
Hacettepe Journal of Mathematics and Statistics
Volume 40 (3) (2011), 453 – 460

AN ITERATIVE ALGORITHM COMBINING

THE VISCOSITY METHOD WITH THE

PARALLEL METHOD FOR A FINITE FAMILY

OF UNIFORMLY L-LIPSCHITZIAN

MAPPINGS
†

Feng Gu∗

Received 29 : 05 : 2010 : Accepted 23 : 08 : 2010

Abstract

The purpose of this paper is to prove a strong convergence theorem for a
finite family of uniformly L-Lipschitzian mappings through the viscosity
parallel iterative algorithm in Banach spaces. The results presented in
the paper improve and extend some recent results announced by Chang,
Ofoedu, Schu and Zeng, and many others.
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1. Introduction and preliminaries

Let E be a real Banach space with norm || · || and J the normalized duality mapping
from E into E∗ give by

J(x) = {f ∈ E
∗ : 〈x, f〉 = ||x||2 = ||f ||2, ||f || = ||x||}

for x ∈ E, where E∗ denotes the dual space of E and 〈 · , · 〉 is the generalized duality
pairing between E and E∗. The single-valued normalized duality mapping is denoted by
j.

1.1. Definition. Let K be a nonempty closed convex subset of E, T : K → K a
mapping.
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(1) T is said to be uniformly L-Lipschitzian if there exists L > 0 such that for any
x, y ∈ K

||Tn
x− T

n
y|| ≤ ||x− y||, ∀n ≥ 1;

(2) T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂
[1,∞) with kn → 1 such that for any given x, y ∈ K,

||Tn
x− T

n
y|| ≤ kn||x − y||, ∀n ≥ 1;

(3) T is said to be asymptotically pseudo-contractive if there exists a sequence {kn} ⊂
[1,∞) with kn → 1 such that for any given x, y ∈ K, there exists j(x − y) ∈
J(x− y),

〈Tn
x− T

n
y, j(x − y)〉 ≤ kn||x − y||2, ∀n ≥ 1.

1.2. Remark. (1) It is easy to see that if T is an asymptotically nonexpansive mapping,
then T is a uniformly L-Lipschitzian mapping, where L = sup

n≥1 kn. And every asymp-
totically nonexpansive mapping is asymptotically pseudo-contractive, but the inverse is
not true, in general.

(2) The concept of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [3], while the concept of asymptotically pseudo-contractive mappings was in-
troduced by Schu [6], who proved the following theorem:

1.3. Theorem. (Schu [6]) Let H be a Hilbert space, K a nonempty bounded closed
convex subset of H and T : K → K a completely continuous, uniformly L-Lipschitzian,
and asymptotically pseudo-contractive mapping with a sequence {kn} ⊂ [1,∞) satisfying
the following conditions:

(i) kn → 1 as n → ∞;
(ii)

∑∞

n=1
(q2n − 1) < ∞, where qn = 2kn − 1.

Suppose further that {αn} and {βn} are two sequences in [0, 1] such that ε < αn < βn ≤

b ∀n ≥ 1, where ε > 0 and b ∈ (0, L−2[(1 + L2)
1

2 − 1]) are some positive numbers. For
any given x1 ∈ K, let {xn} be the iterative sequence defined by

xn+1 = (1− αn)xn + αnT
n
xn.

Then {xn} converges strongly to some fixed point of T in K. �

In [1] the author extended Theorem 1.3 to a real uniformly smooth Banach space and
proved the following theorem:

1.4. Theorem. (Chang [1]) Let E be a uniformly smooth Banach space, K be a nonempty
bounded closed convex subset of E, T : K → K an asymptotically pseudo-contractive
mapping with a sequence {kn} ⊂ [1, ∞), kn → 1 and F (T ) 6= ∅, where F (T ) is the
set of fixed points of T in K. Let {αn} be a sequence in [0, 1] satisfying the following
conditions:

(i) αn → 0;
(ii)

∑∞

n=0
αn = ∞.

For any given x0 ∈ K, let {xn} be the iterative sequence defined by

xn+1 = (1− αn)xn + αnT
n
xn, ∀n ≥ 0.

If there exists a strict increasing function φ : [0, ∞) → [0, ∞), φ(0) = 0, such that

〈Tn
xn − x

∗
, j(xn − x

∗)〉 ≤ kn||xn − x
∗||2 − φ(||xn − x

∗||), ∀n ≥ 1,

where x∗ ∈ F (T ) is some fixed point of T in K, then xn → x∗ as n → ∞. �

Recently, in [5] Ofoedu proved the following theorem.
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1.5. Theorem. (Ofoedu [5]) Let E be a real Banach space, K a nonempty closed convex
subset of E, T : K → K a uniformly L-Lipschitzian asymptotically pseudo-contractive
mapping with a sequence {kn} ⊂ [1, ∞), kn → 1 such that x∗ ∈ F (T ), where F (T ) is
the set of fixed points of T in K. Let {αn} be a sequence in [0, 1] satisfying the following
conditions:

(i)
∑∞

n=0
αn = ∞;

(ii)
∑∞

n=0
α2
n < ∞;

(iii)
∑∞

n=0
αn(kn − 1) < ∞.

For a given x0 ∈ K, let {xn} be the iterative sequence defined by

xn+1 = (1− αn)xn + αnT
n
xn, ∀n ≥ 0.

If there exists a strictly increasing function φ : [0, ∞) → [0, ∞), φ(0) = 0, such that

〈Tn
x− x

∗
, j(x− x

∗)〉 ≤ kn||x − x
∗||2 − φ(||x− x

∗||), ∀ x ∈ K,

then {xn} converges strongly to x∗. �

1.6. Remark. It should be pointed out that although Theorem 1.5 extends Theorem 1.4
from real uniformly smooth Banach spaces to arbitrary real Banach spaces and removes
the boundedness condition imposed on K, we have the following questions:

1.7. Question. Can Theorems 1.3–1.5 be extended from one L-Lipschitzian mapping
to a finite family of uniformly L-Lipschitzian mappings?

1.8. Question. What happens if algorithm (1.1) is replaced by the parallel iterative
algorithm?

1.9. Question. What happens if algorithm (1.1) is replaced by the viscosity iterative
algorithm?

The purpose of this paper is to give affirmative answers to the questions mentioned
above. We introduce a new approximation scheme combining the viscosity method with
the parallel method for finding a common fixed point of a family of finitely uniformly L-
Lipschitzian mappings in a Banach space. We use a simple and quite different method to
prove the same conclusion as given in Theorem 1.5 without the assumption that T is an
asymptotically pseudo-contractive mapping. Based on this result, we also get some new
and interesting results. The results in this paper extend and improve some well-known
results in the literature.

For this purpose we first give the following lemmas which will be needed in proving
our main results.

1.10. Lemma. (Chang [2]) Let E be a real Banach space and J : E → 2E
∗

the normalized
duality mapping. Then for any x, y ∈ E we have

||x + y||2 ≤ ||x||2 + 2〈y, j(x+ y)〉, ∀ j(x+ y) ∈ J(x+ y). �

1.11. Lemma. (Moore and Nnoli [4]) Let {θn} be a sequence of nonnegative real numbers
and {λn} a real sequence satisfying the following conditions:

0 ≤ λn ≤ 1,
∞
∑

n=0

λn = ∞.

If there exists a strictly increasing function φ : [0,∞) → [0,∞) such that

θ
2
n+1 ≤ θ

2
n − λnφ(θn+1) + σn ∀n ≥ n0,

where n0 is some nonnegative integer and {σn} is a sequence of nonnegative numbers
such that σn = 0(λn). Then θn → 0 (as n → ∞). �
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1.12. Lemma. (Tan and Xu [7]) Let {an}, {bn}, be two nonnegative real sequences
satisfying:

an+1 ≤ (1 + λn)an + bn,

where {λn} is a sequence in (0, 1) with
∑∞

n=0
λn < ∞. If

∑∞

n=0
bn < ∞, then limn→∞ an

exists. �

2. Main results

In this section, we shall prove our main theorems.

2.1. Theorem. Let E be a real Banach space, K a nonempty closed convex subset of
E, Ti : K → K, i = 1, 2, . . . , m be m uniformly Li-Lipschitzian mappings with F =
⋂

N

i=1
F (Ti) 6= ∅, where F (Ti) is the set of fixed points of Ti in K and x∗ be a given point

in F . Let {kn} ⊂ [1, ∞) be a sequence with kn → 1.

Let f be a contraction of K into itself, {un} a bounded sequence in K, {αn}, {βn},
{γn} and {δn} four sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn + δn = 1, ∀n ≥ 0;
(ii)

∑∞

n=0
γ2
n < ∞;

(iii)
∑∞

n=0
αn < ∞ and αn = o(γn);

(iv)
∑∞

n=0
δn < ∞ and δn = o(γn);

(v)
∑∞

n=0
γn(kn − 1) < ∞.

For any given x1 ∈ K, let {xn} be the iterative sequence defined by

(2.1) xn+1 = αnf(xn) + βnxn + γn

m
∑

i=1

tiT
n

i xn + δnun, ∀ n ≥ 0,

where {ti}
m

i=1 is a finite sequence of positive number such that
∑

m

i=1
ti = 1. If there exists

a strict increasing function φ : [0, ∞) → [0, ∞), φ(0) = 0 such that

〈Tn

i x− x
∗
, j(x− x

∗)〉 ≤ kn||x − x
∗||2 − φ(||x− x

∗||)

for all j(x− x∗) ∈ J(x− x∗) and x ∈ K, i = 1, 2, . . . ,m, then {xn} converges strongly to
x∗.

Proof. The proof is divided into two steps.

(I) Denote L = max{L1, L2, . . . , LN} and M = max{sup
n≥1{‖un−x∗||, ||f(x∗)−x∗||}.

First, we prove that the sequence {xn} defined by (2.1) is bounded.

In fact, since f be a contraction of K into itself, there exists α ∈ [0, 1) such that

||f(x) − f(y)|| ≤ α||x − y||

for all x, y ∈ K. It follows from (2.1) and Lemma 1.10 that

||xn+1 − x
∗||2

=

∥

∥

∥

∥

αn(f(xn)−x
∗)+βn(xn−x

∗)+γn

( m
∑

i=1

tiT
n

i xn−
m
∑

i=1

tix
∗

)

+ δn(un−x
∗)

∥

∥

∥

∥

2

≤ β
2
n||xn − x

∗||2 + 2αn

〈

f(xn)− x
∗
, j(xn+1 − x

∗)
〉

+ 2γn

m
∑

i=1

ti
〈

T
n

i xn − x
∗
, j(xn+1 − x

∗)
〉

+ 2δn
〈

un − x
∗
, j(xn+1 − x

∗)
〉
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≤ β
2
n||xn − x

∗||2 + 2αn〈f(xn)− f(x∗), j(xn+1 − x
∗)〉

+ 2αn〈f(x
∗)− x

∗
, j(xn+1 − x

∗)〉

+ 2γn

m
∑

i=1

ti
〈

T
n

i xn+1 − x
∗
, j(xn+1 − x

∗)
〉

+ 2γn

m
∑

i=1

ti
〈

T
n

i xn−T
n

i xn+1, j(xn+1−x
∗)
〉

+ 2δn||un−x
∗|| · ||xn+1−x

∗||

≤ β
2
n||xn − x

∗||2 + 2αnα||xn − x
∗|| · ||xn+1 − x

∗||

+ 2αn||f(x
∗)− x

∗|| · ||xn+1 − x
∗||

+ 2γn
{

kn||xn+1 − x
∗||2 − φ(||xn+1 − x

∗||)
}

+ 2γn

m
∑

i=1

ti
∣

∣

∣

∣T
n

i xn − T
n

i xn+1

∣

∣

∣

∣ · ||xn+1 − x
∗||

+ 2δnM ||xn+1 − x
∗||

≤ (1− γn)
2||xn − x

∗||2 + 2αnα||xn − x
∗|| · ||xn+1 − x

∗||

+ 2αnM · ||xn+1 − x
∗||+ 2γn

{

kn||xn+1 − x
∗||2 − φ(||xn+1 − x

∗||)
}

(2.2)

+ 2γnL||xn − xn+1|| · ||xn+1 − x
∗||+ 2δnM ||xn+1 − x

∗||.

Since

||xn+1 − xn||

=

∥

∥

∥

∥

αn(f(xn)− xn) + γn

( m
∑

i=1

tiT
n

i xn −
m
∑

i=1

tixn

)

+ δn(un − xn)

∥

∥

∥

∥

≤ αn||f(xn)− f(x∗) + f(x∗)− x
∗ + x

∗ − xn||

+ γn

m
∑

i=1

ti||T
n

i xn − x
∗ + x

∗ − xn||+ δn||un − x
∗ + x

∗ − xn||

≤ αn(α+ 1)||xn − x
∗||+ αn||f(x

∗)− x
∗||

+ γn

m
∑

i=1

ti(||T
n

i xn − x
∗||+ ||xn − x

∗||) + δn||un − x
∗||+ δn||xn − x

∗||

≤ {αn(α+ 1) + γn(L+ 1) + δn}||xn − x
∗||+ αnM + δnM

≤ (1 + αnα+ γnL)||xn − x
∗||+ αnM + δnM(2.3)

Substituting (2.3) into (2.2) we have

||xn+1 − x
∗||2

≤ (1− γn)
2||xn − x

∗||2 + 2γnkn||xn+1 − x
∗||2 − 2γnφ(||xn+1 − x

∗||)

+ 2{αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn)}||xn − x
∗|| · ||xn+1 − x

∗||

+ 2(αn + δn)(1 + γnL)M · ||xn+1 − x
∗||

≤ (1− γn)
2||xn − x

∗||2 + 2γnkn||xn+1 − x
∗||2 − 2γnφ(||xn+1 − x

∗||)

+ {αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn)}
{

||xn − x
∗||2(2.4)

+ ||xn+1 − x
∗||2

}

+ (αn + δn)(1 + γnL)
(

M
2 + ||xn+1 − x

∗||2
)

.
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Simplifying this, we have

||xn+1 − x
∗||2

≤
An

Bn

||xn − x
∗||2 −

2γn
Bn

φ(||xn+1 − x
∗||) +

(αn + δn)(1 + γnL)M
2

Bn

=

{

1+
2γn(kn−1)+γ2

n+2{αnα+γnL(αn(α+1)+γn(L+1)+δn)}

Bn

+
(αn+δn)(1+γnL)

Bn

}

||xn−x
∗||2(2.5)

−
2γn
Bn

φ(||xn+1 − x
∗||) +

(αn + δn)(1 + γnL)M
2

Bn

.

where

An = (1− γn)
2 + {αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn)},

Bn = 1− 2γnkn − {αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn)}

− (αn + δn)(1 + γnL).

Since αn → 0, γn → 0, δn → 0, kn → 1 (as n → ∞), there exists a positive integer n0

such that 1

2
< Bn ≤ 1,∀n ≥ n0. Therefore it follows from (2.5) that

||xn+1 − x
∗||2

≤
{

1 + 2[2γn(kn − 1) + γ
2
n + 2(αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn))

+ (αn + δn)(1 + γnL)]
}

||xn − x
∗||2 − 2γnφ(||xn+1 − x

∗||)(2.6)

+ 2(αn + δn)(1 + γnL)M
2
, ∀n ≥ n0.

Therefore we have

||xn+1 − x
∗||2

≤
{

1 + 2[2γn(kn − 1) + γ
2
n + 2(αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn))

+ (αn + δn)(1 + γnL)]
}

||xn − x
∗||2 + 2(αn + δn)(1 + γnL)M

2
, ∀n ≥ n0.(2.7)

By conditions (ii)–(v), we have

2

∞
∑

n=0

{

γn(kn − 1)+γ
2
n+2

(

αnα+γnL(αn(α+1)+γn(L+1)+δn))

+(αn+δn)(1+γnL
)}

< ∞,

and

2
∞
∑

n=0

{

(αn + δn)(1 + γnL)M
2
}

< ∞.

It follows from Lemma 1.12 that the limit limn→∞ ||xn − x∗|| exists. Therefore the
sequence {||xn − x∗||} is bounded. Without loss of generality, we can assume that

||xn − x
∗||2 ≤ M

∗
,

where M∗ is some positive constant.

(II) Now we consider (2.6) and prove that xn → x∗ (as n → ∞).

Taking θn = ||xn − x∗||, λn = 2γn and

σn = 2[2γn(kn − 1) + γ
2
n + 2(αnα+ γnL(αn(α+ 1) + γn(L+ 1) + δn))

+ (αn + δn)(1 + γnL)]M
∗ + 2(αn + δn)(1 + γnL)M

2
,
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inequality (2.6) can be written as:

θ
2
n+1 ≤ θ

2
n − λnφ(θn+1) + σn.

By conditions (i)–(v) we know that all the conditions in Lemma 1.11 are satisfied. There-
fore

||xn − x
∗|| → 0 (as n → ∞),

that is, xn → x∗ (as n → ∞). This completes the proof of Theorem 2.1. �

2.2. Remark. (1) Theorem 2.1 extends and improves the corresponding results in Chang
[1], Ofoedu [5], Schu [6] and Zeng [8, 9];

(2) The method used in the proof of Theorem 2.1 is quite different the method given
in Ofoedu [5].

(3) Theorem 2.1 extends and improves Theorem 3.1 of Ofoedu [5], it abolishes the
assumption that T is an asymptotically pseudo-contractive mapping.

2.3. Remark. If αn = 0 ∀n ≥ 1 in Theorem 2.1, then we can obtain corresponding
results for the parallel iterative algorithm, but these are omitted here.

The following theorem can be immediately obtained from Theorem 2.1:

2.4. Theorem. Let E be a real Banach space, K a nonempty closed convex subset of E,
T : K → K a uniformly L-Lipschitzian mapping with F (T ) 6= ∅, where F (T ) is the set of
fixed points of T in K, and x∗ is a point in F (T ). Let {kn} ⊂ [1, ∞) be a sequence with
kn → 1. Let f be a contraction of K into itself, {un} a bounded sequence in K, {αn},
{βn}, {γn} and {δn} four sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn + δn = 1, ∀n ≥ 0;
(ii)

∑∞

n=0
γ2
n < ∞;

(iii)
∑∞

n=0
αn < ∞ and αn = o(γn);

(iv)
∑∞

n=0
δn < ∞ and δn = o(γn);

(v)
∑∞

n=0
γn(kn − 1) < ∞.

For any given x1 ∈ K, let {xn} be the iterative sequence defined by

(2.8) xn+1 = αnf(xn) + βnxn + γnT
n
xn + δnun, ∀n ≥ 0.

If there exists a strictly increasing function φ : [0, ∞) → [0, ∞) with φ(0) = 0 such that

〈Tn
x− x

∗
, j(x− x

∗)〉 ≤ kn||x − x
∗||2 − φ(||x− x

∗||)

for all j(x− x∗) ∈ J(x− x∗) and x ∈ K, then {xn} converges strongly to x∗. �

2.5. Remark. In Theorem 2.4 it is not assumed that T is an asymptotically pseudo-
contractive mapping. Thus, Theorem 2.4 is a generalization and improvement of Ofoedu
[5, Theorem 3.2].

2.6. Remark. If δn = 0, ∀n ≥ 1 in Theorems 2.1 and 2.4, then we can obtain cor-
responding results for the viscosity iterative process without errors, but this is omitted
here.
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