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Abstract

The aim of this paper is to introduce a new class of continuous
multifunctions, namely upper and lower na-continuous multifunctions,
and to obtain some characterizations concerning upper and lower na-
continuous multifunctions. The authors investigate the graph of upper
and lower na-continuous multifunctions, and the preservation of prop-
erties under upper na-continuous multifunctions. Also, the relationship
between upper and lower na-continuous multifunctions and some known
types of continuous multifunctions are discussed.
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1. Introduction

One of the important and basic topics in the theory of classical point set topology
and in several branches of mathematics, which has been investigated by many authors,
is continuity of functions. This concept has been extended to the setting of multifunc-
tions. A multifunction, or multivalued mapping, has many applications in mathematical
programming, probability, statistics, fixed point theorems and even in economics. There
are several weak and strong variants of continuity of multifunctions in the literature, for
instance continuity [11], strong continuity [2] and super continuity [1].

In 1986 Chae and Noiri [5] introduced the concept of na-continuous functions, and
some of its properties were given by the authors. A function f : (X,7) — (Y,9) is said
to be na-continuous if for each point € X and each a-open set V in Y containing f(x),
there exists a d-open set U in X containing x such that f(U) C V. The purpose of this
paper is to extend this concept to multifunctions, and to discuss the results obtained.
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These indicate that the property of na-continuity for multifunctions is stronger than both
continuity and super continuity for multifunctions, but weaker than strong continuity for
multifunctions.

2. Preliminaries

Let (X, 7) be a topological space and A a subset of X. The closure (resp. the interior)
of A is denoted by A~ (resp. A°). A subset A is said to be regular open [15] (resp. regular
closed) if A= A"° (resp. A= A°7). The §-interior [16] of a subset A of X is the union
of all regular open sets of X contained in A, and is denoted by Aj.

A subset A is called §-open [16] if A = A3, i.e, a set is §-open, if it is the union of regular
open sets. The complement of a §-open set is called d-closed. Alternatively, a subset A
is -closed [16] if A= Ay, where Ay ={z € X : ANU°#0, Uerandzec U}

A subset A is said to be a-open [9] if A C A°~°. The complement of an a-open set is
called a-closed. Following the notion introduced by Nijastad [9] we denote the family of
all a-open sets in (X, 7) by 7*. Nijastad proved that 7¢ is a topology on X.

The family of all regular open (d-open, a-open) sets of X is denoted by RO(X)
(00(X), aO(X)), respectively. The family of all regular open (4-open, a-open) sets of
X containing a point € X is denoted by RO(X,z) (60(X,z), aO(X, x)), respectively.
The intersection of all a-closed (resp. d-closed) sets of X containing A is called the
a-closure (0-closure) of A, and is denoted by A, (resp. Ay ).

For a space (X, T), the collection of all d-open sets of (X, 7) forms a topology for X
which is usually called the semiregularization of 7, and denoted by 7. In general 75 C 7,
and if 75 = 7 then (X, 7) is called a semiregular space.

By a multifunction F : X — Y we mean a point-to-set correspondence from X into Y,
and assume that F(z) # @ for all x € X. Following [3,4], for a multifunction F': X — Y
we denote the upper and lower inverses of a set B of Y by F*(B) = {z € X : F(z) C B}
and F~(B) = {z € X : F(x)NB # 0}, respectively. Foreach A C X, F(A) = U, 4 F(x).
Also, F is said to be a surjection if F(X) =Y, or equivalently if for each y € Y there
exists a * € X such that y € F(z). Moreover F : (X,7) — (Y,9) is called upper
semi continuous [13] (renamed upper continuous [12] ) (resp. lower semi continuous [13]
(renamed lower continuous [12])) if £+ (V) (resp. F~(V)) is open in X for each open set
VofY.

3. Characterizations and basic properties

3.1. Definition. A multifunction F' : (X, 7) — (Y,9) is said to be:

a) Upper na-continuous (briefly u.na.c.) at a point x € X if for each a-open set V
of Y such that = € F*(V), there exists U € 6O(X,z) such that U C F*(V),

b) Lower na-continuous (briefly l.na.c.) at a point x € X if for each a-open set V/
of Y such that z € F~(V), there exists U € 60(X, z) such that U C F~(V),

¢) uwna.c (Lna.c.) if F has this property at each point of X.

d) Na-continuous if it is both u.na.c and lLna.c.

3.2. Theorem. The following conditions are equivalent for a multifunction F : (X, 1) —
(Y, 9):
(1) F is u.na.c.
(2) For each x € X and each a-open set V of Y such that x € F*(V), there ewists
U € RO(X,x) such that U C FH(V),
(3) FT(V) € 60(X) for any a-open set'V inY,
(4) F7(F) € 6C(X) for any a-closed set F inY,



Upper and Lower Na-Continuous Multifunctions 343

(5) F(A;) C [F(A)]a for any subset A of X,
(6) [F~(B)]; C F~(Bg) for any subset B of Y.

Proof. (1) = (2) Since §-open sets are a union of regular open sets, the proof is obvious.

(2) = (3) Let V be an a-open set in Y and 2 € F™(V). Then there exists U, €
RO(X,z) such that U, C F*(V). Hence F'* (V) = Uzer+ vy Us, and F*(V) is §-open.

(3) = (4) Obvious.

(4) = (5) For any subset A of X, [F(A)]; is an a-closed set in Y. It can be seen
that

ACF (F(A) c F([F(A)a) and A5 C F~([F(A)la)
Hence we obtain F(A;) C [F(A)]5.
(5) = (6) Let B be a subset of Y. By (5) we have
FF(B)l5) C [F(F~(B))la C Ba-
Hence, [F~(B)]; C F~(Bg)

(6) => (1) Let z € X and let V be any a-open set of Y such that € F*(V). Then
X — V is an a-closed set of Y. By (6) we have [F7(X —V)]y C F7 (X —-V)a) =
F~(X —V). This shows that I~ (X — V) = X — F*(V) is §-closed and F" (V) is -open
in X. g

3.3. Theorem. The following conditions are equivalent for a multifunction F : (X, 1) —
(Y,9):
(1) F is l.na.c.
(2) For each x € X and for each a-open set V of Y such that x € F~(V), there
exists U € RO(X,z) such that U C F~(V),
3) F~ (V) € d0(X) for any a-open set V inY,
4) FT(F) € 5C(X) for any a-closed set F inY,
5) F(Ay) C [F(A)]s for any subset A of X,
(6) [FT(B)]; C FT(BS) for any subset B of Y.

o~ o~ —

Proof. Dual to the proof of Theorem 3.2. O

3.4. Definition. [5] A net (zx)xep in X is said to d-converge (sf converge) to a point z
in X if the net is eventually in each regular open (a-open) set containing z.

3.5. Theorem. A multifunction F : (X,7) — (Y,9) is w.na.c. (l.na.c.) if and only if
for each x € X and each net (xx) which d-converges to x, F(xx) sf converges to F(x).

Proof. = Let (x) be a net which d-converges to z in X, and let V' be an a-open set
such that = € FT(V). Since F is an u.na.c. multifunction, there exists U € RO(X,z)
such that U C F* (V). Since (x) d-converges to z, (z,) is eventually in U. Hence F(x»)
is eventually in V.

<= Suppose that F' is not an u.na.c. multifunction. Then there exists a point x and
an a-open set V with x € F(V) such that U ¢ F*(V) for each U € §O(X,x). Let
2w € U and x, ¢ FH(V). Then for the §-neighbourhood net (), (%) is 6-convergent
to x but F(x,) is not sf convergent to F'(x). This is a contradiction. Thus F' is an u.na.c.
multifunction.

The proof for L.na.c. is similar. d

3.6. Definition. [2] A multifunction F': (X,7) — (Y,9) is said to be:
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(1) Upper strongly continuous if F+ (V) is clopen in X for each subset V of Y,

(2) Lower strongly continuous if F~ (V') is clopen in X for each subset V of Y,

(3) Strongly continuous if it is both upper strongly continuous and lower strongly
continuous

3.7. Definition. [1] A multifunction F': (X,7) — (Y, ) is said to be:

(1) Upper super continuous if F* (V) is §-open in X for each open subset V of Y,
(2) Lower super continuous if F~(V)is d-open in X for each open subset V of Y,
(3) Super continuous if it is both upper super continuous and lower super continuous.

3.8. Remark. For a multifunction F : (X,7) — (Y,¥) the following implications hold:

upper (lower) strongly cont. — u.na.c. (l.na.c) — upper (lower) super cont.

|

upper (lower) cont.
where none of these implications is reversible as shown by Examples 3.9, 3.10 and 3.11.

3.9. Example. Let X = {a,b,c}, Y = {p,q,r,s}, 7 = {0,X,{a},{c},{a,c}}, and
9 ={0,Y,{p, q,r}}. Define a multifunction F : (X, 7) — (Y, ) as follows: F(a) = {p,q},
F(b) ={q,r,s}, F(c) = {r}. Then F is u.na.c., but not upper strongly continuous.
3.10. Example. Let X = {a,b,c,d}, Y = {p,q,7, s}, 7 = {0, X, {c}, {a,b}, {a,b,c}},
and ¥ = {0, Y, {p}, {p, ¢}}. Define a multifunction F : (X,7) — (Y, ) as follows: F(a) =
F(b) = {p}, F(c) = {r}, F(d) = {q,s}. Then F is upper super continuous, but not
u.na.c.
3.11. Example. [1] Let X = {a,b,c} with the topology 7 = {0, X, {b}, {a,b}}, and let
Y = [0, 1] with the usual topology. Define a multifunction F': (X, 7) — (Y, 9) as follows:
[0,2) ifz=aq,
F(x)=4{3} ifz=0,
(3,1 ifz=c
Then F' is upper continuous at x = b, but not upper super continuous at x = b.

3.12. Theorem. For a multifunction F: (X,7) — (Y,9) the following are equivalent:
(1) F: (X,7)— (Y,9) is u.na.c (l.na.c.),
(2) F: (X,7)— (Y,09°) is upper (lower) super continuous,
(3) F: (X,71s) — (Y,9%) is upper (lower) continuous.

Proof. Straightforward. g

3.13. Lemma. [10] If A is a dense or open subset of (X,7) and U € RO(X), then UNA
is a regular open set in the subspace A. (]

3.14. Theorem. If F : (X,7) — (Y,9) is an u.na.c. (I.na.c.) multifunction, and A is
an open subset of (X, T), then the restriction F4 : (A,7a) — (Y, 90) is an w.na.c. (l.na.c.)
multifunction.

Proof. Let A be an open subset of X, x € A, and let V be an a-open set in Y such
that € (Fy4)T(V). Since F is an w.na.c. multifunction, there exists U € RO(X,x)
such that U C F(V). By Lemma 3.13, U N A is a regular open set in (A4, 74), and also
UNACFY(V)NA= (F/a)" (V). This shows that F,, is u.na.c.

The proof for L.na.c. is similar. d
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3.15. Definition. [8] A multifunction F': (X, 7) — (Y, ¥) is said to be,
a) Upper a-irresolute if F': (X,7%) — (Y,9?) is upper continuous,
b) Lower a-irresolute if F: (X,7%) — (Y,9%) is lower continuous,
¢) a-irresolute if it is both upper a-irresolute and lower a-irresolute.

3.16. Theorem. If F : (X,7) — (YV,9) is an uw.na.c. (l.na.c.) multifunction and
G : (Y,9) — (Z,0) is an upper (lower) a-irresolute multifunction, then GoF is an
uw.na.c. (l.na.c.) multifunction.

Proof. The proof of only the first case is given since the proof of the second case is
analogous. Let V' C Z be an a-open set. From the definition of GoF, we have
(GoF)™(V) = F*(G*(V)). Since G is upper a-irresolute, G* (V) is a-open. Since
Fis una.c., F*(G1(V)) is d-open. Consequently, GoF is u.na.c. a

3.17. Corollary. If F : (X,7) — (Y,9) is an w.na.c. (lLna.c.) multifunction, and
G: (YY) — (Z,0) is an u.na.c. (I.na.c.) multifunction, then GoF is an u.na.c. (l.na.c.)
multifunction. g

3.18. Lemma. [5] Let {Xx : A € D} be a family of spaces and Ux; a subset of X»,,
i=1,2,...,n. ThenU =[], U, X HA¢M X is d-open (resp. a-open) in [],cp X if
and only if Uy, € 60(Xx,;) (resp. Uy, € aO(Xy,)) for each i =1,2,...,n. O
3.19. Theorem. Let Fy : (Xx,75) — (Yx,9x) be a multifunction for each X\ € D and

F: [ X\ — [1Y> the multifunction defined by F((xy)) = [[ FY (z»). If F is w.na.c.
(I.na.c.) then Fy is u.na.c. (l.na.c.) for each X\ € D.

Proof. Let Vx € aO(Yx). Then by Lemma 3.18, V' = Vi x [, ;Y5 is a-open in J[ Yx
and

FH (V)= F*(VA <11 Yﬁ) = FT (1)) x F*( 11 Yﬁ> =F*(y) x [] Xs

A£B A£B A£B
is d-open in [[ X. From Lemma 3.18, F'*(V3) € 60(X). Therefore Fy is u.na.c.
For l.na.c. the proof is similar. O

4. Preservation properties

Recall that for a multifunction F': X — Y, the graph multifunction Gp : X — X XY
of Fis defined by Gr(x) = {z}x F(x) for every z € X. The subset | J{{z}xF(z) : x € X}
of X XY is called the multigraph of F, and is denoted by G(F).

4.1. Lemma. [11] For a multifunction F : X — 'Y, the following hold:
(1) GH(Ax B)= AN F*™(B),
(2) GR(AxB)=ANF~(B),
forany AC X and BCY. d

4.2. Theorem. . Let F: (X,7) — (Y,9) be a multifunction. Then F is u.na.c. if the
graph multifunction Gr is u.na.c.

Proof. Let x € X and V be any a-open set in Y such that F(z) C V. Lemma 3.18,
X x V is an a-open set in X X Y. Since {z} X F(z) C X xV, Gr(z) C X x V. Since GF
is w.na.c, there exists U € 6O(X, ) such that U C GL(X x V). By using Lemma 4.1,
we obtain U C FT (V). This shows that F is u.na.c. O

4.3. Theorem. Let F : (X,7) — (Y,9) be a multifunction. Then F is l.na.c. if the
graph multifunction Gr is l.na.c.
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Proof. Let x € X and V be any a-open set in Y such that F(z)NV # 0. By Lemma 3.18,
X x V is an a-open set in X x Y. We now obtain,

Gr(z) N (X x V) = ({z} x F()) N (X x V) = {z} x (F(z) N V) # 0.

Since G is lna.c, there exists U € dO(X,x) such that U C Gz(X x V). By using
Lemma 4.1, we obtain U C F~ (V). This shows that F' is L.na.c. O

4.4. Definition. For a multifunction F : (X,7) — (Y,9) the multigraph G(F) =
{(z,y) : € X,y € F(x)} is said to be d-a-closed in X x Y if for each (z,y) €
(X XY)\G(F), there exist U € §O(X,z) and V € aO(Y, y) such that (UxV)NG(F) = 0.

4.5. Lemma. A multifunction F : (X,7) — (Y,9) has a §-a-closed multigraph if and
only if for each (z,y) € (X xY)\ G(F), there exist U € 6O(X,z) and V € aO(Y,y)
such that F(U)NV = 0. O

4.6. Definition. A space X is said to be a-compact [6] (nearly compact [14]) if every
a-open (regular open) cover of X has a finite subcover.

4.7. Definition. [7] A topological space X is said to be a-Hausdorff if for any pair of
distinct points x and y in X, there exist disjoint a-open sets U and V in X such that
zeUandyeV.

4.8. Theorem. If F : (X,7) — (Y,9) is an u.na.c. multifunction such that F(z) is
a-compact for each x € X, and Y is an a-Hausdorff space, then G(F') is d-a-closed.

Proof. Let (z,y) € (X xY)\ G(F). Then y € Y \ F(x). Since Y is an a-Hausdorff
space, for each p € F(x), there exist disjoint a-open sets U, and V, of Y such that
p € Up and y € V. Then {U, : p € F(x)} is an a-open cover of F(x) and since F(x)
is a-compact for each x € X, there exist a finite number of points p1,p2,...,pn in F(z)
such that F(z) C {Up, : ¢ = 1,2,...,n}. Put U = Y{Up, : ¢ = 1,2,...,n} and
V=V, :i=1,2,...,n}.

Then U and V are disjoint a-open sets in Y such that F(x) C U and y € V. Hence we
have F(F*(U))NV =, and since F is an u.na.c. multifunction, z € F*(U) € §O(X, z)
by Theorem 3.2 (3). This shows that G(F') is J-a-closed. O

4.9. Theorem. Let F: (X,7) — (Y,9) be an u.na.c. surjective multifunction such that
F(x) is a-compact for each x € X. If X is a nearly compact space then'Y is a-compact.

Proof. Let {Vx : A € A} be an a-open cover of Y. Since F(x) is a-compact for each
z € X, there exists a finite subset A, of A such that F'(z) CU,c,, Va. Put

V.= J v
AEAL
Since F is an u.na.c. multifunction, there exists U, € RO(X,z) such that F(U,) C V.
The family {U, : x € X} is a regular open cover of X, and since X is a nearly compact
space there exist a finite number of points z1,z2,...,zn in X such that X = JI_, Us,.
Hence we have,

n

y:F(X):F(QUxi) = QF(Uxi) - QV =U Uw

i=1X€Aq,
This shows that Y is a-compact. (]

4.10. Definition. A topological space X is said to be an «a-Normal space if for any
disjoint closed subsets K and F' of X there exist two a-open sets U and V such that
KCcUFCVadUNnV=0.
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4.11. Remark. Every normal space is an a-Normal space.

Recall that a multifunction F' : (X,7) — (Y, ) is said to be point closed if for each
z € X, F(x) is closed.

4.12. Theorem. Let F' and G be u.na.c point closed multifunctions from a topological
space (X, T) to an a-Normal space (Y,9). Then the set K = {z € X : F(z) N G(z) # 0}
is closed in X.

Proof. Let z € X \ K. Then F(z) N G(x) = . Since F and G are point closed mul-
tifunctions, F(z) and G(z) are closed sets, and Y is an a-Normal space, so there exist
disjoint a-open sets U and V' containing F'(z) and G(z), respectively. Since F' and G are
u.na.c. multifunctions, F(U) and G (V) are §-open by Theorem 3.2 (3), and so open
sets containing x. Put

H=FTU)nGT (V).
Then H is an open set containing x, and H N K = (). Hence K is closed in X. g

4.13. Definition. A topological space X is said to be d-Hausdorff if for any pair of
distinct points x and y in X, there exist disjoint d-open sets U and V in X such that
zeUandyeV.

4.14. Remark. Every §-Hausdorff space is a Hausdorff space.

4.15. Theorem. Let F : (X,7) — (Y,9) be an u.na.c. point closed multifunction from
a topological space X to an a-Normal space Y, and let F(xz) N F(y) =0 for each distinct
pair x,y € X. Then X is a 0-Hausdorff space.

Proof. Let x and y be any two distinct points in X. Then, F(z) N F(y) = 0. Since F'
is point closed, F'(z) and F(y) are closed sets, and since Y is an a-Normal space, there
exist disjoint a-open sets U and V containing F'(z) and F(y), respectively. Since F is
una.c, FY(U) and FT(V) are disjoint §-open sets containing x, y, respectively. This
shows that X is a §-Hausdorff space. O

4.16. Definition. A topological space X is said to be d-connected provided that X is
not the union of two disjoint nonempty J-open sets.

4.17. Remark. Every connected space is a d-connected space.

Recall that F : (X,7) — (Y,9) is punctually connected if for each z € X, F(z) is
connected.

4.18. Theorem. Let F: (X,7) — (Y,9) be an u.na.c. surjective multifunction. If X is
d-connected and F' is punctually connected, then Y is connected.

Proof. Suppose that Y is not connected. Then there exist nonempty open sets U and V'
of Y such that Y = UUV and UNV = (. Since F(z) is connected for each z € X, we have
either F(z) C U or F(x) C V. This implies z € FH({U)UFT (V), so FH(U)UFT (V) = X.
Since U # ) we may choose u € U, and since F is surjective there exists z € X with
u € F(z),50 F(x) CU and x € F(U) # 0. In the same way, V # §) implies F'4 (V) # 0.
Finally FT(U)NF*Y(V) = 0. But FT(U) and F (V) are §-open sets since F is an u.na.c.
multifunction, which is a contradiction since X is d-connected. Hence we obtain that Y
is connected. g
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