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Abstract

In this study we consider the generalized Lucas sequence {V,,} with in-
dices in arithmetic progression. We also compute the sums of products
of the terms of the Lucas sequence {Vi,} for positive odd integers k.
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1. Introduction
The binary linear recurrence W, = W, (a,b; p, q) is defined as follows for n > 1,
Wn = an,1 + an727

where Wy = a, W1 = b.
The Binet formula for {W,} is

(1.1) W= Aa™ + BE",
where A = 2% B — 90b and o, 3 = (p + /P2t 4q> /2.

For n > 1 and a fixed positive integer k, the terms of {Wy,} satisfy the recursion
[6, 71:

Win = ViWin-1) — (=0)* Wi(n—2),
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where Vi, = o + 8*. Specifically, define the generalized Fibonacci {U»} and Lucas {V,,}
sequences as U, = W, (0, 1;p,1), Vi, = W, (2,p; p, 1), respectively. Thus:

(1.2)  Ukn = VilUs(n-1) — (=1)* Ug(n-2),
(13) Vin = Vka(nfl) - (—l)k Vk(nfz)'

n

The Fibonomial coefficients [m

]F are defined by the relation

n hFs- - F,

m . (F1F2~~~Fn7m) (F1F2~~~Fm)7

for n > m > 1, with [’g]F = [Z]F
coefficients satisfy the relation:

n

= 1, where F), is the nt" Fibonacci number. These

-1
:Fm+1
m
L JF

Hoggatt [4] defined the following generalization by taking Fj, instead of F, for a fixed
positive integer k:

F

n FpFop -+ - Fin

my . (FFok -+ Fenom)) (FxFar -+ Fim)

- A
Jarden and Motzkin were the first to study the generalized Fibonomial coefficients formed
by terms of the sequence {U,} as follows: for n > m > 1,

n] UiUs - U,
m|  (UiUz--Up—m) (U1Usz - Up,)’

with [j], =[], =1
When p = 1, the generalized Fibonomial coefficients [:1] oy are reduced to the Fibono-

mial coefficients [Z] o

By taking Uy, instead of U, for a fixed positive integer k, one can get

n _ UrUs -+ Ugn
", (UkUsk -+ Ug(n—m)) (UrUszk -+ Ukm)
These coefficients satisfy the relations
] n—1 n—1
= Ukm+1 |: + Uk(n,m)71 |: :|
m m m—1
L 1oy, U, -
and
" n—1 n—1
= U - U n—m .
m km—1 { m + Ul( )1 [m _ 1]
L du, Uy U,

Golomb [3] found the generating function for the numbers F2, and this result started the
effort to find a recurrences or closed form for the generating function

fm (@)=Y Fa”
n=0

of the m*™ powers of the Fibonacci numbers.

In [8], Riordan found the general recurrence relation for f,, (z) (see also [2]). Carlitz
[1] and Horadam [5] generalized the result of Riordan and found similar recurrences for
the generating functions of different types of generalized Fibonacci numbers. They also
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found a closed form for the polynomial N, (z) in the numerator, and the polynomial
Dy, (z) in the denominator of the generating functions. As a special case of Horadam’s
result, it is possible to get the following formula for the generating function of odd integer
powers of the Fibonacci numbers:

m i j(i+1) ;
X3 ()T [ R
i=05=0

(1.4) fm (z) = mt1 i(i+1)

0D oy
Py (1) 2 [ i ]F:C

In [13], applying Carlitz’s approach, Shannon obtained some special results for the nu-
merator and the denominator in the expression of the generating function fy, (). Using
the g-analogue of the terminating binomial theorem, he obtained the relation

m m+41 . m+ 1
i) — Cqyi L E(i-1) i
[l =5 o oL
=0 =0

7n)(1iqm71)._.(1iqm71+1)
(1-q)(1—¢2)--(1—¢")

1, any complex numbers ¢,z and any positive integer m with {ZL} = 1. Replacing q by
B/a and z by o™z, one can get

where {T} — (=a

is the Gaussian g-binomial coefficient for ¢ >

m m—+1

[[(1-am"9e) = 3 (-p#es?

i=0 =0

7

m—+1
i

It is easy to obtain for any odd integer m that
m—1

(L5)  fu(@) =573 (m) 1_(_1Fm72jx

J 2]
= \J ) Lyp—2jx — x

after simplifications of one of Shannon’s results. Seibert and Trojovsky [11] gave certain
generalizations of the well-known formulas for the Fibonacci and Lucas numbers. For
example,

n

D (=1 Lnoai = 2Fay1.

=0

For odd positive integer m, the authors concentrated on the sums

m—1 m—1 m—1
2 2 2 n
i1+igteti
E E E (=nhT= " I I L2
in=0ip_1—in+l  i1—ig+1 j=1

Combining (1.4) and (1.5), they gave some new results about these sums with the help
of the Fibonomial coefficients.

In [12], for arbitrary positive integer m, taking the sums
=2 = L= L
(1.6) Z Z C.. Z (_1)11+12+-..+m H Lm—2ij7

in=0 ip_1=in+l  i1=iz+1 j=1
the authors gave analogous new results for an even integer m using the method from [11].

We consider the generalized Lucas sequence {V,,} with indices in arithmetic progres-
sion, and then compute the sums of products of terms of the sequence {V4,, } for a positive
odd integer k.
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2. Some identities including the terms of {Uy,} and {Vj,}

We shall give some results for later use. Throughout this study, we will denote
Wn (a‘7 b7p7 1) by HTL

2.1. Lemma. For m,n > 0,

o UkmUkn if n is odd
(21) Vk:(m+n) + Vk(mfn) = ’
Viern Vien if n is even,

V244 . .
b UkmUkn if n is even,
k

VkmUk:n Zf n s Ddd;

2.3)  Ukmtn) + Uk(m—n) =
(2.3) k(m+n) k(m=n) Uk Vin  if 1 is even,

{Vkmvkn if m is odd,

UimVin  if n is odd,
(24) Uk(ern) - Uk(mfn) - . i
VimUkn if n is even,

Vak(m—2n-1) — Vi(m—2n— if m is odd,
(2.5)  Vigme—am Vi(aimozn)—3) = § - oo 2nmt o kmeznss) f A
Vak(m—2n-1) + Vi(m—2n—3) if m is even,
Ukiom—an—1) — Ur if m is odd,
(26) Vk(7n727L)Uk(m72n—1) = h@Em=dn=1) f .
Ukem—an—1) + Uk if m is even,
7 Vakmt1) + Varim-1) = (sz + 4) Uskm Usk,
8)  VinUkn-1y — Ur@n—1y = (=1)"" Us,
9) Uk(m+n) = Ukm Vin + (_1)n+1 Uk(m—n)7
1

0)  Uk(mtn)U(m+t) — UemUk(mtt4n) = (—1)™ UknUkt.
Proof. The proof follows by the Binet formulas for {Uk,} and {Vin}. O

2.2. Theorem. For any integers r,c, d with ¢ # 0 and n > 0,

n
)o(2.11) ;Hk(ci+d)Z[Hk<cr-+d>—Hk<c<n+1)+d>—(—1)6Hk<c<r—1>+d)

+ (_1)6Hk(cn+d)]/1 - ch + (_1)C7

n

Z(_l)in(cier) = [(=1)"Hg(er+ay + (=1)" Hi(e(ns1)+a)
i) (212) 7" »
(12 + (=) Hyer-1)+a)

+ (=1 Hi(enta)) /1 + Vie + (=1)°.

Proof. i) By the Binet formula for {H,}, we have

n
Z Hycivdy = Hiera) + Hie(rs1)+a) T+ + Hi(enta)
i=r
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_ Aak(chrd) + Bﬂk(cr+d) + Aak(c(r+1)+d) + Bﬁk(C(TJrl)er)
NI Aak(anrd) + Bﬂk(cn+d)
_ Aak(cr+d) |:1 + akc + a2kc 4ot akc(nf'r)]

+ Bﬂk(cr+d) |:1 + ﬁkc +ﬂ2k¢c NI ﬁkc(nfr)]

1— akc(nfrﬁ»l) 1—
—A k(cr+d) B k(cr+d)
a 1 — ake + /8 1— ﬁkc ’

/Bkc(nf'r+1)

which, by (af)F = —1 gives us
Z Hyorva) = [Aak(chrd) + B/Bk(chrd) . (Aak(c(n+1)+d) + Bﬁk(c(n+1)+d))

. (_1)c (Aak(c(rfl)er) + Bﬂk(c(r71)+d))

F(-1)° (Aak(cn+d) + B/Bk(cn+d))] /1 o — ﬁkc +(—1)°
= (Hi(er+d) — Hi(e(na1)+a) — (=1) He(e(r—1)+a)
+ (-1)° Hk(cn+d))/1 — Vie + (=1)°.

Thus the proof of (i) is complete. The equation (2.12) can be similarly proven. ]

2.3. Theorem. For any integers r,c(c #0), d and n > 0,

n

> iHy(cita)

i=r
= (”Hk(c(n+2)+d) = (n+1+2n(=1)°) Hy(c(n+1)+a)
) (213) + (n+2(n+1)(=1)°)Hyenta) — (0 + 1) Ho(e(n-1)+a)
—(r+142r (=1)°) Hee(r—1)+a) + rHi(c(r—2)+a)
+(r+2(r—1)(=1)°)Hyerta
2

—(r=1 Hk(C(?"Jrl)er))/(l = Vie + (=1)7)7,

Z (1) iHy(eivay

=7

= [ (=)™ =20+ 1) (~1) ") By
—E D) )
(@0 ()T = (1) (1))

+n(-1)""H

11) ( ) c(n+1)+d>
2.14
k (c(n+2)+d>

(=D =2 (=)= )Hk(C(rfl)er)
+(r (=) =2 = 1) (=1)"") Hiersa
+(r(=1)""") Hietr—2)4a)

—(r—1)(=1)" Hk(c(r+1)+d)] [ (4 Vie + (-1)°)*.
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Proof. Theorem 2.3 is proved by considering

Z il ne" ™ — (n4+1)2" — (r—1)a" +ra"?
(@ - 1) 7

and using the Binet formula. g

2.4. Corollary. For an odd positive integer m,

m—1
2
Uk
(2.15) Z Ukem—1i-1) = 75— [Vk(2m74j73) + Vk] )
i—j+1 Vi (Vk +4)
m—1
(2.16) 3 (1 Vi = (1) ety
. £ k(m—21) Us )
771;1
i m—1  UspmUsg
2.17 1) Vigsimosi_1yy = (—1)7 7 4 —Skm 3k
(2.17) ;( ) Vi(a(m—2i-1)) = (1) V1)
= (-1)"T V-V
2.18 ~1) iVi(m—2i) = ~— Lt
( ) — ( ) ? k( 2i) Vk2+4 )

Proof. Substituting n = m7717 c=—-4,d=2m—1and r =3+ 1in (2.11) gives us

m=1

i U o —Ukzm—4j—5) + Ur@m—1j—1) + Usk — Uk
k(2m—4i—1) = ,

i=j+1 ( ) V2 (VZ+4)

which, by (2.4), is equal to

UskViem—1j-3) + UsVi Uk
V2 (V2 +4) Vi (V2 4+ 4)

[Vk(2m74j73) + Vk] )

as claimed in (2.15). Using Lemma 2.1, the identities (2.16)-(2.18) can be proved in a
similar way as in the proof of (2.15). |

2.5. Corollary. For an even positive integer m,

m;2 -
Urem-4i-1) = 5753 7 [ Ve@m—aj-3) — Vk],
i:;rl k(2m—4i—1) Vi (Vk2+4) [ k(2m—4j-3) ]
m;Z
i U, m—2r m
Z (—1)" Vim—2iy = (—=1)" Zhlmo2rtl) _(_1)%
i=r Uk
m—2
2
i UBkm
-1)"V m—2i— = 7T rr9 o
;( ) Viam—2i-1) = - VZ+D)
771;2 m
L mom Vim—2(-1)%
1) iV = (—1)F D T 2 O
~ ( ) 1 k( 21) ( ) 2 + sz +4
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3. Sums of products of the terms of {V},}

Define the sequence {Sﬁ (m)}zozO in the following way: for m > 0

2
(31 So(m)=Us, ST(m)= Y (=1 Vigm-2i)
i1=0

and for n > 1,

=] [ [ =5 n
(32)  SF(m)= Z Z Z (—1)irHiztotin H Vk(m72ij)'

in=0 ip_1=in+l  i1=iz+1 j=1

Throughout this section we shall frequently follow the organization of the work [11] while
giving our results.

3.1. Theorem. For an odd positive integer m,

3

2
[ Uk m+1
St(m) =Y (=1 Vigm-2i,) = (TH7
i1=0 k
Sg (m) = 11+Z2 Vk(m 212)Vk(m 2i7)
i0=0 11 = 12+1
+1 1
= UknUkmin,s
P UkUZk kmUk(m+1)
and
m—1
2
k
S3 (m) = Z Zl+22+13 Vk(m 213)Vk(m 212)Vk(m 2i7)
i3=0 ig=43+1 11 =in+1
m — 1\ Ug(m+1) 1
= - Uk(m+1)UkmUk(m—1)-
( 2 ) Us UpUsrUss k(m+1)VEmUk( 1)

Proof. i) Substituting n = 2= ¢ = -2, d =m and r = 0 in (2.12), we get

m—1
5
ST(m) =Y (=1 Vigm—z2i,)
i1=0
m—1 m—1
Vi + (1) Vit Vg +(=1)72 Vg
(Ve +4) '
Since V_j = Vj, and by (2.1), we get
771;1
SF(m) = Em T TkOnt2) Z (=) Vimniy) = Zk(m+1)

(V2 +4) Ur

i1=0
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ii) Using (2.6) and (2.16), we have

m—1 —1

2 2

3

S3 (m) = Z Z (=12 Vi(m—2i9) Vi(m—2i1)
ip=0 i1 =ig+1
m 1
= Z Vk(m 212)Uk(m 2ig—1)
k=0
m—1
1 2
=T Z (Uk — Unzm—1iy-1)) -
iz=0

Taking j = —1 in (2.15), we get

_ Uiy Ukm
Z Uk(zm-1i—1) = T U

Then

m+1 1
S5 (m) = 5 Ul ————UkmUk(m+1)-

iii) Using (2.16) and (2.6), we write

Zl+l2+l3 Vk(m 213)Vk(m 212)Vk(m 2i7)

S5 (m)

1 2 2 i
= Z Z (—1)3 " Vitm—2is) (Urzm—1is—1) — Uk)

i3=0 ig=i3+1

m—1 m=1

1 ¢ ;

= 7 Z ( ) st Vk(m 2i3) Z (Uk(2m74i271) - Uk?) .
k ig=0 ip=iz+1
From (2.15), we have

m—1

IIEN a1

S§ (m) = U Z (=1) ot Vi(m—2i3)
k ig=0
Uk . m—1
———— (Vhem—1is— Vi ( - —)U
X(Vk(sz-Hl)(k(z aig—3) + Vi) + (i3 ) k)

m—1

1 S ;
i 2 ()" Vimoaig)

U, m—1
i <— W;—Hl) (Vi(zm—aiz—3) + Vi) + <T - Zs) Uk)

s
w
Il

o
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m—1
1 z ;
Vk (sz+4) HX::O( ) k(m—2i3) Vk(2m—4i3—3)
et
m—1 1 i
+(B—- ) S (-1 Vignoas
2 Vk2 4 Z;O( ) k(m—2i3)
m—1
2 .
— Z (—1)" i3Vi(m—2i4)-
i5=0

From (2.16)- (2.18) and (2.1), we get

S5 (m)

1 Uk(m—2) m=1 . o Uskm Usk m—1 )
= + (=) (V2 41) - —Emesk )™
Vk(Vk.2+4)( Uk =1 ( . ) U,?(V,f—|—1)2 =1
m—1 1 Vk(m+2) + Vk:m 1 m—1

(73 V£+4)< VZ+4 (D7 Ve Vi)
_ Uskm " (m -1 1 ) Uk(m+1)
Usy (sz —+ 4) (sz + 1) 2 sz +4 Uk
n 1 Uk(m—2) n ViemUay
sz +4 Ui Vi U Vi
_ Usiem N (m -1 1 ) Uk(m+1) n Uk(m+2)
Usi (V2 +4) (V2 +1) 2 V2+4 U (V2 +4) Usse
_ (m - 1) Ukm+1) Usiem n Ukm
2 Uk Usp (sz + 4) (sz + 1) (sz + 4) Usp
_(m =1\ Ukt 1
= ( 5 ) U UilailUon Uk(m+1) UemUg(m—1).
Thus we have the conclusion. O

3.2. Theorem. For even positive integer m,

m—2
2
i Uk: ” m
S{c (m) = Z (_1)“ Vk(m72i1) = % - (_1) 2 )
i1=0
m—2 m—2
k - . i1+
Sz (m) = Z Z (=)™ Vim—2in) Vi(m—2iy)
i9=0 i1—ig+1
_m-—2 (—1)% Uk(m+1) n Ukm Uk (m1)
2 Uk UrUsp
m—2 m—2 m—2
k - . . i1 +inti
S3 (m) = Z Z Z (=) Vi (m—2ig) Vi(m—2i2) Vie(m—2i1)

- (25 (0 L)

m Uk:(mfl) )
+ Uk Uk (m 12 — ——— ).
fmZk(m+1) (( ) Ur U2 Uz

Proof. The proof is similar to the proof of Theorem 3.1. g
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In [14], Stanica gave the generating function for powers of the terms of the sequence
{Wo}, W(m,z) =32, W' as follows:

3.3. Theorem. For n > 0 and odd positive integer m,

m—1
2

W(m,z)= Y (-AB)’ (T’)

=0

.

(3.3) .
Am72i _ Bm72i 4 (_q)z (Bm72iam72i _ Am72i/8mf2i) T
X -
1= (=q)" Vim-2iz — q"a?

)

and for even positive integer m,

W(m,z)= 3 (—AB) (m>

SH

1

o

i=

Bm72i + Am72i _ (_q)l (Bm72iam72i + Am72iﬂmf2i) T
X -
1—(—q)" Vim—aix + qma?

2)1—-(—q)

(3.4)

O

|

x

3.4. Theorem. Forn >0 and an odd positive integer m,

53

35)  shomy=3 (-DE e mn "
‘ n — 2%
i=0 Uy,
and for an even positive integer m,
[5]n—2i _ o 1
sk (m) = Z (_1)1+n(%+1)+%(1+7n+1) 0 (i, m,n) m . ,
i=0 j=0 J Uk
41 _ ; +1| _ i—1
whereﬁ(i7m7n):<{ 2 JZ n+1>+(L 2 Ji_nl-b-z )

Proof. We give the proof for an odd integer m. From (3.3), we write

m—1

Uk N ) Uk(m—2j)T
3.6 Uin (m,z) = | —— .
(86)  Usn (m. ) ( v,3+4> 2 i)1- (-1

j=0 ) Vi(m—2)® — ©*

Relation (3.6), which hold for odd m, leads to

m—1

P] m—+1
Dfn«kl (:C) = H (1 - (_1)J Vk:(m72j):c - :C2) = Z dm+1,ixl7
j=0 i=0
fACA 2D - . . k
where dyt1,, = (—1)" 2 [ ; ]Uk' After multiplication of all the factors in Dy, (z),

we obtain

3] fmar
mil (g .
dm1,0 = S5 (M), dms1,i = Z ( 2 l( )) (=)™ S (m),
1=0
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where i = 1,2,...,m + 1. Since (") = (-1)" (m*nf*l)7 we rewrite the last identity for
n > 0 as follows:

n +i— m+5
dm+1,2n—1 = — Z (n ;—i 2 >S§i1 (m)

i=1

n
n 4+ i — m—+7 &
d1,200-1) = 9 ( " 2 ]85—1) (M)

i=1

By the binomial inversion theorem (for more details, see [10]),

" (n+i+r
(3.7) an:Z< " )bi

i=1

holds if and only if

= i 2n+r 2n+r
_ _1\itn _ .

where r is any integer. After this, by taking an = dm+1,2n—1, bi = —S§H and r = —m£S

2
in (3.7), we obtain
itn on — mES 2n — miS
85,1 (m) = (-1~ {( n—i2 ) - (n—i—21 dmt1,2i-1
1

NNgE

k3

3

—n—q+ 23 —n — g4 Ml
- (=1 |:< n—1i ’ B n—i—12 dm+y1,2i-1
(3.8) il | i . 1
:Z(_l)(Zifl)iJrl —n—z+% [-n—i+ m2+
i=1 n—1 n—i—1
m+2
2t —1 v
k
Similarly if we take an = dpni1,2(n—1), bi = —Sh(;_1y and r = — 2L in (3.7), then we get
" 1 m+5 . m+5
k _ (2i—1)i+1 —n —i+ 2 —n — 4+ ™
S2(n71)(m)_;(_1) K n—i >_( n—i—1
(3.9) =
m+1
2(t—1) -

Combining (3.8) and (3.9), we obtain (3.5).

For the case when m is even, the proof is completed by considering (3.4) as for the
calculation of S¥ (m) for odd m. O

3.5. Lemma. For a positive integer s and a positive even integer m, it holds that

Uty

=T

-m—i—l
s

m—+ 1
s—1

m + 2

_1)F
+(=1) .

(3.10)

L Uy Un B+1) Uy

For a positive integer s and a positive odd integer m, it holds that

[ U m
A e [ ’”J S
5 Up k(23)

m—+ 1
s

Uk
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Proof. For an even positive integer m and a positive integer s, substituting m = & —s+1,
n =%+ 1in (2.9), we get
— Fts
(1) Uy o1y Vi 41) = Un(m—st) + (=1)2 7 Uks.
From (3.11), we get

m+1 myo m+1
— 2
s +(=1) s—1
Uy U
_ Ukmt1yUkm--Uk(m—s+2) (—1)%F+ Uk(m+1)Ukm - Ug(m—s+3)
(UkUZk"'Uks) (UkU2k"'Uk(sf1))
_ Ukm42)Ukinan) -+ Uk(m—s+3) |:Uk(m—s+2) +(~1)= T Uks}
(UrUag - - - Ugs) Uk(m+2)
_ Uk(m+2)Uk(m+1) "+ * Uk (m—s+3) Uk (m—s+1) ( +1)}
(UrUag - - - Ugs) Uk(m+2)
_ Uk(m+2)Uk(m+1) ** * Ur(m—s+3) Uk(%fsﬂ)
(UrUag - - - Ugs) Uk(%Jr 1)
_U(gr1-0) [m+2
Uga) L%y,
Thus the proof is complete. O
Define
m—t X
(312) of (1) = S (<p)FGrmen (mAELL
=0 I,

where m is an even positive integer and ¢ is any integer.

3.6. Lemma. For an even positive integer m and any integer t,
i) 0,’;()—0 fort<—=lort>m+1,

i) ot (n =) = o4 1), .
iii) o, (0) = (1) 1+ ( D77 Ukm+1)s
on(2)=1- UkU% ( )Uk(erl)U K(ms2)
om (3) =1 —m(— )% Uty (UakUsh = Vi mga) UbmUp mzy )

Proof. In order to get the proof of i) and ii), one can follow the method of proof of in
[12, Lemma 161) and ii)], since they are similar statements.

iii) The identities for o%, (0) and oF, (1) are directly implied by oF, (—=1) = 0. Using

ii) and (3.12), we have

2 )
_ Z (_1)%(j+m+1)

Jj=0

m—+ 1
J

(m2+2) Uk(m+1) _ (_1)m
Uk

Uk(m+1) m
=1 At (U mt (-1)%
UnUs, \F +(=1) )

Uk(m+1)
T (U Vi)

Uk:(erl) Ukm

=1+(=D UrUzk

=1—
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and
(m=2) Upm—-1)UrmUg(m
o (3)=ah @ - (-1) 7 = U}]zU;USI: +1)
m Uk(m+1) Uk(m+1)Ukm m Uk(mfl)UkmUk(m+1)
=1—-(-1)2 — —1)2
(=1 Uk UrUag +(=1) UrU2:Usg,
m U m m
=1- (—1) 2 % (ngng — Uk(mfl)Ukm + (_1) 2 UBkUkm>
— 2 Ur(m+1) m
=1-(-1)= U, <U2kU3k = Ukm (Uk(mfl) —(-1)= U3k>>
_ m Ug(m+1)
=1-(-1)> U, <U2kU3k - UkmUk(m;4)Vk(m2+z)> ,
as desired. O

3.7. Lemma. For an even positive integer m and any integer t,

V(g 1)

Uk(

m + 2

o (1) = ok (b = 2) = (-1 B D |

Uy, B+1)

Proof. For t < 2, the claim follows from the definition of Fibonomial coefficients and
Lemma 3.6. For m > 2, we have

T (1) = o (t = 2)
=0k (m—t)—of, (m—t+2)

t . t—2 )

=37 (—nyEUEmn | o S (<13l | +1

=0 J U, J=0 J Uy
o i(t+7n+1) m+1 moye | +1
—(—1)2 —1)2

(1) A RN CE Vel A

Uy, Uy
By Lemma 3.5, the proof is complete. O

3.8. Lemma. For an even positive integer m and any integer t,

m+4

0':;:1 (t) - Ufn (t — 4) — (_1)%(t+m+1) |

Uy
Uk(m —t42)
X 2 w(t,m)
Up(m 1) Ukn+3) Uk(m+a) T

where w (t,m) = Uk(%+17t)Vk(%+27t)Uk(m+3) = VeUkmUk(m—1)-
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Proof. By Lemma 3.7, we have for any integer ¢ that

ok, (t) — ok (t — 4)
— b () —oh (t—2) ok (t—2) —ah (t—1)
_ (cpypmen [m+2) g
¢ Uk Uk(%ﬂ)
t—2 2 Uk m s
=2 (p4m—1) M+ (2 + )
+(-1) 2 ' g )
v, R(E+1)
L (t+m+1) 1 m+2 )
= (_1)2(t+ + Uk mo_y4q — Uk m_ps
Uk(%+1) (2 ) t Up, (2 ) t—2 Uy
= (_1)%(t+m+1) m+4 o
t U Uk(m+3)Uk(m+4)
k
* (Uk(%*t+1)U’€(M+37t) - Uk(%fm)UktUk(t,l)) .
From (2.10), we get
or (1) — o (t—4)
= (—1)FUHmEn | +4 1

t], Uk(m+3)Uk(m+4)
= k
X (Uk(%,tﬂ) (Uk(mta—26)Ur(m+3) + UrtUre—1y) — Uk(mTJrﬁ,t)UktUk(t—l)>

= (—1)EltEmEn | +4 1
¢ Uk(m+3)Uk(m+4)
4 Uk
8 <Uk(%*t“)Uk(m*‘**zt)Uk(erB) - VkUk(%Jrzft) UktUk(t—ﬁ)
_ eyt [mad) Do
t ], Ukm+sUrimtay
- k

X (Vk(%+2,t)Uk(m+4—2t)Uk(m+3) - VkUktUk(t71)> ,

as claimed. O

3.9. Theorem. For any integer m,

t .
S (cpyprmen
Jj=0 J Uy
L (t+m+1) \_ij
(-1)2 m+4 U
Uk(%+1)Uk(m+3)Uk(m+4) = t—4i o k(G +2-t+4i)

X (Uk(%+17t+4i)Vk(%+27t+4i)Uk(m+3) - VkUk<t—4i>Uk<t—4i—1>> :
Proof. By Lemma 3.8, we can write
4] t
> [a;(t—4i)—ofn(t—4(i+1))] =0k (t) —ob, (t—4(bJ +1)) .

i=0



Sums of Products of the Terms of the Generalized Lucas Sequence 161

From Lemma 3.6, we have

k3
ok ()= [o—j;(t—m) —a,’;(t—4(i+1))] .

i=0

Again by Lemma 3.8, we get

4]

I U,
0.7’; (t) _ (_1)%(t741+m+1) (

m+4
t— 4

Tp2—t+445)

. U (1) Uk(m+3) Uk(m+a)

X <Uk(%+1—t+4i)vk(%+2—t+4i)Uk(m+3) - VkUk(tfﬁli)Uk(tfﬁli*l))

(_1)%(t+m+1) LﬁJ m+4

t— 41

Uk(

Uy

Uk(%+1)Uk(m+3)Uk(m+4) P 7+27t+4i)

x <Uk(%+17t+4i)vk(%+27t+4i)Uk(m+3) = ViU (t-ai) Uk(t—4i—1>> ;

as claimed. O
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