
Hacettepe Journal of Mathematics and Statistics
Volume 40 (3) (2011), 421 – 431

FUZZY FIXED POINTS OF FUZZY

MAPPINGS VIA A RATIONAL INEQUALITY

Akbar Azam
∗

Received 29 : 04 : 2010 : Accepted 23 : 09 : 2010

Abstract

We establish the existence of common fuzzy fixed points for fuzzy map-
pings under a rational contractive condition on a metric space in con-
nection with the Hausdorff metric on the family of fuzzy sets, and
apply it to obtain common fixed points of fuzzy (multivalued) map-
pings satisfying a rational contractive condition associated with the
d∞ (Hausdorff) metric.
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1. Introduction and preliminaries

Fixed point theorems are very important tools for providing evidence of the existence
and uniqueness of solutions to various mathematical models. The literature of the last
four decades flourishes with results which discover fixed points of self and nonself nonlin-
ear operators in a metric space. The Banach contraction theorem plays a fundamental
role in fixed point theory and has become even more important because being based on
iteration, it can be easily implemented on a computer. On the other hand Fisher [15]
obtained common fixed points of a pair S, T : X → X of single mappings satisfying a
rational inequality by demonstrating the convergence of sequence of iterates of S, T in a
complete metric space X.

Among various developments of fuzzy sets theory, a progressive development has been
made to find the fuzzy analogues of fixed point results of the classical fixed point theorems.
In this paper, we use a generalized contractive condition involving a rational expression to
study common fuzzy fixed point theorems for fuzzy set valued mappings. In the following
we always suppose that (X, d) is a complete metric space and (V, d) a complete metric
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linear space. Moreover, we shall use the following notations which have been recorded
from [1, 2, 3, 4, 16, 17, 19, 20, 22, 23].

2X = {A : A is a subset of X} ,

C
(
2X

)
=

{
A ∈ 2X : A is nonempty and compact

}
,

CB
(
2X

)
=

{
A ∈ 2X : A is nonempty closed and bounded

}
.

For A,B ∈ CB
(
2X

)
,

d(x,A) = inf
y∈A

d(x, y),

d(A,B) = inf
x∈A,y∈B

d(x, y).

Then the Hausdorff metric H on CB
(
2X

)
induced by d is defined as:

H (A,B) = max

{
sup
a∈A

d (a,B) , sup
b∈B

d (A, b)

}
.

A fuzzy set in X is a function with domain X and values in [0, 1], IX is the collection of
all fuzzy sets in X. If A is a fuzzy set and x ∈ X, then the function values A(x) is called
the grade of membership of x in A. The α-level set of a fuzzy set A, is denoted by [A]α,
and defined as

[A]α = {x : A(x) > α} if α ∈ (0, 1],

[A]0 = {x : A(x) > 0}.

Â = {x : A(x) = max
y∈X

A (y)}.

For x ∈ X, we denote the fuzzy set χ{x} by {x} unless and until it is stated, where χA

is the characteristic function of the crisp set A. A fuzzy set A in a metric linear space V
is said to be an approximate quantity if and only if [A]α is compact and convex in V for
each α ∈ [0, 1] and sup

x∈V

A(x) = 1.

Define some sub-collections of IX and IV as follows:

W (V ) =
{
A ∈ IV : A is an approximate quantity in V

}
,

K (X) =
{
A ∈ IX : Â ∈ C

(
2X

)}
,

C (X) =
{
A ∈ IX : [A]α ∈ C

(
2X

)
, for each α ∈ [0, 1]

}
,

E (X) =
{
A ∈ IX : [A]α ∈ CB

(
2X

)
, for each α ∈ [0, 1]

}
,

F(X) =
{
A ∈ IX : [A]α ∈ C

(
2X

)
, for some α ∈ [0, 1]

}
,

G(X) =
{
A ∈ IX : [A]α ∈ CB

(
2X

)
, for some α ∈ [0, 1]

}
.

For A,B ∈ IX , A ⊂ B means A(x) 6 B(x) for each x ∈ X. If there exists an α ∈ [0, 1]
such that [A]α , [B]α ∈ C

(
2X

)
, then define

pα(A,B) = inf
x∈[A]α,y∈[B]α

d(x, y),

Dα(A,B) = H([A]α , [B]α).
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If [A]α , [B]α ∈ C
(
2X

)
for each α ∈ [0, 1] then define P (A,B), d∞(A,B) : C (X)×C (X) →

R, (induced by the Hausdorff metric H) as follows:

p(A,B) = sup
α

pα(A,B),

d∞(A,B) = sup
α

Dα(A,B).

We note that [16, 17], pα is a nondecreasing function of α, d∞ is a metric on C
(
2X

)

and the completeness of (X, d) implies that (C
(
2X

)
,H) and (C (X) , d∞) are complete.

Moreover

(X, d) 7→
(
CB

(
2X

)
,H

)
7→ (E (X) , d∞),

are isometric embeddings by means of x 7→ {x} (crisp set) and A 7→ χA respectively.
Let X be an arbitrary set, Y a metric space. A mapping T is called a fuzzy mapping if
T is a mapping from X into IY . A fuzzy mapping T is a fuzzy subset on X × Y with
membership function T (x)(y). The function T (x)(y) is the grade of membership of y in

T (x). The family of all mappings from X into IY is denoted by
(
IY

)X
. For convenience,

we denote the α-level set of T (x) by [Tx]α instead of [T (x)]α.

A point x∗ ∈ X is called a fuzzy fixed point of a fuzzy mapping T : X → IX if there
exists α ∈ (0, 1] such that x∗ ∈ [Tx∗]α (see [3, 4]). The point x∗ is known as a fixed
point of T if T (x∗) (x∗) > T (x∗) (x) for all x ∈ X (see [1]). Moreover, we say that x∗ is
an Heilpern fixed point of T if {x∗} ⊂ Tx∗ (see [17]).

1.1. Lemma. [21] Let A and B be nonempty closed and bounded subsets of a metric

space (X, d) If a ∈ A, then d (a,B) 6 H (A,B). �

1.2. Lemma. [21] Let A and B be nonempty closed and bounded subsets of a metric

space (X, d) and 0 < ξ ∈ R. Then for a ∈ A, there exists b ∈ B such that d (a, b) 6

H (A,B) + ξ. �

1.3. Lemma. [2] Let (V, d) be a complete metric linear space, T : V −→ W (V ) a fuzzy

mapping and xo ∈ V . Then there exists x1 ∈ X such that {x1} ⊂ T (x0). �

In the following we always suppose that T̂ is the mapping induced by a fuzzy mapping
T i.e.,

T̂ (x) (t) = {y ∈ X : T (x) (y) = max
t∈X

T (x) (t)}.

1.4. Lemma. [1] Let (X, d) be a metric space, x∗ ∈ X and T : X → IX be fuzzy mapping

such that T̂ x ∈ C
(
2X

)
for all x ∈ X. Then x∗ ∈ T̂ (x∗) iff T (x∗) (x∗) > T (x∗) (x) for

all x ∈ X.

2. Fuzzy fixed points of fuzzy mappings

Fixed point theorems in fuzzy mathematics are emerging with varying hope and vital
trust. Weiss [23] and Butnariu [9] initiated the study of fixed point theorems in fuzzy
mathematics. Heilpern [17] first used the concept of fuzzy mappings to prove the Banach
contraction principle for fuzzy (approximate quantity-valued) mappings on complete met-
ric linear spaces. Subsequently more than a few authors (e.g. [1, 2, 5, 6, 8, 16, 18, 19, 20,
22]) studied Heilpern fixed point results of fuzzy mappings satisfying a contractive type
condition by using the d∞-metric for fuzzy sets.

In this section we obtain common fuzzy fixed points of a pair of fuzzy mappings
satisfying a rational inequality by using the Hasudorff metric for fuzzy sets. These results
are free from the conditions of approximate quantity for T (x) and linearity for X.
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2.1. Theorem. Let S, T : X → IX and for x ∈ X, there exist αS(x), αT (x) ∈ (0, 1] such
that [Sx]αS(x) , [Tx]αT (x) ∈ CB

(
2X

)
. If for all x, y ∈ X

(1)

H
(
[Sx]αS(x), [Ty]αT (y)

)
6 αd (x, y) + βd

(
x, [Sx]αS(x)

)
+ γd

(
y, [Ty]αT (y)

)

+
δd

(
x, [Sx]αS(x)

)
d
(
y, [Ty]αT (y)

)

1 + d (x, y)

and

(2) γ +
δd

(
x, [Sx]αS(x)

)

1 + d (x, y)
< 1, β +

δd
(
y, [Ty]αT (y)

)

1 + d (x, y)
< 1,

where α, β, γ, δ are non negative real numbers with α+ β + γ + δ < 1. Then there exists

u ∈ X such that u ∈ [Su]αS(u) ∩ [Tu]αT (u).

Proof. We consider the following three possible cases:

(i) α+ β = 0;
(ii) α+ γ = 0;
(iii) α+ β 6= 0, α+ γ 6= 0.

Case (i): α + β = 0. For x ∈ X, there exists αS (x) ∈ (0, 1] such that [Sx]αS(x) is a

nonempty closed bounded subset of X. Take y ∈ [Sx]αS(x) and similarly z ∈ [Ty]αT (y).

Then, by Lemma 1.1 we obtain

d
(
y, [Ty]αT (y)

)
6 H

(
[Sx]αS(x) , [Ty]αT (y)

)
.

Now, inequality (1) implies that

d
(
y, [Ty]αT (y)

)
6 αd(x, y) + βd

(
x, [Sx]αS(x)

)
+ γd

(
y, [Ty]αT (y)

)

+
δd

(
x, [Sx]αS(x)

)
d
(
y, [Ty]αT (y)

)

1 + d (x, y)

Using α+ β = 0 we obtain
[
1− γ −

δd
(
x, [Sx]αS(x)

)

1 + d(x, y)

]
d
(
y, [Ty]αT (y)

)
6 0.

Then, one of the inequalities (2) yields

d
(
y, [Ty]αT (y)

)
6 0.

It follows that y ∈ [Ty]αT (y). Again inequality (1) implies that

(1− β) d
(
y, [Sy]αS(y)

)
6 γd

(
y, [Ty]αT (y)

)
+
δd

(
y, [Sy]αS(y)

)
d
(
y, [Ty]αT (y)

)

1 + d (y, y)
= 0.

It follows that

y ∈ [Sy]αS(y) ∩ [Ty]αT (y) .

Case (ii): α+ γ = 0. For x ∈ X, as in case(i), take y ∈ [Sx]αS(x) , z ∈ [Ty]αT (y) and

d
(
z, [Sz]αT (z)

)
= H

(
[Ty]αT (y) , [Sz]αT (z)

)

6 αd(z, y) + βd
(
z, [Sz]αS(z)

)
+ γd

(
y, [Ty]αT (y)

)

+
δd

(
z, [Sz]αS(z)

)
d
(
y, [Ty]αT (y)

)

1 + d (z, y)
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Now, α+ γ = 0 yields
[
1− β −

δd
(
y, [Ty]αT (y)

)

1 + d (z, y)

]
d
(
z, [Sz]αS(z)

)
6 0.

Thus, z ∈ [Sz]αS(z), moreover,

(1− γ) d
(
z, [Tz]αT (z)

)
6 βd

(
z, [Sz]αS(z)

)
+
δd

(
z, [Sz]αS(z)

)
d
(
z, [Tz]αT (z)

)

1 + d(z, z)
= 0.

It follows that

z ∈ [Sz]αS(z) ∩ [Tz]αT (z) .

Case (iii): Let,

max

{(
α+ γ

1− β − δ

)
,

(
α+ β

1− γ − δ

)}
= λ.

Then by α + γ, α + β 6= 0, α + β + γ + δ < 1, it follows that 0 < λ < 1. Choose
x0 ∈ X. Then, by hypotheses, there exists αS(x0) ∈ (0, 1] such that [Sx0]αS(x0)

is a

nonempty closed, bounded subset of X. For convenience, we denote αS(x0) by α1. Let
x1 ∈ [Sx0]α1

. For this x1 there exists αT (x1) ∈ (0, 1] such that [Tx1]αT (x1)
∈ CB

(
2X

)
.

Denote αT (x1) by α2. By Lemma 1.2, there exists x2 ∈ [Tx1]α2
such that

(3) d(x1, x2) 6 H
(
[Sx0]α1

, [Tx1]α2

)
+ λ (1− γ − δ) .

By the same argument we can find α3 ∈ (0, 1] and x3 ∈ [Sx2]α3
such that

(4) d(x2, x3) 6 H
(
[Sx2]α3

, [Tx1]α2

)
+ λ2 (1− β − δ) .

Using induction we produce a sequence {xn} of points of X,

x2k+1 = [Sx2k]α2k+1
,

x2k+2 = [Tx2k+1]α2k+2
, k = 0, 1, 2, . . . ,

such that,

d(x2k+1, x2k+2) 6 H
(
[Sx2k]α2k+1

, [Tx2k+1]α2k+2

)
+ λ2k+1 (1− γ − δ) ,

d(x2k+2, x2k+3) 6 H
(
[Sx2k+2]α2k+3

, [Tx2k+1]α2k+2

)
+ λ2k+2 (1− β − δ) .

Using inequalities (1) and (3) we have

d(x1, x2) 6 αd(x0, x1) + βd
(
x0, [Sx0]α1

)
+ γd

(
x1, [Tx1]α2

)

+
δd(x0, [Sx0]α1

)d(x1, [Tx1]α2
)

1 + d(x0, x1)
+ λ (1− γ − δ) .

The above inequality implies

d(x1, x2) 6
(α+ β)

(1− γ − δ)
d(x0, x1) + λ.

Using inequalities (1) and (4) we obtain

d(x2, x3) 6 αd(x2, x1) + βd
(
x2, [Sx2]α3

)
+ γd(x1, [Tx1]α2

)

+
δd

(
x2, [Sx2]α3

)
d
(
x1, [Tx1]α2

)

1 + d(x2, x1)
+ λ2 (1− β − δ) .
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Thus,

d(x2, x3) 6

(
α+ γ

1− β − δ

)
d(x1, x2) + λ2

6 λd(x1, x2) + λ2.

This implies that

d(xn, xn+!) 6 λd(xn−1, xn) + λn.

6 λ
[
λd(xn−2, xn−1) + λn−1]+ λn

6 λ2d(xn−2, xn−1) + 2λn

6 λ3d(xn−3, xn−2) + 3λn.

It follows that for each n = 1, 2, . . .,

d(xn, xn+!) 6 λnd(x0, x1) + nλn

Now for each positive integer m,n (n > m), we have

d(xm, xn) 6 d(xm, xm+1) + d(xm+1, xm+2) + · · ·+ d(xn−1, xn)

6 λmd(x0, x1) +mλm + λm+1d(x0, x1) + (m+ 1)λm+1

+ · · ·+ λn−1d(x0, x1) + (n− 1)λn−1

6

n−1∑

i=m

λid(x0, x1) +
n−1∑

i=m

iλi

6
λm

1− λ
d(x0, x1) + Sn−1 − Sm−1, where Sn =

n∑

i=1

iλi.

Since λ < 1, it follows from Cauchy’s root test that
∑

iλi is convergent, and hence {xn}
is a Cauchy sequence in X. As X is complete, there exists u ∈ X such that xn → u.
Now, Lemma 1.1 implies that

d
(
u, [Su]αS(u)

)
6 d(u, x2n) + d

(
x2n, [Su]αS(u)

)

6 d(u, x2n) +H
(
[Tx2n−1]α2n

, [Su]αS(u)

)
.

The above inequality implies that

d
(
u, [Su]αS(u)

)

6

(
1− β − δ

d(x2n−1, x2n)

1 + d(u, x2n−1)

)−1(
d(u, x2n) + αd(u, x2n−1) + γd(x2n−1, x2n)

)
.

Letting n → ∞, we have

d
(
u, [Su]αS(u)

)
6 0.

This implies that u ∈ [Su]αS(u). Similarly, by using

d
(
u, [Tu]αT (u)

)
6 d

(
u, x2n+1) + d(x2n+1, [Tu]αT (u)

)
,

we can show that u ∈ [Tu]αT (u), which implies that u ∈ [Su]αS(u) ∩ [Tu]αT (u). �

2.2. Example. Let X = [0, 1], d(x, y) = |x− y|, whenever x, y ∈ X, λ, µ ∈ (0, 1] and
S, T : X −→ IX are fuzzy mappings such that T (x) , S(x) ∈ IX are defined as follows:

S (0) (t) =






1 if t = 0
1
2

if 0 < t 6 1
100

0 t > 1
100

,

T (0) (t) =






1 if t = 0
1
3

if 0 < t 6 1
150

0 t > 1
150

,
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if x 6= 0,

S(x)(t) =






λ if 0 6 t < x
14

λ
2

if x
14

6 t 6 x
10

λ
3

if x
12

< t < x

0 if x 6 t < ∞,

T (x) (t) =






µ if 0 6 t < x
16

µ

4
if x

16
6 t 6 x

10
µ

10
if x

12
< t < x

0 if x 6 t < ∞.

Note that

[S0]λS(0) [T0]λT (0) = {0} , if λS (0) = λT (0) = 1

for x 6= 0,

Ŝx = [Sx]λ =
[
0,

x

14

)
and T̂ x = [Tx]µ =

[
0,

x

16

)
,

thus, Sx, Tx /∈ K (X). However,

[Sx]λ
2

=
[
0,

x

10

]
and [Tx]µ

4

=
[
0,

x

10

]
,

hence, Sx, Tx ∈ F(X) ⊆ G(X). Moreover,

γ + δ
d
(
x, [Sx]λS(x)

)

1 + d (x, y)
6

1

30
+

1

40

∣∣ 9x
10

∣∣
1 + |x− y|

6 1.

Similarly,

β + δ
d
(
y, [Ty]λT (y)

)

1 + d (x, y)
6 1.

Hence, if x = y,H
(
[Sx]λS(x) , [Ty]λT (y)

)
= 0 and if x 6= y,

H
(
[Sx]λS(x) , [Ty]λT (y)

)
<

1

10
|x− y|+

1

20

∣∣∣x−
x

10

∣∣∣+
1

30

∣∣∣y −
y

10

∣∣∣

+
1

40

[∣∣x− x
10

∣∣ ∣∣y − y

10

∣∣
1 + |x− y|

]

.

Since X is not linear and [Sx]λ , [Tx]λ are not compact for each λ, all previous relevant
fixed point results [1, 2, 5, 6, 8, 16, 18, 19, 20, 22] for fuzzy (approximate quantity-valued)
mappings on complete metric linear spaces are not applicable even if δ = 0. However, S
and T satisfy all conditions of Theorem 2.1 for α = 1

10
, β = 1

20
, γ = 1

30
, δ = 1

40
.

3. Fixed points of fuzzy and multivalued mappings

As an application of the fuzzy fixed point result of the previous section we obtain
common fixed points of fuzzy mappings and multivalued mappings (see, [7, 11, 12, 21]).

3.1. Theorem. Let S, T : X → IX be such that Ŝx, T̂x ∈ CB
(
2X

)
and for all x, y ∈ X,

H(Ŝx, T̂ y) 6 αd(x, y) + βd(x, Ŝx) + γd(y, T̂ y) +
δd(x, Ŝx)d(y, T̂ y)

1 + d(x, y)
.

where α, β, γ, δ are non negative real numbers with α+ β + γ + δ < 1 and

γ +
δd

(
x, Ŝx

)

1 + d (x, y)
< 1, β +

δd
(
y, T̂ y

)

1 + d (x, y)
< 1.

Then there exists a point x∗ ∈ X such that T (x∗) (x∗) > T (x∗) (x) and S (x∗) (x∗) >

S (x∗) (x) for all x ∈ X.
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Proof. Let

max
t∈X

S (x) (t) = µ, max
t∈X

T (x) (t) = ν.

Then for all x, y ∈ X,

Ŝx = [Sx]µ , T̂ y = [Ty]ν

and

(5)

H
(
[Sx]µ , [Ty]ν

)
6 αd (x, y) + βd

(
x, [Sx]µ

)
+ γd

(
y, [Ty]ν

)

+
δd

(
x, [Sx]µ

)
d
(
y, [Ty]ν

)

1 + d (x, y)
.

By Theorem 2.1 there exists x∗ ∈ X such that x∗ ∈ [Sx∗]µ ∩ [Tx∗]ν = Ŝx∗ ∩ T̂ x∗. Now
Lemma 1.4 implies that

T (x∗) (x∗) > T (x∗) (x) , S (x∗) (x∗) > S (x∗) (x)

for all x ∈ X. �

3.2. Theorem. Let A,B : X → CB
(
2X

)
be multivalued mappings and for all x, y ∈ X,

H(Ax,By) 6 αd (x, y) + βd(x,Ax) + γd(y,By) +
δd(x,Ax)d(y,By)

1 + d (x, y)
,

where α, β, γ, δ are non negative real numbers with α+ β + γ + δ < 1 and

(6) γ + δ
d (x, Sx)

1 + d (x, y)
< 1, β +

δd (y, Ty)

1 + d (x, y)
< 1.

Then there exists u ∈ X such that u ∈ Au ∩ Bu.

Proof. Consider a pair of arbitrary mappings F,G : X → (0, 1] and a pair of fuzzy
mappings S, T : X → IX defined by

S(x) (t) =

{
Fx t ∈ Ax

0 t /∈ Ax,
T (x) =

{
Gx t ∈ Bx

0 t /∈ Bx.

Then, for x ∈ X,

[Sx]αS(x) = {t : S(x) (t) > αS (x)} = Ax, [Tx]αT (x) = Bx.

Therefore, Theorem 2.1 can be applied to obtain u ∈ X such that

u ∈ [Su]αS(u) ∩ [Tu]αT (u) = Au ∩Bu. �

4. Heilpern fixed points of fuzzy mappings

In [1, 2, 5, 6, 8, 16, 18, 19, 20, 22] the authors obtained Heilpern fixed points of
fuzzy contractive and fuzzy locally contractive mappings on a metric linear space with
the d∞-metric for fuzzy sets, and established fuzzy extensions of some Banach type and
Edelstein fixed point theorems [11, 12].

In the following we establish common fixed point theorems for fuzzy mappings under
a rational contractive condition on a metric space with the d∞-metric for fuzzy sets.
The study of fixed points of fuzzy set-valued mappings related to the d∞-metric is useful
for computing Hausdorff dimensions. These dimensions may help us to understand ε∞-
space, which are used in high energy physics [13, 14]. This is because events in this case
are mostly fuzzy sets.
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4.1. Theorem. Let S, T : X → E (X), and for all x, y ∈ X,

d∞(S (x) , T (y)) 6 αd(x, y)+βp(x,S (x))+γp(y, T (y))+
δp(x,S (x))p(y, T (y))

1 + d(x, y)
,

where α, β, γ, δ are non negative real numbers with α+ β + γ + δ < 1 and

(7) γ + δ
p(x,S (x))

1 + d (x, y)
< 1, β +

δp(y, T (y))

1 + d (x, y)
< 1.

Then there exists a point u ∈ X such that {u} ⊂ Su, {u} ⊂ Tu.

Proof. Pick x ∈ X. Then by the assumptions, [Sx]1 , [Tx]1 are nonempty closed and
bounded subsets of X. Now, for all x, y ∈ X,

D1(S (x) , T (y))

6 d∞(S (x) , T (y))

6 αd(x, y) + βp(x,S (x)) + γp(y, T (y)) +
δp(x,S (x))p(y, T (y))

1 + d(x, y)
.

Since [Sx]1 ⊆ [Sx]α ∈ CB
(
2X

)
for each α ∈ [0, 1], therefore d(x, [Sx]α) 6 d(x, [Sx]1) for

each α ∈ [0, 1] and it implies that p(x,S (x)) 6 d(x, [Sx]1). This further implies that

H
(
[Sx]1 , [Ty]1

)
6 αd(x, y) + βd(x, [Sx]1)

+ γd
(
y, [Ty]1

)
+

δd
(
x, [Sx]1

)
d
(
y, [Ty]1

)

1 + d(x, y)
.

Now, by Theorem 2.1 there exists u ∈ X such that {u} ⊂ Su, {u} ⊂ Tu. �

4.2. Theorem. Let S, T : V → W (V ) and for all x, y ∈ V ,

d∞(S (x) , T (y)) 6 αd(x, y) +βp(x,S (x))+γp(y,T (y))+
δp(x,S (x))p(y, T (y))

1 + d(x, y)
,

where α, β, γ, δ are non negative real numbers with α+ β + γ + δ < 1 and

(8) γ +
δp(x,S (x))

1 + d (x, y)
< 1, β +

δp(y, T (y))

1 + d (x, y)
< 1.

Then there exists a point u ∈ V such that {u} ⊂ Su, {u} ⊂ Tu.

Proof. Let x ∈ V . Then by Lemma 1.3 there exists y ∈ V such that {y} ⊂ S(x). This
implies that pα(y, S(x) = 0 for all α ∈ [0, 1], which is possible if and only if y ∈ [Sx]1.
Similarly, we can find z ∈ V such that z ∈ [Tx]1. It follows that for each x ∈ V ,

[Sx]1 , [Tx]1 ∈ C
(
2V

)
for all x, y ∈ X. The remaining part of the proof is similar as

that of the previous theorem. �

4.3. Corollary. [17] Let (V, d) be a complete metric linear space and T : V → W (V ) a

fuzzy mapping such that for all x, y ∈ V ,

d∞(T (x) , T (y)) 6 αd(x, y),

where 0 6 λ < 1. Then there exists u ∈ V such that {u} ⊂ Tu. �

4.4. Example. Let X = {1, 2, 3}, {1} , {2} , {3} be crisp sets. Define d : X ×X → R as
follows:

d(x, y) =






0 if x = y
5
7

if x 6= y and x, y ∈ X \ {2},

1 if x 6= y and x, y ∈ X \ {3},
4
7

if x 6= y and x, y ∈ X \ {1}.
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Define fuzzy mappings T : X → IX as follows:

T (1) (t) = T (3) (t) =






1 if t = 3,
1
2

if t = 2,

0 if t = 1,

and T (2) (t) =






1 if t = 1,
1
3

if t = 2,

0 if t = 3.

Then,

[Tx]1 = {t : T (x)(t) = 1} =

{
{3} if x 6= 2,

{1} if x = 2.

H
(
{1} , {3}

)
= max

{
sup

α∈{1}

d (a, {3}) , sup
b∈{3}

d ({1} , b)

}

= max {d (1, 3) , d (1, 3)} =
5

7

Now,

d∞
(
T (3) , T (2)

)
> D1

(
T (3) , T (2)

)
= H

(
{3} , {1}

)
=

5

7
,

d(3, 2) =
4

7
.

Since, d∞
(
T (3) , T (2)) > αd(3, 2) for each α < 1 and X is not linear, [17, Corollary 4.3]

and the results in [2, 5, 6, 8, 19, 20, 22] are cannot be applied to find 3 ∈ [T3]1. In order

to apply Theorem 4.1, consider the fuzzy mapping S : X → IX given by

S (1) (t) = S (2) (t) = S (3) (t) =






1 if t = 3,
1
20

if t = 2,

0 if t = 1.

Then, [Sx]1 = {t : S(x)(t) = 1} = {3}, for all x ∈ X,

H([Sx]1 , [Ty]1) = D1(Sx, Ty) =

{
H({3} , {3}) = 0 if y 6= 2,

H({3} , {1}) = 5
7

if y = 2.

For α = β = 1
20
, δ = 1

7
, γ = 5

7
and y = 2,

αd(x, y) + βp(x,S (x)) + γp(y, T (y)) +
δp(x,S (x))p(y, T (y))

1 + d(x, y)
>

5

7

and

5

7
+

1
7
p(x,S (x))

1 + d (x, y)
< 1,

1

20
+

1
7
p(y, T (y))

1 + d (x, y)
< 1.

Hence, all the conditions of Theorem 4.1 are satisfied to obtain 3 ∈ [S3]1 ∩ [T3]1.
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