durrmeyer introduced modified Bernstein polynomials to approximate Lebesgue integrable function

on [0,1], then he motivated the following integral modification of Bernstein polynomials

n 1
Du(f,) = (4 1) Y b [ F(Obuel©)
k=0 0

In [3], the authors introduced the following new generalized Bernstein-Stancu type operators with shifted
knots:

BEA(f) = (M) Spsof (B9 T, @

n+f4

where € A, = [i n+a2] ,and Ty (x) = (Z) (x R )k (n+a2 - x)n_k,

n+p,’ n+p, n+p, n+p,
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k=01,..n with ag, B k = 1,2 positive numbers satisfying 0< a; < f1,0< a, < 5. Apparently,
substituting @, = a, = B, = ;=0 in (2) one finds the classical Bernstein operators in (1) , substituting
a, = B, = 0in (2), one obtains the Bernstein-Stancu operators introduced by Stancu in [4]

B0 =S 1 )
k

In [5], for f € C[0,1], authors defined a Durrmeyer variant of Bernstein-Stancu operators

SwP(f,x0) = (&52)211+1 Thoo T+ 1) [, Tue(Of (nHal) -

n

An =222 and Tye(x) = (7) (v — =2 )k (w—x)n_k,k =01,..n

n+B;’ n+p, n+f; n+p,

with ay, B, k = 1,2 positive numbers satisfying 0< a; < f;1,0< a, < f8,. They obtained the direct and
converse results of approximation by these operators. In [6-11], many authors have studied some special

cases of the operators S,‘f'ﬁ (f, x).
In this manuscript, we give a Voronovskaja-type theorem for the operators defined in (3).
2. MAIN RESULT

In this section, we give some lemmas in order to prove our main result. For the sake of shortness, throughout
the paper we use the following notations

Hm) = ) (n+1D), Gg, () = (n+ ) fori = 1,2
i=2

Now, we give the following lemma which is proved in [5].

Lemma 1. [5] We have the following equality

n+ap

+1
f"*"’z T ()dt = ( - )n L k=012..n (4)

. n+p, (n+1)

Lemma2. Lete; = ¢/, j =0,1,2,3,4, we obtain

(i) S%F (eq,x) =1,

oy oaf _ n? n?+2na, aq
() Sn™ (e X) = T amm™ ¥ Gamam * apmy
4 3 4 3 2
iii) S8 (o x) = n*-n 52 +{ an*+8nia, n 2nay }x
(1) 5™ (e2,x) 65, )] Ha() [65,(0]" G, (1) Hs(m) * [Gp, (M) Ha()
2n*—2a,n*-2a3n3+6n3a, +6n%a3 + 2n?a;+4no; o, a?
[6g, ]’ [Gp,M]*Hs(n) [6Gg, ]’ Gp,m) Ho(m)  [Gg, (]
(iv) ST?'B(Eg,x) _ n6—3n53—2n4 3 9n6+18n5<;c2—9n5—18n4a2 3n4a1—§n3a1 2
[Gg, ()] Ha(m) [Gg,(M)] Gp, (1) Hy(n) [Gg, (W)]  Hz(n)

18n°-9nla,—6n’a3+54n5a,+66n* a3 12n%a; +24n3a; ay 3n?a?
[Gg, ]’ [Gp, (W] Ha(m) [Gg, ] Gg,MHz () [Gp, (W] Ha(m)
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+ 3n®aZ-12nfa,+6n°— 24n5a3+24n3a,—24n*ad+36n* a3 +24n3a3

(6, M)]*[Gp, ™)’ Ha(n)

4 4 3 2 3 2 2 2.2 2 3
+ 6ntay—6nta o —6n’a;as+18n o o +18n“a a5 3n“af +t6naja, o7

66, ] [65, W] Ha(m) (6, Gp,m Ha(m)  [Gp, ()]

(v) Sa'B(e x) = n8—6n’+11n°-6n5 4 24n” a,—4n8a, —44n%a,+24n3a, +16n8-48n7 +32n°
n 40 - 4 4
[Gg, ()] Hs (1) [Gg, ()] Gg,(MHs(n)

+ 4n” a—12n°a, +8n°a;) (n+5)+(4nta; —12n°a +8n*a)Gg, (M) (n+5) | 4
X
[Gp, )]G, W Hs (1)

+ 6nfa3-36n’ a3+66n°a3-36n°a3-48nfa,+144n’ a,—96n°a,+72n8-72n7
Z 2
[631(n)] [Gﬁz(n)] Hs(n)

+ (—12n7ad+36n°a3—24n5a3+36n” @, —36n°a; ) (n+5)+(6n°as—6n°a3)(n+5)(n+4)
P 2
[631(n)] [Gﬁz(n)] Hg(n)

n (36n°ay +72n5a a,—36n% 0 —74na; a, ) (n+B2) (n+5)+(6n*ad —6nsaf)(n+B2)%(n+5)(n+4) X2
(65, 00] (G, (] Hs(m)

+ —anBad3+24an” a3 -44nla3+24n5 a3 +48n8a2-144n" a2 +96n°a3-144n8a, +144n” o, +96n*
z 3
[651(n)] [Gﬁz(n)] Hs(n)
(12n7 a3 —-36n°a3+24n5a3-72n" a3+72n°a5+72n" a; ) (n+5)

(G5, ]*[Gp, )]’ Hs (1)

+ (—12nad+12n5a3+24n°a%)(n+5)(n+4)+4n*ad Fs (n)
(65, )]*[Gg, ] Hs (1)

—36n°a,0,+72n%a; +216n%a; ay—24n°a 03 +264n oy o 24n*a? +48n3a3a,

[Gg, ] [6p, )] Ha(n) [66, )] G, (MH;3 (1)

4n?ad

—— (X

[Gg, ()] Hs(n)

n8af-en’af+11nlaf-6nSai—16n8ad+48n” a3 -32na3+72n8a%-72n" o2
z z

[631(n)] [Gﬁz(n)] Hs(n)

[od

+

24n°-96n8a, (—4n’ o +12n°a%-8nSaj+36n’ a3 -36n°a3-72n" a3 +24n"ay)
7 P 7 7
[Gp, (] [Gp, (W] Hs () (G, (W] [G, (] Hs ()

(6n2ai—6nai—24n?ad+12n%a3)(n+5)(n+4) + (403 -3a3)Fs(n)
(65, (][, (W] Hs () (66, (] [G6, (W] *Hs ()

+ 12n%a; 05 -48n°aq o, +24n°%0; —96n5 oy a%—96n5 0ty a, —96n 0ty 05 +144n* oy a3 +96n3aq o3
z 3
[GB1(n)] [Gﬁz(n)] Hy(n)

+ 12n*a? —12n*a?a,—12n3 o ai+36n2a?a, +36n%al o an?ad +8nada, ot

[66, )] "[6p, )] Hs () [6g, )] Gp, MH(0)  [Gg, W]

Proof. Using equality (4) in the Durrmeyer variant of Bernstein-Stancu operators (3) for j = 0, we get
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n

58 o1 = (21 Z)Mi T @+ 1) [ Tu©) e
An

k=0

- (LB o
k=0

=1.

So the proof of (i) is finished. Using the direct computation, we obtain (ii) as follows

290 = (L) om [ o (B0 ae
k=0 A

n+ 4

= ()" Bl T+ DG, (¢ ) () e

n+ﬁz n+,82

() ) e

Ifwetaket = u + ni; in the last equality, then we get
2
n
, n + ﬁz 2n+1 n
sPen= (") kzo T )+ 1)

n n n-k

n n+h k+1( n )”-k a, f—n+ﬁz X ( n )
—_— d — d
X(k) L u n+ﬁ2 u w+n+B20 u n+ﬂ2 u Uu .,

s = ()™ S (1) (- ) ()

k=0
( n )"+2 k+1 N a, 1 ( n >”+1
X n+f, mM+1)(n+2) n+fn+1\n+p,
n? n? + 2na, a

ST?’B (ell x) =

Gp. () G, () Gy (Hy(m) | Gg, ()

Thus, we have the proof of (ii). Finally, we apply the same process in (ii), as a result, we get (iii), (iv), and
(v) easily.

Now, we give the following lemma for using the Voronovskaja-type theorem.

Lemma 3. Let ay, B, k=1,2 be positive numbers such that 0< a; < f;,0< ay < f55.

We obtain the following limits
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(i) lim nSYP((t — x)%x) = —2x% + 2x, (5)
(i) 71i_r£10n25;f'8((t —x)*x) =28x* — 24x3 + (12a, + 12)x2. (6)

Proof. (i) From Lemma 2, we get

_ 4 3 2 2 2 2
lim nS@B((t — x)%; %) = lim |]22*" (6+81 +481)+Z (5B1°+12B1)+6B1°n | 5
n—oo n—oo [GB1(n)] H3(n)

2n5 + n* (4 +4a,—2a1 f1-2B1—-6)+n3(—12a1 —12a, - 100, f1—4a1 B —4a,B1 — 201 B1B2—6B4)
+ = 2
[631(71)] [ng(n)] H3(n)

n?(—12a4 f1—12a,B,—12a,B1 —10a,B1B2) —12na;$16>
[G, M]*[6, )] Hs () (G, )] (G, ()] Hs ()

+ n®(4af-12a,+0af +20,+2 )+n* (1005 +6a,+502 +6a1+502 Br+201 a2 +204 B,
2 2
[Gl31(n)] [GBZ (n)] Hs(n)

n3(6a3+6a3 +1002 By+0a? Bo° +120; ap+6a By +4a1 Ay By )+1% (50 B2 +1205 By +12a,a,B,)+602 Bo°n
2 2
[Gg, (W] [Gp, (W] H3(n)

= —2x2 + 2x.
(ii) Using linearity of the operators S,?‘B(f(t); x) and Lemma 2, we have
SER(F); %) = IFP ()x* + 18P ()3 + 1XP ()x? + 18P (m)x + 12F (n),

where

—6n7+11n6—6n5_4n6—12n5—8n4 6n*—e6ns _ 4n? N
[Gg, ] Hs(m)  [Gp, ]’ Ha(m) ~ [Gp, ] Hs(m)  Gpy (W) Hz ()

8
=" 1,

Ia,[} (n)= 24n” ay—4anBa,—44n°a, +24n5a,+16n8-48n7+32n8  4n’a,—12nla,+8n%ay)
5 =

7 7
[Gg, ()] Gg, (M)Hs(n) [Gg, ()] G, (M) HA ()
an*a,-12n%a +8n*a; 36n°+72n%a,-36n7-72n*a, 12n*a;-12na,
2 - 3 - 3
[GB1(n)] Hy(n) [631(n)] G, (M)Hs(n) [GB1(n)] Hs(n)
+ 24n*+48n3a, 12n2a, 4n?+8na, 4a,

[Gp, ] Hs() ~ [Gp, ] Ha(m)  Gp, (WG, (MHy () G, (W)’

Ia,ﬁ (n)= enai—36n’aZ+66n°az—36n°as—48n8a,+144n” ay,—96n°a,+72n8-72n7
3 4 2
[Gﬁl(n)] [Gﬁz(n)] Hs(n)

—-12n” a3+36n°a3-24n5a3+36n’ a,—36n°a, + 6nfa3—6n5a3

[6131 (")]4 [Gﬁz (n)]2H4 m [6131 (")]4 [662 (n)]ZHS m

36nay+72n°a a,-36n%a, ~74n*a 0, . 6n*a? —6nda?
7 7
[65,(M)] G, (M)Ha(n) [Gg, (W)] H3(n)
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—-36n°a,-72n%+216n5a,-24n5a3+264n* o3 48n*a+96n3a,ay 12n%a?
3 2 - 3 - 3
[6p, W] [Gp, W] Ha(m) [6p, W] Gp,(MH3(n)  [Gp, (M)] Hz ()
—-12n*a,—-12n*-12n3a3+36n3a,+36n2a3 12n20 +24n0 05 60
2 2 2 21
[Gg, M][Gp,(M)] Hs(n) [Gg, (W] G, (MH(n)  [Gp, (W)]
Ia,ﬁ (n) = —anBad+2an” a3 -44nlad+24n503 +48n8 a3 -144n" al+96n°-144n8a, +144n7 a, +96n*
4 - 2 3
[GB1(n)] [ng(n)] Hg(n)
12n” a3 -36n°ad+24n°a3—72n" ai+72na3+72n"a, | —12n°ad+12n5a3+24n8a3
4 3 4 3
[6p, (W] [Gp, (W] Ha(m) [6p, W] [Gp, W] Hz()
an*od —36n°a,a,+72n%a; +216n%a; 0y —24n5 o o3 +264n* o, a3
4 3 4 2
[031(n)] [ng(n)] [631(n)] [Gﬁz(n)] Hy(n)

12n%02-48n°a,+24n°—96n°a%—96n°a,—96n* a3 +144n*al+96n3ad

(6, )] *[6p, ()] Ha(m)

—24n*dZa, + 24n*a; — 24n3a 0 — 72n3 0y, + 720204 03 N 24n*a? + 48n3ala,

[Gg, )] [Gg, (W] “Hs () [Gg, ()]* Gy, (W Ha(n)

3n%a? +6naa, an?od ol

[6p, W] Gp, H ()  [Gg, ] Ha(m) — [Gp, ()]

Ia,ﬂ (n) = nBai-6n’af+11n%ai-6nSai—16n8a3+48n" a3 -32n°a3+72n8af-72n" a3 +24n°-96n8a,
5 = Z Z
[631(71)] [Gﬁz(n)] Hs(n)
—an’aj+12nla5-8n5a5+36n" a3 -36n°a3-72n" a3 +24n"a, . 6nPai-6nSai-24n?a3+12na3
z z P P
[Gl31(n)] [Gﬁz(n)] Hy(n) [GB1(n)] [Gﬁz(n)] Hz(n)

12n%a; a3 -48n°a; oy +24n°a; —96n5 oy aZ —96n5 oy o, —96n* oy o3 +144n* o a3 +96n3 oy a3

[6g, )]"[Gp, W]’ Ha(r)

4 4.2 2 4 3,2 o2 2,2 2,2 2 2,3 3
oy + —12n"aj ap+12af n*-12nay a;+36n"aj ax+36n“aja; ,  4n“aj +8najo,

+ 4 2 2 4
[Gg, ()] [Gg, ] [Gp, (W] H3(m) [Gg, (M) Gg, (MH2()

(an*a3-3n*ad
(68, (] (6, (0]

It is obvious that

lim n? {IZ'B (n) + 1ZF (n)} = 0. ()

n—oo

Therefore, we have

lim n? {If"ﬁ () + 17F () + 17F (n)} = 28x* — 24x3 + (12a, + 12)x2. (8)

n—-oo
Adding the limits (7) and (8), we have the limits (6).

In [6], Gadzhiev proved the weighted Korovkin-type theorem. We give the Gadzhiev’s results in weighted
spaces. Let u(x) = 1 + x2. B, [0, ) denotes the set of all functions from [0, o0) to R, satisfying the growth

condition |f(x)| < Npu(x) . Inthisinequality, N isa constant dependingonlyon f. B, [0, «) is anormed
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space with a norm || f]|,, = sup {'f(x)l ;X € R}. C,1[0, ) denotes the subspace of continuos functions in

B, [0, ) for WhICh hm VO oxists finitely.

lx [00 1(x)
And now we give a VVoronovskaja-type theorem for S,‘Z'B(f (t), x) operators.

Theorem 1. For any f € C;;[0, o0) such that f', f" € C;[0, o). We get the following limit
lim 7 (S5 (£ = () = (o2 40) £760 + (<2 = B)x + 1+ )" G0,

Proof. Using Taylor’s expansion of f, we have

f@®) = FO)+ /=2 + 5 f (=22 + p(t,2)(t = x)?,

where p(t,x) — 0 ast — x. From linearity of the operators Sg’B(f(t),x), we get
SAP (%) = F@) + /ISP (e —2) + 5 f @S P ((E - 0% %)

+S5P(p(t, 1) (t — 1)),

Thanks to Lemma 2, we obtain the following operators by making the necessary process,

o.B )= ' -n(2+B4)-2B; n2+2na;, a; }
SEP (P07 £00) + /00 [ty _ntne o

—2n3 + nz(6+812+461)+n(5812+1261)+6812} 2

1 n
™ [{ (G, )] Hs(n)

{Zn“ +n3(4a,+4a,—2a,,—2B1—6)

[Gg, ] [Gp, )] Hy ()

n?(12a,+12a,+10a, f1+40,By+4a,B1+2a,B1P2+6B1)
[6p, )]°[Gp, (W] Ha(m)

+ 12a,B1+12a,B+12a, B1+10a16132—12“13132} x

(g, ] [65, ] Hs ()

n*(40d-2a,+af +20,+2 )+n3(100aZ+6a,+502 +604 +502 By+20 az+204B7)
Z Z
[6p, W] [Gp, (W] Hz(m)

+

2(6a2+6a1 +100? B2+a1 B, +12a1a2+6a162+4a1a2 B2)
68, (]’ [Gp, (W] H3 ()

n(5a1 B,2+1202 82+12a1a262)+6a1 B,%n + B 2
S t,x)(t —x)%;x). 9
(6o, (069, (0 Hs () ] n (P x)(t —x)%5x) (C))

Applying Cauchy-Schwarz inequality to the last term of (9) we obtain

nSEP ot 0t — 0% 1) < SEP(p(t 0% x)2 (”2 SM(GON x))E ’

and



1235 Ulku DINLEMEZ KANTAR, Gizem ERGELEN / GU J Sci, 32(4): 1228-1236 (2019)

lim n S,?’B(p(t, x)(t —x)%;x)
n—oo

1 1
< (lim Sg’s(p(t, x)z;x)>2 (lim n? Sﬁ’ﬁ((t - x)% x))z.
n—oo n—0oo
Inasmuch as lim S**(p(¢,x)2; x) = 0 and from (ii) of Lemma 3, lim n? S™P((¢ — x)*; x) is finite.
n—-oo n—oo
Therefore, we get

lim n S,?’B(p(t, x)(t — x)?; x)=0,
n—oo

lim n (S5 (/i) = F(0) = (2= Bx + 1+ @)f () + (42 +2) f" ()
Hence, the theorem is proved.
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