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Abstract

Making use of a differential operator, which is defined here by means
of the Hadamard product (or convolution), we introduce the class
Y5 (0a, B1; A) of meromorphically p-valent convex functions. The main
object of this paper is to investigate various important properties and
characteristics for this class. Further, a property preserving integrals is
considered.
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1. Introduction

Let ¥, denote the class of functions of the form:

(11)  flz) =27+ sz (peN={1,2,.1}),

k=0
which are analytic and p-valent in the punctured unit disc U* = {z : z € C and 0 <
|z| < 1} = U\{0}. For functions f(z) € 3, given by (1.1) and g(z) € X, given by

(12)  g(z)=z"+) 2" (peN),
k=0

we define the Hadamard product (or convolution) of f(z) and g(z) by

(13)  (f*9)(z) =27+ axbez" = (g% f)(2).
k=0
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For complex parameters o, az,...,aq and B1,B2,...,8s (B ¢ Z; = {0,-1,-2,...}
j=1,2,...,8), we now define the generalized hypergeometric function

qFS (a17a27"'7aq; 517527"'7/88; Z)
by (see, for example, [18, p. 19]),

(k- (s
oFs L0, ..., Qg y B2,y Bss =
(oa, a2 ag; B, B2 Bs; z) kz:o(ﬂl)k"'( r (l)kz

(1.4)
(g<s+1; s,eNo=NU{0}; z€U),
where () is the Pochhammer symbol, defined in terms of the Gamma function I' by,
@, = LO+v) :{1 (v=0; € C* =C\{0}),
') 00@+1)---(0+v—-1) (veN; 8e).
Corresponding to the function hp (a1, @z, ..., aq; B1,B2,...,8s; z), defined by
(1.5)  hplar,az,...,aq; Bi,B2,...,8s; 2) =277 ¢Fs (1, 2,...,0aq; B1,B2,---,B8s; 2),
Liu and Srivastava [16] (see, for details [9] and [10]) introduced a linear operator:
Hp(ai,ao,...,0q; B1,B2,...,8s): p — Xp,
which is defined by the following Hadamard product:
Hy(ai,ao,...,aq; B1,B2,.-.,8s)f(2)
(1.6) = hp(ai,a2,...,aq; B1,P2,...,0s; 2)* f(2),
(g<s+1; s,qg€ Ng;z€U).
We observe that, for a function f(z) of the form (1.1), we have
(17)  Hplar,0n,...,aq B1,Ba,..., B:)f(2) = Hpgs(ar)f(2) =277+ Trarz®,

k=0
where

_ (@)ktp - (@q)ktp
(1.8) Iy = (,31)k+p"'(63)k+p(1)k+p‘

Then one can easily verify from (1.7) that

(1.9)  2(Hpgs(a1)f(2)) = a1Hp,g.s(0r +1)f(2) = (a1 +p)Hp,q,s(01) f(2)-
The linear operator Hy, 4 s(c1) was investigated recently by Liu and Srivastava [16], Aouf
[2], and Aouf and Yassen [5].
We note that:
(i) Hpo2,1(a,1;¢)f(2) = Lp(a,c)f(z) (a,c > 0) (see Liu and Srivastava [15]);
(i) Hpo21(v+p,p;p)f(2) = D271 f(2) (v > —p; p € N) (see[l] and [4]);
(i) Hyor (v, 10+ 1) f(2) = Fup(f)(2) (v > 0; p € N) (see [1], [22] and [23]).
A function f(z) € X, is said to be in the class ¥, () of p-valent meromorphically convex
functions of order A in U™ if and only if (see Kumar and Shukla [14])

(1.10) 3%{1 + ZJ{C(S)} <\ (€U 0< A< p).

In this paper, we introduce the class Jp q,s(a1; A) of functions f(z) € 3, which satisfy
the condition:

(Hpqs(laa +1)f(2) _
{ (Hypantonf(ay 7 ”} -
(z€eU" a1 >0; 0< A< Dp).

plaa —1)+ A
a1

(1.11)
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Also we note that:
(i) If g =2, s =1, the class Jp2,1(v +p, p; p; A) (v > —p; p € N) reduces to the
class xu1p-1()) (see [4]);
(if) If ¢ = 2, s =1, the class Jp2,1(a, 1; ¢; A) (@ > 0,c > 0) reduces to the class
Jp(a,c; A), where Jp(a,c; A) is defined by

(1.12) m{M—(pH)} < PO DEA Gy o<a<n)

(bp(a,c) f(2))
(iii) If ¢ =2, s =1, the class Jp21(v,1;v+1) (v > 0; p € N) reduces to the class

Jp(v, A), where Jp(v, ) is defined by

(For1p(N)(2) _pv—=1)+A

11z { Eaey  PF ”} < pa—
(zeU"5 v>0;, 0< A< p).

The various properties of the class Jp q,s(1; A), derived in this paper, would extend the
corresponding results obtained earlier by Bajpai [6], Goel and Sohi [11], Uralegaddi et al.
([20] and [21]), Aouf and Hossen [3] (see also Ruscheweyh [17], and Srivastava and Owa
[19]). Several other subclasses of ¥, analogous to the class Jp q,s(a1; A) studied in this
paper, were considered (among others) by Cho [7], Aouf [1], and by Kulkarni et al. [13].

2. Basic properties of the class J, ; s(aq; \)

Unless otherwise mentioned, we shall assume in the reminder of this paper that ¢ <
s+1,5,q€ Ny, 0<A<p,peNand a; > 0.

We begin by recalling the following result (Jack’s lemma), which we shall apply in
proving our first inclusion theorems (Theorem 2.2 and Theorem 2.3 below).

2.1. Lemma. [12] Let the (nonconstant) function w(z) be analytic in U, with w(0) = 0.
If |lw(z)| attains its mazimum value on the circle |z| =1 < 1 at a point zo € U, then

20w (20) = Ew(z0),
where £ is a real number and £ > 1. (|
2.2. Theorem. The following inclusion property holds true for the class Jp q,s(c14+1; N):
Ip,qs(@1 + 1;A) C Jpq,s(an; N).
Proof. For f(z) € Jp,q,s(c1 + 1; ), we find from (1.11) that
RO (L FHOIES ) SO E

(Hp,q,s(c1 +1)f(2)) a1 FEUD.

In order to show that (2.1) implies the inequality (1.11), we define w(z) € U by
(Hp,q,s (a1 +2) ()’ {p(a1—1)+>\ pP—A 1—w(z)}
2.2 = — +1) = — -+ .
E2 Hygelar s 0y~ Y = o Trule)
Clearly, w(z) is regular in U and w(0) = 0. Rewriting (2.2) as
(Hp,q,s(01 + 1) f(2))" _ oa + [on +2(p — M]w(2)
(Hp,q,s (1) f(2)) ar(l+w(z))
and differentiating (2.3) logarithmically with respect to z, we obtain
2(Hpgs(o1 + 1) f(2))" _ 2(Hp,q,s(1)f(2)”
(Hpqs(1 +1)f(2)) (Hp,g,s(a1)f(2))

(2.3)

(24) 2(p — N)zw'(2)

(14 w(2) {ar +[on +2(p = N]w(2)}
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Then one can easily verify from (1.9) that

(25)  2(Hpqs(a1)f(2))" = o (Hpgs(ar +1)f(2) = (01 +p+1) (Hpgs(0n) f(2)) .
Making use of (2.5), (2.4) may be written as
(Hp.q.s(a1 +2)f(2))’ par+ A
(Hp,q.s(ar +1)f(2)) ar+1
_p—2A {_1—w(z) 22w’ (2) }
art1\ T3 u(z) T A+ ) (o + o+ 2 = NwE)]
We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zo € U such that

‘ I‘ILB‘JX |w(z)] = |w(zo0)| = 1. Applying Jack’s lemma, we have zow,(zo) = &w(z0)(€ > 1).

Writing w(zo) = €' (0 < 6 < 2n), and putting z = zo in (2.6), we get
2(Hp,q,s(01 +2)f(20))' po1 + A
(Hp,q,s(c1 +1)f(20))’ ar+1

_ =N {_1—w(20) n 2£w(z0) }
ar+1 | 14+w(z) (1 +w(zo){on+[oa +2(p — N]w(z0)}

—(p+1)+
(2.6)

—(p+1)+
(2.7)

Thus we have
2(Hp,q,s(01 + 2) f(20))’ pai + A p—A
(2:8) %{ (Hyas(on T 1) f(20)) o1 } Z Nt D mtp— N

which obviously contradicts (2.1). Hence |w(z)| < 1, and it follows from (2.3) that
f(2) € Jp,q,s(a1;A). This completes the proof of Theorem 2.2. a

>0,

—(p+1)+

2.3. Theorem. Let f(z) € ¥, satisfy the condition

(Hy g0 (01 +1) ()" (r=X)=2[p(a1 ~ D+ (c+1-A)
(2:9) %{ e GOIGY (p+1)} <Ry » (e>p—1).

Then

z

(2.10) F(z) = Zcip /tcﬂ)ﬂf(t)dt

0

belongs to the class Jp q,s(c1; ).

Proof. From (2.10), we have
(2.11)  2(Hpqs(a1)F(2)) = (¢ =p+ 1) Hpg,s(0n) f(2) = (¢ + 1) Hp,g,s (1) F(2).
Using (2.11) and (1.9), the condition (2.9) may be written as

(Hp,q.s(@142)F(2))’

P HyaslariDrG)Y ~ (aa+p—¢) ~(p+1)
(FrgGDFGE)
(2.12) o = (e +p—c— D G Enrey
(p A) = 2[p(ar = 1)+ A(c+1—=X)

201 (c+1—X)
In order to prove that (2.12) implies the inequality:
Hyguslor + DF(2))’ plas = 1)+ A .
2.13 é}%{( Ll )<« BB ITA gy,
C13)  Hyatarr@y VY T
we now define w(z) in U by

(Hpqs(a1 +1)F(2))" _ a1 +X p—X 1-w(z)
(2.14) (Hy 0 (@) E(2)) (p+1)= { o T T w) }
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Clearly, w(z) is regular in U and w(0) = 0. Rewriting (2.14) as

(Hp,q,s(a1 + DF(2))" _ on + o1 +2(p — N]w(2)
(Hp,q,s (1) F(2))' ar(l+w(z))

and differentiating (2.15) logarithmically with respect to z, we get

(2.15)

(Hyp.q.(014+2)F (=)’
(+1) @ eorey — (@ +p—¢)

_ 1)
(Hpae GO PG (p+
a1 = (a1 +p—c =~ D e mnre)y
(2.16) _ {p(a171)+k LA low(z)
- aq aq 1+w(z)

n 2(p — A)zw'(2)
(T o) et p)+ oDt et Du)]’

where we have also made use (2.5). The remaining part of the proof of Theorem 2.3 is
similar to that of Theorem 2.2. O

2.4. Remark. (i) Forg=s+4+1, a; =1, (j=1,...,s+1); Bi=1, (i=1,...,8), p=1
and A = 0, we note that Theorem 2.3 extends a result of Goel and Sohi [11]; also Cho
and Owa [8];

(ii) Forg=s4+1, aj =1, (j=1,...,s4+1), 8 =1, (i=1,..,8), p=c=1and
A = 0, we note that Theorem —reft2 extends a result of Bajpai [6].

3. A further inclusion property

3.1. Theorem. If f(z) € Jp,q,s(a1;N), then

(B2 66 = s [CUr90

0

belongs to the class Jp,q,s (1 + 1; A).

Proof. From (3.1), we have
(32) (c=p+1)Hpq,s(ar1)f(z) = arHpgs(ar+1)F(2) — (a1 +p—c—1)Hpq,s(a1)F(2)
and
(c=p+ 1D Hpgs(aa +1)f(2)
= (a1 + 1) Hpqs(a1 +2)F(2) = (o1 +p — ¢)Hp,q,s(1 + 1) F(2),
which, for ¢ = a1 +p — 1, yield
(a1 + 1)(Hpgs (a1 +2)G(2)) = (Hp,g,s(01 + 1)G(2))" _ (Hpgs(aa +1)f(2))

a1(Hp,q,s(a1 +1)G(2))’ (Hp,q,s(1)f(2))

(3.3)

)

that is,
(1 + D(Hpgs(ar +2)G(2) 1 _ (Hpgs(oa +1)f(2))
a1(Hp,q,s(1 +1)G(2)) a (Hp,q,s(0a)f(2))
Thus we have
(01 + )(Hpglos +2)G() 1
m{ 1 Hygs(on + DCE) o @+”}
_ (Hp,g,s(a + 1) f(2)) _plaa —1)+ A
*m{ (o@D (2) @+”}< o

I
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which leads us at once to the desired inequality:

(Hp,q,s (1 +2)G(2))’ } plar -1+ A .
3.4 R = -p+1) < ————"—, (z€U").
o) w{ (R GGy - o) T
This completes the proof of Theorem 3.1. O
3.2. Corollary. If f(z) € Jp(a,c; A), where Jy(a,c; N) is defined by (1.12), then G(z) €
Jp(a,c; ), where G(z) is defined by (3.1). O

3.3. Corollary. If f(z) € Jy(v, ), where Jp(v, ) is defined by (1.13), then G(z) €
Jp(v, A), where G(z) is defined by (3.1). O

3.4. Remark. Puttingg=2, s=1, cxi =v+p, (v > —p), a2 =p and 1 = p in our
results, we obtain the results obtained by Aouf and Srivastava [4].
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