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Highlights
« In this work, some properties of Cech fuzzy soft closure spaces are introduced and studied.
« Also, several types of lower separation axioms in Cech fuzzy soft closure space are introduced.
« In addition, the relationship between these types of separation axioms are discussed.
 Moreover, several examples are given to support our study.
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1. INTRODUCTION

The notion of fuzzy sets was firstly proposed by Zadeh [1] in 1965 as one of the effective mathematical
tools to deal with uncertainties, where each element in a fuzzy set has a grade of membership. In 1999,
Molodsov [2] initiated a new theory called soft set theory, by using classical sets, that also deals with
uncertainties and ambiguity. A combination of fuzzy sets and soft sets, namely fuzzy soft sets, is then
formulated by Maji et al. [3]. By using fuzzy soft sets, Tanay and Kandemir [4] defined fuzzy soft topology.

The concept of Cech closure spaces (X, C) was introduced by Cech [5] in 1966, where C: P(X) = P(X) is
a mapping satisfying C(®) = 0,A < C(A) and C(A U B) = C(A) U C(B). The mapping C is referred to as
Cech closure operator on X. In 1985, Mashhour and Ghanim [6] introduced the concept of Cech fuzzy
closure space by replacing ordinary sets with fuzzy sets in the definition of Cech closure space. On the
other hand, in 2014, Gowri and Jegadeesan [7] and Krishnaveni and Sekar [8], have introduced and studied
soft Cech closure spaces. Note that the soft closure operator in the sense of Gowri and Jegadeesan is defined
from the power set P(Xy,) of Xp, to itself (where F, is a soft set over the universe set X with the set of
parameters K, and A < K) while, Krishnaveni and Sekar, defined soft closure operator from the set of all
soft sets over X to itself. Very recently, Majeed [9] generalized soft Cech closure space, in the sence of
Krishnaveni and Sekar, into Cech fuzzy soft closure spaces. Also, Majeed and Maibed [10] have further
studied some structures of Cech fuzzy soft closure spaces. Majeed and Maibed show that every Cech fuzzy
soft closure space gives a parameterized family of Cech fuzzy closure spaces.

In the present paper, we continue studying the properties of Cech fuzzy soft closure spaces and their
separation axioms. Some of the provided properties of Cech fuzzy soft closure spaces are essential for
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studying the separation axioms. In Section 3, basic structure of fuzzy soft topological space (X, tg, K)
associated with Cech fuzzy soft closure space (X, 6, K) is studied. The fuzzy soft topological closure tg-cl
(respectively, interior 7,- int) is defined and its relationship with the Cech fuzzy soft closure operator 6
(respectively, interior operator Int) is given (see Theorem 4). In Section 4, separation axioms T, and T; in
Cech fuzzy soft closure spaces are defined and their basic properties are discussed. Finally, in Section 5,
T, Cech fuzzy soft closure space and some other types of separation axioms, namely, semi- (respectively,
pseudo and Uryshon) T, are defined. Some properties of each type are discussed and the relationship
between aforementioned and T, (respectively, T;) are given. Finally, several examples are given to support
our study.

2. PRELIMINARIES

In this section we review some basic definitions and results related to fuzzy soft theory and Cech fuzzy soft
closure spaces that will be needed in the sequel, and we foresee the reader be familiar with the usual notions
and most basic ideas of fuzzy set theory. Throughout our paper, X will refer to the initial universe, I =
[0,1], I, = (0,1], I* be the family of all fuzzy sets of X, and K the set of parameters for X.

Definition 1. [11, 12] A fuzzy soft set (fss, for short) A, on X is a mapping from K to 1%, i.e., Ap: K — I%X,
where A5(h) #0 ifhe AcC K and A,(h) =0 if h € A € K, where 0 is the empty fuzzy set on X. The
family of all fuzzy soft sets over X denoted by F (X, K).

In the next definition, the basic operations between fuzzy soft sets are given.

Definition 2. [12] Let A4, up € Fss(X, K), then
1. A4 iscalled a fuzzy soft subset of ug, denoted by A5 € ug, if A5(h) < ug(h), forall h € K.
2. Apand up are said to be equal, denoted by Ay = ug if Ay S pug and ug € A,.
3. The union of A, and ug, denoted by Ay U pgp is the fss o,yp)(h) defined by o4y (h) =
Aa(h) V ug(h), forall h € K.
4. The intersection of A, and ug, denoted by A5 N g is the fss o 4npy defined by o (anp)(h) =
Aa(h) Aug(h), forall h € K.

Definition 3. [12] The null fss, denoted by 0, is a fss defined by 0, (h) = 0, for all h € K, where 0 is the
empty fuzzy set of X.

Definition 4. [12] The universal fss, denoted by 1y, is a fss defined by 1,(h) = 1, for all h € K, where
1 is the universal fuzzy set of X.

Definition 5. [12] The complement of a fss A, € F.(X,K), denoted 1, — A4, is the fss defined by
(Ix — A4)(h) =1 — Aa(h), foreach h € K, Its clear that 1, — (15 — A4) = Ay4.

Definition 6. [13] Two fss's A4, up € F.s(X, K) are said to be disjoint, denoted by A4, N pp = O, if 1,(h) N
ug(h) =0forallh € K.

Definition 7. [14] A fuzzy soft set 1, € F,(X, K) is called fuzzy soft point, denoted by x.", if there exist
x € Xand h € K such that A5 (h)(x) =t (0 <t <1)and 0 otherwise forall y € X — {x}.

Definition 8. [14] The fuzzy soft point x," is said to be belongs to the fss A, , denoted by x,* € A, if for
the elementh € K, t < A5 (h)(x).

Definition 9. [15] Two fuzzy soft points x?* and ysh' are said to be distinct if x = y or h # h'.
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Definition 10. [5,12] A fuzzy soft topological space(fsts, for short) (X, t, K) where X is a nonempty set
with a fixed set of parameters and t is a family of fuzzy soft sets over X satisfying the following properties:
1. O 1g €T,
2. If Ay, ug € 1,then 1, N g € 7,
3. If (A4); € 7, then U;eje(Aa); € T.
T is called a topology of fuzzy soft sets on X. Every member of 7 is called open fuzzy soft set (open-fss, for
short). The complement of open-fss is called a closed fuzzy soft set (closed-fss, for short).

Definition 11. [9] An operator 6: F,,(X, K) — F,;(X, K) is called Cech fuzzy soft closure operator (C-fsco,
for short) on X, if the following axioms are satisfied:

(C1) 6(0) = O,

(C2) Ay € 0(Ay), forall 14, € (X, K),

(C3) 6(A4 U up) = 0(A4) Ug(ﬂA)v for all 24, up € Fos(X, K)-
The triple (X, 8, K) is called a Cech fuzzy soft closure space (CF-fscs, for short).

A fss A, is said to be closed-fss in (X, 8,K) if A, = 8(A4). And a fss A, is said to be an open-fss if 1, —
A, is a closed-fss.

Proposition 1. [9] Let (X, 8,K) be a CF-scs, and A, up € Fes(X, K) such thatA, S pp, then 8(1,) S
6 (up)-

Definition 12. [9] Let (X,6,K) be a CF-scs, and letA, € Fi(X,K). The interior of A,, denoted by
Int(2,) is defined as Int(A,) =1, — (B(1x — Ap)).

Proposition 2. [9] Let (X, 6, K) be a CF-scs, and let A4, pp € Fis(X, K). Then
1. Int(0x) = 0, and Int(1g) = 1k,

Int(A,) € Ay,

Int( A4Npp) =Int( 1) Nint(ug),

If A4 € ug, then Int(A,) S Int(ug),

A4is an open-fss & Int(A,) = Ay,

Int(A)UInt(ug) < Int( A4 Uug).

o Uk own

Theorem 1. [9] Let (X, 0, K) be a CF-scs and let Ty S Fis(X, K), defined as follows

Tg = {Ix — W 0(Aa) = Ap}
Then 1y is a fuzzy soft topology on X and (X, g, K) is called an associative fsts of (X, 6, K).

Definition 13. [9] Let V be a non-empty subset of X, then V/,, denotes the fuzzy soft set V over X for which
V(h) =1, forallh € K, (where 1,: X - I suchthat 1,(x) = 1if x e Vand 1,(x) = 0if x ¢ V).

Theorem 2. [9] Let (X,0,K) bea CF-scs, V € X and let 8y: F,(V,K) — F.s(V, K) defined as 6, (A,) =
VxNB(A,). Then 6y, is a CF-sco. The triple (V, 8y, K) is said to be Cech fuzzy soft closure subspace (CF-
sc subspace, for short) of (X, 9, K).

Definition 14. [9] Let 6, and 6, be two C-fsco's on X. Then 6, is said to finer than 6,, or equiventily 6, is
coarser than 6, if for each Ay € (X, K), 0,(An) S 01(Ap).

3. SOME PROPERTIES OF ASSOCIATIVE FUZZY SOFT TOPOLOGICAL SPACES

In [10], Majeed and Maibed show that from each CF-scs (X, 8, K) there exists an associated fsts (X, g, K)
(see Theorem 1). In this section we study the associated fsts (X, 74, K). Namely, we define the fuzzy soft
topological closure tg-cl (respectively, interior t4- int ) and study it is basic properties. In addition, we
discuss the relation between the Cech fuzzy soft closure operator 8 (respectively, interior operator Int) and
the fuzzy soft topological closure 74-cl (respectively, Interior t4-int).
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Definition 15. Let (X, g, K) be an associative fsts of (X,6,K) and let 14, € F(X,K). The fuzzy soft
topological closure of A,with respect to 6, denoted by t9-cl(4,), is the intersection of all closed fuzzy soft
super sets of 1, . i.e.,

Tg-cl(A4) =N {pc : A4 € pc and 0(pc) = pc }. )

From Theorem 1, it is clear that t4-cl(1,) is the smallest closed-fss over X which contains A, .

Proposition 3. Let (X, 7o, K) be an associative fsts of (X,0,K) and let A4, ug € F;x(X, K). Then
1. ‘L'g-Cl ((_)K):ﬁK and Tg-Cl( iK) = iK'

A4 € 19-cl(Ay),

If A4 € pg, thenty-cl(A,) S t9-cl(up),

Tg-cl(AaUup) = t9-cl(Ag)UTp-cl(up),

Tg-cl(tg-cl(A4)) = Tg-cl(An),

A4 is a closed-fss if and only if A4,_7g-cl(4,).

ok wn

Proof. The proof of parts from 1 to 3 and 5 are follows directly from the Definition 15. To prove part 4,
sincedy, © Ay Uugandug S A, U g, then by 3, we have tg-cl(1,) S t9-cl(A4Uug) and tg-cl(ug) <
Tg-cl(A4Uug).Thus,tg-cl(A4)VU t9-cl(ug) S 19-cl(A4Uug). Conversely, by 2, 4 Uug S 14-
cl(Ax)U tg-cl(ug). Since tg-cl(14) and t9-cl(ug) are closed-fss. Then from Theorem 1, t9-cl(A4) U 14-
cl(ug)is the smallest closed-fss contains A, U pug. But tg-cl(A4Uug) is the smallest closed-fss
contains A4 U ugp, this implies ty-cl(A4Uug) € t9-cl(A4)U T9-cl(up). Hence, we obtain the equality.
Finally, to prove 6, let A, be a closed-fss. By 2, we get 1,4 S tg-cl(44) and tg-cl(14) is the smallest
closed-fss which contains A 4 and since 4,4 is a closed-fss, then tg-cl(14) S A 4. Hence, A 4, = 14-
cl(A4). Conversely, suppose that A 4, = Tg-cl(A4). Since tg-cl(A,) is the closed-fss, then A4 is a closed-
fss. m

Now, we introduce the definition of fuzzy soft interior of a fss in the associative fsts of (X, g, K) and give
some properties of it.

Definition 16. Let (X, 74, K) be an associative fsts of (X,0,K) and let 1, € F, (X, K). The fuzzy soft
topological interior of 1,with respect to 6, denoted by 7g- int( A4) is the union of all open fuzzy soft subset
of 14.1.e.,

- int(A4) = Ufpcipc © 4 and (1 — pc) = 1x — pcl- 2)

Clearly, Tg- int( A4) is the largest open-fss contained in A,4.

Proposition 4. Let (X, 7y, K) be an associative fuzzy soft topological space of (X,6,K) and let A4, ug €
Fes(X,K). Then
1. t4- iTlt(ﬁK) = 61( and Tg- int( TK) = TK,
Tg-int(Ay) S Ay,
If A4 S ug, thentg-int(A,) S 14- int(ug),
To-int( A4 Npp) = To-int(A4) N T9-int(up),
Tg-iTlt(Tg-l'Tlt()LA)) = Tg-int(/lA),
A4 is an open-fss if and only if 14 = tg-int(4y).

ok wn

Proof. The prove is similar to the proof of Proposition3. =

Theorem 3. Let (X, g, K) be an associative fsts of (X,0,K) and A, € F,(X,K). Then
1. 1x — (tg-int(Ay)) = te-cl(1x — A4),
2. 1g — (tg-cl(Ay)) = 1g-int(1x — Ay).

Proof. The proof is obtained by using Proposition 4 part 2, and Proposition 3 part 3. m
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In the next theorem, we discuss the relationship between the Cech fuzzy soft closure operator 6
(respectively, interior operator Int) and the fuzzy soft topological closure t4-cl (respectively, Interior z4-
int) for any fss 44 € Fi(X, K).

Theorem 4. Let (X,6,K) be CF-scs and (X,7g,K) be an associative fuzzy soft topological space
of (X,0,K). Then for any fss 1, € F,(X,K)
Tg'int(AA) c Int( AA) c AA c 9(}.‘4) c TQ'CI(AA). (3)

Proof. First, we prove tg-int(1,) € Int(A,4) € A4. Since 1g4-int(14) S A4, then by 4 of Proposition 2,
Int(tg-int(A,)) S Int(A4). But 79-int(4,) is an open-fss, this implies t4-int(4,) < Int( 4,), and from
the definition of Cech fuzzy soft interior operator, we get tg-int(1,) S Int(1,) S A,.

Now, to prove A, € 8(A4) S t9-cl(A4). Since A, S 19-cl(A,) and tg-cl(A,) is a closed-fss, then
0(y) S O(tg-cl(A4)) = t9-cl(A4) and by (C2) of Definition 11, we have 1, € 0(A4) S tg-cl(Ay).
Hence, we obtain the required result. m

Remark 1. In the above theorem the equality hold for the part 75-int(1,) € int(1,) S A, (respectively,
Aa € 0( ) S 19-cl(Ay)) if A4 is an open- (respectively, closed-) fssin (X,6,K). But in general, the
equality of the above theorem is not true, so we give an example to explain that.

Example 1. LetX = {a, b, C}, K = {hl,hz}. Deflne Up € :F.'SS(X' K) SUCh that,uB = {(hl, b0.5), (hz,bo_s)}.
Define C-fsco 8: F,s(X, K) — Fss(X, K) as follows:

GK lf AA = 61{]
0(A4) = i(hp aosV bos), (hy,a0s5Vbos)} if 44 S ug,
1k otherwise.

It is clear that 6 satisfy the axioms (C1), (€2) and (C3) of Definition 11, in addition 8 (ug) # 0(6 (up)).
Thus, (X, 8, K) is a CF-scs. The associative fuzzy soft topology ty of (X, 8, K) is {Ox, 1x }. Now, consider
the fss A4 = {(hy,a; V bo7 V 1), (hy,ay VbyoV cy)}. Then, Int(A,) = {(hy,a9s5V bos V cy1), (hy,aps V
bosVcy)} and Ty-int(d,) = Ox. Hence, Int(A,) € T9-int(4,). On the other hand consider 1, =
{(hy,bg.4), (hy, by 2)}. Then tg-cl(A4)) = 1x & {(hy,a05V bys), (hy,ags V bos)} = 0(A,). Thus, 74-
cl(A)) & 6(Ay).

4. T;-CECH FUZZY SOFT CLOSURE SPACES, i = 0,1

This section is devoted to defining separation axioms T, and T, in CF-scs's and its associated fsts's. We
discuss the relation between T, and T, and study the hereditary property on CF-scs's. Also, we give the
relation between CF-scs (X, 8, K) and its associated fsts (X, T, K) When (X, 79, K) is T;, i = 0,1.

Definition 17. A CF-scs (X, 6, K) is said to be T,-CF-scs, if for every pair of distinct fuzzy soft points x/*
and y!', either x & 9(y') or y' & 6(x).

Now we give some examples to illustrate Definition 17.

Example 2. Let (X, 8, K) be the discrete CF-scs (i.e., 8(1,) = A, forall 14 € Fis(X,K)), then (X,6,K)
isa Ty-CF-scs.

Example 3. Let (X, 6, K) be the trivial CF-scs (i.e., 0(14) = 1 forall 1, € Fis(X,K)), then (X,0,K) is

not T,-CF-scs, because for any distinct fuzzy soft points x/* and y*', we have x* € 1 = 6(y!') and
=7 _ h

Ys € 1lg =0(xp).
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Example 4. Let X={a, b}, K={hy, h,}and let 1} € Fs(X, K) suchthat Ay ={(hy,a;, V bs,),( hy, a¢, V b)),
ty,t5,51,8, € I} D_efine 0: F..(X,K) - F,s(X,K) as follows:

( 0 if Aq= 0y,
al if da€f{arh; ti € 1o},
al? if da€{ag? t; €I},
00D = i if da€{by;0<s; < 0.8},
b if Aa €{b;08< s, <1},
L {(ru6(at) ue(b)), (ha6(a2) U6(b2))} if Aa€ 2.

Then (X,6,K) is a CF-scs. To show (X,6,K) is T,-CF-scs, we have three cases for distinct fuzzy soft
points in X.

Case(1). If a # band hy = h,, then we have afll and bfll are distinct fuzzy soft points. It is clear that bfll
é H(a?f) because s; > (a;*)(hy)(b)=(a,)(b) = 0. Similarly, a?f and b_ff are distinct fuzzy soft points
and b & 6(a,?).

Case(2). Ifa=bandh, # h,, then a;'* and a;? are distinct fuzzy soft points. It is clear that a;'* & 6(a,?)
because t; > 9(af2)(h1)(a)=6(a) = 0. Similarly, bfll and bfzz are distinct fuzzy soft points and bfzz
Zo(b).

Case(3). If a # b and hy; # h,, then we have a?l and b_fz are distinct fuzzy soft points such that bfz
¢ Q(affl). Similarly, afz and bfl are distinct fuzzy soft points and bfl ¢ G(afz). Hence, (X,0,K) is Ty-
CF-scs.

Theorem 5. Let (X, 8, K) be a To- CF-scs, then for any two distinct fuzzy soft points xf* and y2*', 6(x[!) #

Q(yshr).

Proof. Let (X, 6, K) be a Ty-CF-scs, and let x}* and ys’" be any two distinct fuzzy soft points. Suppose that
0(x}) = 0(yl'). Since x! €6(x!) and y! €6(y!'). Then from hypothesis, xf* € 6(y2") and
y' € 9(x). Thisimplies (X, 6, K) is not T,- CF-scs, which is a contradiction. Hence, 8(x}*) = 6(y!*').m

The converse of above theorem is not true, as the following example show.

Example 5. Let X={a, b}, K = {h}. Define 6: F;5(X, K) - Fss(X, K) as follows:

Ok if 4= Ok,
{(h,ap V bo1)} if A4S agy
_ {(h,ap1V bo2)} if A4 € by,
0(A4) =4 . h.
Aa if Aq€{a; 02<t <1},
A4 if 24€{bk02<s <1},
\0(alt)ue(bl) if A4€{(ha;Vbs);tse€ly

Then (X,6,K) is CF-scs. It is clear that from the definition of 6, 6(af*) # 6(b2) for any two-distinct
fuzzy soft points al* and b?*. However, (X, 6, K) is not T,-CF-scs, since there exist two distinct fuzzy soft
point afl ; and b{}, such that all; € 6(bf,) and b{, € 6(al,).

Next, we show that T, is hereditary property on CF-scs's.

Theorem 6. A CF-sc subspace of a T,-CF-scs, isa Ty-CF-sc subspace.
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Proof. Let (X, 8, K) be a Ty-CF-scs and (V, 8y, K) be a CF-sc subspace of (X, 8, K). Let x}* and ys’l'be any
two-distinct fuzzy soft points in (V, 8y, K). Since Fis(V,K) S Fos(X, K), then x* and ysh' are distinct fuzzy
soft points in Fs(X, K). Since (X,8,K) is T,-C-fscs. Then xf  6(y2') or y' & 6(x}*). This implies
either x* & 0(y )NV or y&' & 6(x[)NVy. Then x!* & 0, (y) or y' & 6, (x). Hence (V,6y,K) is
Ty-CF-sc subspace. m

Definition 18. An associative fsts (X, 7g, K) of CF-fscs (X, 0, K) is said to be T,-fsts, if for every two
distinct fuzzy soft points x/* and v, either x!* & 7o-cl(y2) or y' & ro-cl(x!).

The next theorem give the relationship between the associative fsts (X, T, K) Which is T,-fsts and € F-fscs
(X,6,K).

Theorem 7. If (X, 7y, K) is a Ty-fsts, then (X, 6, K) is also T,-CF-scs.

Proof. Let x/* and ysh' be any two distinct fuzzy soft point in (X, 0, K). Since (X, g, K) is a T,-fsts, then
x & to-cl(yl) or yb' & to-cl(x["). By Theorem 4 we get, x}* & 6(y2') or y!' & 6( x}*). This implies
(X,0,K) isTy-CF-scs.m

The converse Theorem 7 is not true, as we shown in the following example.

Example 6. Let X={a, b}, K={h,, h,}. Define 0: F,;(X,K) — F,;s(X, K) as follows:

( Ok if A= 0
{(hy,a1), (hy, by) } if A4 € afl;
{(hy, b1), (hy, 1)} if A4 € bfl,
{(hy, ay), (hy,a1)} if A4 € afz,
{(hq, b1), (hy, by)} if A4 € bfz,

0( 1) = , P
4 {(h1,a1), (hy,ay V by} if A€ {(hy,a.),(hya)}; A4 € {a?L,l =12te€ Io},

{(hy ,a; v by), (hy, by)} if ¢ {(hy,a1), (hy, b))} A4 € {ai“,bfz; t,s € 10},

{(hy, a1 V by), (hy, a1)} if A4 S{(hy,by), (hy,a)}; 4 € {afz, bshl; t,s € Iy},

(hob), (hpyas VBDY  if 24 € {(hyby), (b)Y Aa @ {BI50 = 12,5 € 1),
1k otherwise.

Then (X, 8, K) is T,-CF-scs. But (X, g, K) is not To-fsts, because tg ={1x — A4:0( ) = A4} ={0x, 1x}.

Definition 19. A C-fscs (X, 6, K) is said to be T,-CF-scs, if for every two distinct fuzzy soft points x/* and
y' we have x!' & 6(y1'") and v & 6(x!).

Example 7. Let X={a, b}, K={hy, h,}, and let A; € F;(X, K) such that A3={(hy,a;, V bs,),( hz, a¢, V bg,);
ty,t5,51,8, € IO_}. Define 6: ;s (X, K) = Fss(X, K) as follows:

( OK lf AA = GK,
a:.ll lf AA c afl,
h, _ h,
a, if 44 Sa,?
a(1) =4 b if A, € b,
bo% if 4 € {b2,0<s <09},
by” if 24 €{b09< s<1}
L {(ru0(af) ue(b)), (ha6(a?) u6(bi))} if ae 2.
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Then (X, 6, K) is T;-CF-scs. Since for any two distinct fuzzy soft points al* and b we have al* & (b
and b’ & 6(al).

Proposition 5. Every T;-CF-scsis Ty-CF-scs.
Proof. Follows directly from the definition of T;- CF-scs. |
The converse of Proposition 5 is not true, as seen in the following example.

Example 8. Let X={a,_b}, K={h}. Define 6: 7-"55(2(, K) - F, (X, K) as follows:

( 0k if 4= 0k,
B(A,) = !a?+0.1 if 24 €{al0<t<09}
al if 1,€{al,09<t<1},

1k otherwise.

Then (X, 8, K) is T,-CF-scs. Since for any two distinct fuzzy soft points al* and b2, t, s €(0,1]. We have,
b & 0(al'). However, it is not T;- CF-scs because al* € 6(bl)=1k.

Theorem 8. If every fuzzy soft point in a CF-scs (X, 0, K) is closed-fss, then (X, 8, K) is T;- CF-scs.
Proof: Let x}* and ysh'be any two distinct fuzzy soft points in (X, 8, K). From hypothesis, we have
0(x!)=xl and 6(yl') = yI'. This implies x? & 6(y!*') and y' & 6(x1). Thus, (X,6,K) is aT;- CF-

SCS. m

The converse of above theorem is not true in general as we seen in the following example.

Example 9. In Example 7, (X, 6, K) is T;- CF-scs, yet there exists fuzzy soft point b!'2 such that G(b(’ffé) =
bl2,
Theorem 9. A C-fsc subspace of T;-CF-scsis T;- CF-sc subspace.

Proof. Similar to the proof of Theorem 6. m

Definition 20. An associative fsts (X, 79, K) of CF-scs, (X, 8,K) is said to be T,-fsts, if for every two
distinct fuzzy soft points x/* and v, we have x* & tp-cl(y!) and y' & 7o-cl(x!).

Theorem 10. If (X, 74, K) isa T;-fsts , then (X, 8, K) is also T; - CF-scs.
Proof. Similar to the proof of Theorem 7. m

Proposition 6. If (X,0,,K) is T;-CF-scs and 6, is a C-fsco on X such that 6, is coarser than 6, then
(X,0,,K) is T;- CF-scs, i = 0,1.

Proof. We prove the proposition when i = 1, and the proof is similar for i = 0. Let x/* and y**' be any two
distinct fuzzy soft points in (X, 8,, K). From hypothesis (X, 6,,K) is T;- CF-scs, this yield x & 6, (y!")
and y' & 6, (x™). Since 0, is coarser than 6,, that means 6,(1,) S 6,(,) for all 1, € Fis(X, K). This
implies, x!* & 6,(y") and y' & 6,(x!). Hence, (X, 6,, K) is T;- CF-scs. n
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5. T,-CECH FUZZY SOFT CLOSURE SPACES
In this section we define T,- CF-scs and other types, namely, semi- (respectively, pseudo and Uryshon)

T,- CF-scs, the properties of each type are discussed as in Section 4. In addition, the relationships between
separation axioms that introduced in the current section and in the previous section are obtained.

Definition 21. A CF-scs, (X,6,K) is said to be T,- CF-scs, if for every two distinct fuzzy soft points
xI and y!', there exist disjoint open-fss's 1, and u such that x* € A, and y' & pj.

Example 10. Let X={a, b, c}, K={h}. Define 6: F,(X,K) - F,s(X,K) as follows:

0k if 4= 0g,
{(h,at+01V brro1)} if 44 €{af; 0<t<09},
{(h,a; V c;)} if 24€f{al;09<t<1}
{(h, bs40.1)} if Aa€{bl;0<s<09},
{(h,by)} if A4 €{bl} 09<s<1}
0(A) =4 {(hcrio1)} if 4€{c]0<r<09}
{(h,c1)} if qef{ch09<r<1}
G(a?)UG(b?) if 24€{(h,a;Vbs);t,s€ly}
6(al)uo(ch) if Ay€{(ha,Vec,);t,r€ly},
6(br)uo(ch) if A4 €{(h,bsVc,);s,reEly)}
o(al)uo(bMyue(ct) if 2 e{(ha vbsVve,);ts,r el

Then (X, 6, K) is CF-scs. and (X, 8, K) is T,- CF-scs. To explain that we have three cases for distinct fuzzy
soft points as follows:

Case (1). al*, b are distinct fuzzy soft points, it follows there exist disjoint open-fss's 1,={(h, a;)},
up={(h, b;)} such that a* € A, and b?* € up.

Case (2). al, ¢! are distinct fuzzy soft points, it follows there exist disjoint open-fss's A,={(h, a;)},
up={(h,c;)} suchthat al* € 1, and c* € up.

Case (3). b?, ¢l are distinct fuzzy soft points, it follows there exist disjoint open-fss's A,={(h, b;)},
up={(h,c;)} such that al* € A, and c* € ug. Therefore, (X,6,K) is T,- CF-scs.

Remark 2. If (X,0,K) is T,-CF-scs, then (X, 8, K) need not to be T;- CF-scs. To see that, in Example
10, (X,6,K) is T,- CF-scs but it is not (X, 8, K) is T;- CF-scs. Since there exist al s and b5 are distinct
fuzzy soft points, and b{}s € 0(afs).

In order to study the hereditary property in CF-scs's, we need first to give the following lemmas.

Lemma 1. Let (X, 8,K) be a CF-scs and (V, 8y, K) be a CF-sc subspace of (X, 8, K). Then for any A, €
Fss X, K), we have_z ~
(1x =2)NVg = Vi — (AaNVk). 4)

Proof. Let 1, € F, (X, K). From the definition of V., it is clear that forany h € K and x € V, A,,NVy = A4
.Now, foranyhe Kandx € V
[Vk — (AaNV)I(R)=(Vk — A4) (h) € I*. Now
(Vi = 24a) (h) (X) = 1y =24(M)(x)_
= ((1x =24(R)) N 1y)(x)
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Lemma 2. Let (X, 8, K) be a CF-scs and let (V, 8y, K) be a closed CF-sc subspace of (X, 8, K). If 1, is an
open-fss of (X, 6, K) then A,NVy is also open-fss in (V, 8, K).

Proof. Let 1, be an open-fss in (X, 8,K). Then 1, — A4 is a closed-fss in (X, 8, K). Since Vy is a closed
fuzzy softsetin (X, 6, K), then (1, — A4) N Vi isaclosed-fss in X. That means, 8 ((1x — A,) N Vx)=(1x —
A4) N V. From Lemma 1, we have (1 — A,) N V= Vx —(14NVg). To complete the prove we must show
that 8, (Vs — (ANT4))= 7 —(44NVx). Now,
0y (Vk — (aNVx)) =V N O(Vx —(A4NVk))  (By Theorem 2)

=V n6((Ax — ) NVx) (ByLemmal)

= ‘ZK N ((_L{ —4) n Vi) (since 6((Tx — A4) N Vy) = (Tx = 2) N V)

=V 0 (Vg — (A4NVg)) (By Lemma 1)

) =V — (LN7).

Thus, 14NV is an open-fssin (V, 6y, K) . [

Theorem 11. Let (X,6,K) be a T,- CF-scs and let (V, 8y, K) be a closed CF-sc subspace of (X,0,K).
Then (V, 8y, K) is a T,-CF-sc subspace of (X, 6, K).

Proof. Let x* and y!*'be any two distinct fuzzy soft points in (V, 8y, K) . Then x* and y*"are distinct fuzzy
soft point in (X, 6, K). Since (X, 8,K) is a T,-CF-scs, there exist two disjoint open-fss's A, and ug such
that x* € 1, and y' & pg. Consequently, x € 4,NVx, y&' € usNVy and (LLNV)N (ugNVy) = 0. By
Lemma 2, 1,NV and ugNVy are open-fss's in (V, 8y, K). Hence (V, 8y, K) is a T,-CF-sc subspace of
(X,6,K). ]

Definition 22. An associative fsts (X, g, K) of (X, 6, K) is said to be T,-fsts, if for every two distinct fuzzy
soft points x/* and y2', there exist an open-fss's A, and g in (X, 7, K) such that x* € A,, y!*' € g and
AA ﬂ,uB=6K.

Theorem 12. An associative fsts (X, 7g, K) is T,-fsts of (X, 8, K) if and only if (X, 8, K) is T,-CF-scs.

Proof. Suppose (X,7y,K) is T,-fsts and let x!* and ysh' be two distinct fuzzy soft points in X. Since
(X, 79, K) is T,-fsts, there exist A, and uz open-fss's in (X, 7, K) such that x* € A,, y*' & up and
AaNup=0g. Since A, and up are open-fss's in (X, g, K), then tg-int(1,) =1, and ty-int(ug)= ug. From
Theorem 4, we get Int(1,)= A4 and Int(ug)=pug. Thus, 14 and ug are open-fss's in (X, 8, K) such that
x € 2, and y' € pp and A, Npp=0g. Hence, (X, 6, K) is T,-CF-scs.

Conversely, similar to first direction. [

Lemma 3. Let (X,6,,K), (X,0,,K) be CF-scs's. For any 1, € Fix(X,K), if 6,(1,) S 6,(1,), then
Inty (1) € Inty(A,).

Proof. Let A, € F,s(X,K). From hypothesis, 8, (1x — 4,) € 0,(1x — A4), implies 1, — 6,(1x — A4) S
1x — 0;(1x — Ay)). Therefore, Int,(1,) S Int;(1,). =

Proposition 7. If (X, 8, K) is T,-CF-scs and 6, is coarser that 8. Then (X, 8,,K) is T,-CF-scs.

Proof. Let x!* and ysh'be any two distinct fuzzy soft points in X. Since (X, 6;, K) is a T,-CF-scs, then there

exist two disjoint open-fss's A4 and pp such that x € 1, and ysh' € ug. That is mean Int; (1,) = 4, and
Int, (ug) = ug. Since 0, is coarser than 9., this yields by Lemma 3, 44 < Int; (1) € Int,(1,) € 44 and
Ug € Int, (ug) € Int,(ug) € ug. Therefore, there exist two disjoint open-fss's 1, and ug in (X, 6,,K)

such that x* € 1, and y' & pg. Hence, (X, 0, K) is T,-CF-scs. m



1264 Rasha MAJEED, Lina MAIBED/ GU J Sci, 32(4): 1254-1269 (2019)

Definition 23. A CF-scs (X, 80, K) be a is said to be semi T,-CF-scs, if for every two distinct fuzzy soft
points x/* and ysh', either there exists an open-fss 1, such that x}* € 1, and ysh' & 6(A,) or there exists an
open-fss up such that y' & g and x!* & 0 (up).

Example 11. Let X={a, b}, lgz{h}. Define 6: F,c(X,K) » F,s(X,K) as follows:

( 0k if = (_)K,
bt if A4 S bP,
0(1,) = al o1 if 4, €{al0<t <09},
| af if Ay€{al,0<t< 13},

\o(al)Us (1) if A4 €{(ha,Vhy);tsE€ Iy

(X,0,K) is semi T,-CF-scs. Since alt, b? are distinct fuzzy soft points, there exists an open fuzzy soft set
A4 = al suchthat al* € A, and b?* & 8(1,)= al.

Proposition 8. Every semi T,-CF-scs is Ty-CF-scs.

Proof. Let x/* and ysh' be any two distinct fuzzy soft points in (X, 8, K). From (X, 6, K) is semi T,-CF-scs,
there exists an open-fss 1, such that x* € 1, and ysh' & 6(A,) or there exists an open-fss up such that
y' € ug and x! & 6(up). This implies x! € 6(x}) € 6(A,) and y2' & 6(xl) or yI' € oyt c
0(ug ) and x* & 0(y1"). Hence (X, 6, K) is a T,-CF-scs. n

The converse of above proposition is not true.

Example 12. Let X={a, b}, K={h hy, }and let 1} € F;(X, K) such that A;={(hy,a,, V bs,),( hy, a., V by,);
t1,t3, 51,52 € Ip}. Define 6: FsX,K) » :FSSQ(, K) as follows:

( Ok if 4= Ok,
al if da€f{alh; ti € 1o},
al? if da € {ai?; t; €I},
000 = i if A €{by;0<s; < 0.8},
b if 24 € (bl 08< s; <1},
{(r6(at)uo(b8)), (h26(ar?) UO(b52))} if Aa€ 2.

Then (X, 6, K) is a Ty- CF-scse (see the details in Example 4.4). But (X, 6, K) is not semi T,-CF-scs, since

there exist ag}s, b{,{zs distinct fuzzy soft points such that for any open-fss A,, we have ag}s € A4 and

b{;_g € 6(A,) and for any open-fss ug, we have b(’)’_z5 € ug , ag}s € 9(up).

Theorem 13. Let (X, 6, K) be a semi T,-CF-scs and let (V, 8, K) be a closed C-fsc subspace of (X, 6, K).
Then (V, 8y, K) is a semi T,-CF-sc subspace of (X, 6, K).

Proof. Let x/* and y!*' be any two distinct fuzzy soft points in (V, 8, K). Then x!* and y*'are distinct fuzzy
soft points in (X, 6, K). Since (X, 0, K) is a semi T,-CF-scs, then either there exists an open-fss A, such
that x* € A, and y*' & 6(1,) or there exists an open-fss y such that y*' € up and x & 0(up). Now, if
x € A, and y' & 0(1,), then by Lemma 2, x!* € 1,NV, which is open-fss in (V, 8y, K) . That is mean
we find an open-fss A,NVy in (V,6,,K) contains x*. To complete the proof, we must show
vyl & 6,(4,NVy). It is clear that from the definition of 6, we have, 8, (1,NV,)=V,NOALNV) S
7.N0()NO(Ty) = 7xNO(A,). And since y' & 8(1,), then we have y' & 6, (1,NV). Similarly, if
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there exists an open-fss ug such that y' & g and x & 6(ug). Hence, (V, 6y, K) is a semi T,-CF-sc
subspace of (X,6,K). =

Definition 24. An associative fsts (X, ty, K) of (X, 6, K) is said to be semi T,-fsts, if for every distinct
fuzzy soft points x/* and y*', either there exists a 5-open-fss A, such that x* € 1, and y*' & 75-cl(1,), or
there exists a Tg-0pen-fss up such that y' € up and x & t4-cl(up).

Theorem 14. If (X, 79, K) is a semi T,-fsts, then (X, 6, K) is also semi T,-CF-scs.

Proof. Let x!* and ysh' be any two distinct fuzzy soft points in (X, 8, K). From hypothesis, either there
exists a tg-open-fss A, such that x!* € 1, and ysh' & tg-Cl(A4), Or there exists a tg-open-fss pp such that
ysh' € up and xf & to-cl(ug). By Theorem 4, we have the following, either there exists an open-fss A4

such that x € 2, and y' & 6(1,) or there exists an open-fss pz such that y*' € uz and x* & 0(up).
Thus, (X,6,K) isasemi T,- CF-scs. m

Proposition 9. If (X, 8, K) is a semi T,-CF-scs, 6,coarser than ;. Then (X, 85, K) is semi T,-CF-scs.

Proof. Let x and ysh'be any two distinct fuzzy soft points in X. Since (X, 8;, K) is semi T,- CF-scs, then
either there exist an open-fss A, such that x* € 4, and ys’l' & 0,(1,), or there exist an open-fss up such

that ysh' € up and x* & 6,(up). Suppose, if there exists an open-fss A, in (X,6,,H) that is mean
Int;(A,) = A,. Since 6, coarser than 6,, then by Lemma 3, we have Int,(4,) S Int,(4,) and that is mean

there exists an open-fss 1, in(X, 85, K) such that x}* € 1,. On the other hand since ys’" & 0,(A,) then
yh' & 0,(1,). This implies (X, 6,, K) is a semi T,- CF-scs. Similarly, if there exists an open-fss uz such
that y' € pp and x!* & 6, (up).m

Definition 25. A CF-scs (X, 8, K) be a is said to be pseudo T,- CF-scs, if for every two distinct fuzzy soft

points x* and y!', there exist open-fss's A, and g such that x!* € A,, y* & 6(1,) and y' € pg,

xt & 0(up).

Example 13. Let X={a, b}, K={h}. Define 0: F,;(X,K) — F;s(X, K) as follows:

0k if 4= 0,
g if A4€ {(hha;_ Vby);0<t <1},
Ag if 4€{(h,a;Vbi_5);0<s<1}
00 =9 if A €{(ha);0<t<1},
s if A4 €{(h bs);0<s<1},
0(al)Uo(bl) if A4 €{(ha,Vbs);tse€l}

Then (X, 0, K) is the discrete CF-scs. It is clear CF-scs (X, 6, K) is pseudo T,- CF-scs, Since for any al,
bl are distinct fuzzy soft points there exist an open-fss's A, = {(h,a,)} and ug = {(h,bs)} such that
af € Ay ={(h,a,)}, bl € 6(44) = A4 and b € ug = {(h,by)}, af & 6(up) = up.

Proposition 10. Every pseudo T,- CF-scs is semi T,-CF-scs.

Proof. Follows directly from the definition of pseudo T,- CF-scs. ]

Proposition 11. Every pseudo T,- CF-scs is T;-CF-scs.

Proof. Let x!* and ysh'be any two distinct fuzzy soft points in X. From hypothesis (X, 8, K) is pseudo T,-
CF-scs, then there exist open-fss's 1, and g such that x* € A,, y*' & 6(1,) and y' € ug, x & 6(up).
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Slnce xf € A4 and J’s € ug, then it follows xP E0(xl) € 0(A) and y' € 0(yl') € 6(up). And since
vyt &0(A,) and x!' & 6(ugp), then y2' & 6(x}) and x!! & 6(y!'). Hence (X,6,K) is a T;-CF-scs.

|
The next example shows that converse of above proposition is not true.

Example 14. Let Let X={a, b}, K={hy, h,} and let 2} € F;5(X, K) such that A3={(hy,a,, V bs),( hy, a¢, V
bs,); t1,t, 51,52 € Ip}. Define 0: F (X, K) = Fs(X, K) as follows:

Ok if 4= OK,
a?l if A4S a
a?z if 44 € a1 ,
0(Ag) = 5 by if 14 € bM
bo} if A4 €{bl*; 0<s <09},
by if 4, € {209 < s<13,
{(n6(ar)uo(b)), (h20(ar?) U O(b2))} if Aa€ 2.

Then (X, 6, K) is T;-CF-scs. But (X, 8, K) is not pseudo T,-CF-scs. To show that consider a{;g and b0 > are
distinct fuzzy soft points. The open—fsss A4 such that aO}S € A, are:

1. A, = 1y, implies b 2 E0(1p).

2. A4 ={(hy,ayVby), (hl,bl)} implies b 2 € 0(Ay).

3. A4 ={(hy,a,),(hy,a, V by)}, implies b 2 € 0(Ay).

4. A4 ={(hy,a, V by), (hz,al)} implies b 2 € G(AA)
Hence, for all open-fss A, such that a0 € Ay, We have b 2 € 0(A4). Thus, (X, 0,K) is not pseudo T,-CF-
SCS.

Theorem 15. Let (X,0,K) be a pseudo T,-CF-scs and let (V,8,,K) be a closed C-fsc subspace of
(X,0,K). Then (V, 8y, K) is a pseudo T,-CF-sc subspace of (X, 6, K).

Proof: Similar of Theorem 13. m

Definition 26. An associative fsts (X, 7g, K) of (X, 8, K) is said to be a pseudo T,-fsts, if for every distinct
fuzzy soft points x/* and y' there exist 75-open-fss's A, and p such that x* € 1,, y' & t4-cl(1,) and
y& € up and x{* & to-cl(up).

Theorem 16. If (X, 79, K) is a pseudo T,-fsts, then (X, 8, K) is also pseudo T,-CF-scs.
Proof. Similar of Theorem 14. =

Proposition 12. If (X, 8;, K) be a pseudo T,- CF-scs, 6,coarser than 6, then (X, 8, K) is pseudo T,- CF-
SCS.
Proof. Similar of proof Proposition 9. m

Definition 27. A C F-scs (X, 6, K) be a is said to be Uryshon T,- CF-scs, if for every two distinct fuzzy

soft points x{ and yl' there exist open-fss's 4, and up such that x € A,, v & up and 6(1,)
N6 (up)=0k.

Example 15. Let X={a, b}, K={h}. Define 6: F;s(X,K) - F;(X, K) as follows:
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{ GK lf AA - GK'

h ; h

) af if A4 C€af,
0(4) = ! bh if A, € b,
1k other wise.

Then (X, 8, K) is a Uryshon T,-CF-scs. Since Consider a* and b are distinct fuzzy soft points, there exist
open-fss's A,=a? and ug=b" such that a?* € A,, b € 1, and 6(1,) NO(ug)=al Nb}=0y.

Proposition 13. Every Uryshon T,-CF-scs is pesudo T,-CF-scs.

Proof. Let xJ* and ysh' be any two-distinct fuzzy soft points in (X, 8, H). Since (X, 8, H) is Uryshon T,-
CF-scs, there exist 1, and up open fuzzy soft sets such that xJ* € Ay, ysh' € ug and 8(1,) NO(ug)=0g.
This implies x* & 0(ug) and ' & 6(1,). Therefore, (X, 6, K) is pesudo T,- CF-scs. m

Proposition 14. Every Uryshon T,- CF-scs is T,- CF-scs.

Proof. The proof follows immediately from the definition of Uryshon T,- CF-scs and the property A, S
6(A,) for any fuzzy soft set 1,. m

Theorem 17. Let (X, 8, K) be an Uryshon T,-CF-scs and let (V,6,,K) be a closed CF-sc subspace of
(X,0,K). Then (V, 8y, K) is an Uryshon T,- CF-sc subspace of (X, 6, K).

Proof. Let x}* and ysh' be any two-distinct fuzzy soft points in (V, 0y, K). Then x}* and ys’l' are distinct
fuzzy soft points in (X, 8, K). Since (X, 0, K) is a Uryshon T,-CF-scs, it follows there exist open-fss's 4
and g such that x* € A, ' € g and 6(1,)NO(uz)=0x. By Lemma 2, 1,NVy and uz NV are open
fuzzy soft sets in ¥ such that x!* € A,NV, y*' € upNVi. Next, we must show that 6, (1,NV,) N
0y (ugNVg) =0x. Now, from the definition of 6,, we get,

Oy (AaNVk) N Oy (upNVi) = [Vk N O(AaNVi)] N [V N O (upNVi)]
=[6(44) NO(up)] NVk
=0 NV
= 0.

Therefore, (V, 0y, K) is an Uryshon T,-CF-sc subspace of (X,6,K). m

Definition 28. An associative fsts (X, g, K) of (X, 8, K) is said to be a Uryshon T,-fst, if for every distinct

fuzzy soft points x/* and ysfi', there exist T4-open fuzzy soft sets A, and pp such that x € 1,, y' € g
and tg-cl(44) N to-Cl(up)=0f.

Theorem 18. If (X, 7, K) is an Uryshon T,-fsts, then (X, 6, K) is also Uryshon T,-CF-scs.

Proof: Let x!* and ysh' be any two-distinct fuzzy soft points in X. Since (X, tg, K) is an Uryshon T,-fsts,
then there exist T5-open-fss's A, and p such that x* € 1,, y' & ug and t4-cl(1,) N Tg-cl(up)=0k. By
Theorem 4, we obtain A, and up are open fuzzy soft sets in (X, 8, K) such that x* € A, and ys’" € ug and
6(A,) NO(up)=0g. Hence, (X, 6, K) is an Uryshon T,-CF-scs. m

Proposition 15. If (X, 8,,K) be a Uryshon T,-CF-scs, O coarser than 6, then (X, 6, K) is Uryshon T,-
CF-scs.
Proof. Similar of proof Proposition 9. m
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Remark 3. The relationships between the above types of separation axioms in CF-scs's as shown in the
following diagram.
T,-CF-scs <4 T,-CF-scs —» T,-CF-scs

I T

Uryshon T,-CF-scs —p Pseudo T,-CF-scs —» Semi T,-CF-scs
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