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Abstract

In this article, a new generalization of Jordan’s inequality

3 P}
k=1 k=1

for t > 2, n € Nand 6 € (0, 7] is established, where the coefficients py,
and wy, are defined by recursion formulas, and are the best possible. As
an application, Yang’s inequality is refined.

Keywords: Jordan’s inequality, Yang’s inequality, L’Hospital’s rule, Refinement,
Application.

2000 AMS Classification: 26D 05, 26 D15, 30D 35, 34 E05, 41 A 58, 41 A 60.

1. Introduction

The well-known Jordan’s inequality (see [2, 5], [3, p. 143], [7, p. 269] and [10, p. 33])
states that

(1) 2<smT g
™ x
for 0 < |z| < . Equality in (1.1) is valid if and only if 2 = 7.

*College of Science, Zhongyuan University of Technology, Zhengzhou City, Henan Province,
450007, China. E-mail: hzh568@yahoo.com.cn

fCollege of Information and Business, Zhongyuan University of Technology, Zhengzhou
City, Henan Province, 450007, China. E-mail: nnddww@gmail.com nnddww@hotmail.com
nnddww@163. com

*Department of Mathematics, Hangzhou Normal University, Hangzhou City, Zhejiang
Province, 310036, China. E-mail: 21caojian@gmail.com 21caojian@163.com

$Department of Mathematics, College of Science, Tianjin Polytechnic University, Tianjin City,
300160, China. E-mail: qifeng618@gmail.com qifeng618Chotmail.com qifeng618@qq.com

YCorresponding Author.

ISupported in part by the China Scholarship Council and the Science Foundation of Tianjin
Polytechnic University



54 Zh.-H. Huo, D.-W. Niu, J. Cao, F. Qi

Jordan’s inequality and its refinements have important applications in several math-
ematical areas such as calculus and trigonometry, where specially the theory of limits
are involved in [25]. These are important tools in approximating the Riemann zeta func-
tion ¢(z) in [8], in improving Yang’s inequality in [29] and its generalization, which play
an important role in the theory of distribution of values of functions. Therefore, many
mathematicians have struggled to refine, generalize and apply it. For more detailed in-
formation, please refer to [7, pp. 274-275] and [1, 4, 5, 6, 9, 10, 12, 13, 14, 15, 16, 17,
18, 19, 21, 22, 24, 25, 26, 28, 30, 33, 34, 35], especially [11, 20], and related references
therein.

In [1, 9, 15, 16, 17, 18, 19], among other things, Jordan’s inequality had been refined
as

1 2 2 . 2 7T—2 2 2
(1.2) Fx(w —4z7) §sm:c—;:c§ - x(m —4z7).

™

In [35], a stronger sharp double inequality for x € (0, 5] was obtained:

— 2 H
1216 i (7r2 —4:02)2 < sinx 2 1
71—0

Recently, the following general refinement of Jordan’s inequality was shown in [13]:

i F(?TQ —41:2) < 7r7r_53(71'2—41:2)2.

(1.3)

where the constants

(1.5) akz(ijgﬂii(%)lflgn<k;iﬁ)

and

L—2/r =Y am®
(1.6)  Br = 2n ) =n

k, 1<k<n
with

(i+k—1)cf '+ 0<i<k
(17 =11, i=0

0, i>k

are the best possible.

In [28], as a generalization of Jordan’s inequality (1.1), the following sharp inequality

1 1+A) Sina—cos@ —0@sind l—x—T i
272 [ o
sinz sinf 1 /siné 2
1.8 < X7 === _
(1.8) <= 7 )\( 7 cos&) (1 0*)

sin 0 1 /siné x” 2
{1‘ T‘X(T‘COS‘&)} (1‘97)

was obtained for 0 < z < 6 € (0, %], 7 >2and 7 < A < 27. Equalities in (1.8) hold

if and only if x = 6. The coefficients of the term (1 - 3—7)2 are the best possible. If

IN
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1<7< % and either A # 0 or A > 27, then inequality (1.8) is reversed. In particular,
when 6 = %, inequality (1.8) becomes
AAN+4-—7%, . s 2 _ sinx 2 2 A Y
g A (m TEE) S S o (=2
AT =2\ —2

N2+l (WT - QTmT)Z

for0<zx<Z,7>2and 7 < A <27 Iflnggandeitherk#Oor)\22T,thenthe
inequality (1.9) is reversed. If we take (7,A) = (2,2) in (1.9), then the inequality (1.3)

can be deduced.

For recent developments of refinements, generalizations and applications of Jordan’s
inequality, please refer to the survey paper [20] and related references therein.

The first aim of this paper is to generalize inequalities (1.4) and (1.8) as the following
Theorem 1.1.

1.1. Theorem. For0<x <0 <m, neN andt > 2, the inequality

n

(1.10) Zuk(9t _:Ct)k < Sil;:C _ 511;9 < Zwk(at _ xt)k
k=1 k=1

holds with equalities if and only if © = 6, where the constants

k+1 .
o (_1)k k k—i—kt . ]f'l‘l— 1
(1.11) e = R 2_; a;_10 sin| 0 + — 7
and
1—sin0/0 — >0 6" o
J— ) =n
(1.12)  wy = gin
s 1<k<n
with
A" i+ (k=1 - Dar}, 0<i<k
(1.13) af =11, i=0

0, i >k
are the best possible.

1.2. Remark. Taking ¢ = 2 in (1.10) yields inequality (1.4). Letting n = 2 in (1.10)
leads to (1.8) for A =7 = 2.

The second aim of this paper is to apply Theorem 1.1 to refine Yang’s inequality [29]
as follows.

1.3. Theorem. Let 0 <A< 1,0<z<0<7, t>2and A; >0 with 3.7 | A; < for
ne€N. IfmeN and n > 2, then

(114) Ly (n,A) < H(n,A) < Ron(n, N,
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where

m

1 = ([ 32s Easr ey (3,

(1.16) H(n,A)=(n—-1) Z cos®(AAx) — 2cos(Ar) Z cos(AA;) cos(AA;),
k=1 1<i<j<n

_ (7 25111‘9 - —kt , (9tgt t_t\k 2&)
(1.17) Rm(n7)\)—(2> { 22 20" — X\'n") } cos (271' ,
and i and wi are defined by (1.11).

2. Lemmas

To prove our main results, the following lemmas are necessary.

2.1. Lemma. For z > 0, let uo(z) = 22Z and ux(z) = uk—l(x) fork € N and r > 1.
Then

k41
a¥ | sin :c—|—(z—|—k—1)7r/2
CHINEE) i el el
i=1

where a¥ is defined by (1.13).

Proof. 1t is apparent that

. i
T smxT 1= —2—r .
ui(z) =z — | =z cosT — sin x,
x

which tells us that the formula (2.1) is valid for k = 1.

Now assume the formula (2.1) holds for some given k > 1. Direct computation and
utilization of (1.13) gives

k41 .
1 k+1—1
Uk+1 = E af,l |:7xkr'+i+r cos (:c + 72 71-)

i=1
1 . k+i1—-1
—WSIH Zl’—'—Tﬂ'

k

a k (kr + k+ Daf .
:WOTHCOS(:C+§7T)_W in(z + k7)
k—1
af(kr +144) +alf, . k+i
Z phkr+r+it2 —=sin{  + 2 &
i=0

sin[z + (k + 1)7]

. k+1
_agtt k 1 apfy
T opkrtr4l sin ™)+ pkr+r+k+2

okl .
si k+i+4+2
z+1
+ Z phrtrivz (x T W)

k+2 k+1 .
a’ijl . k —+ 1
= E ——F——sin( x + .
xkr'+z+r 2

i=1

By mathematical induction, Lemma 2.1 is proved. O
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2.2. Lemma. Forxz >0 and k € N, let

Ak, E k—itl . k+i—1
vi(z) = Z a; 1% sin| x + — T
i=1

and vj1(z) = Lvj(z) for j € N. Then

& k—i—j+1 _: E+it+j—1
(2.2)  wi(z) = ZZ; blx" "I sin (:c + fﬂ')
is valid for j € N, where b} = aF, bé =1 and
(23) bl ="' —(k—i—j+3)0b-, 0<i<k-j+1,j>L
Proof. When j = 1, the formula (2.2) is clearly valid.

By induction, suppose that the formula (2.2) holds for some j > 1. Since k —j+1>

k—(j+1)+1, it can be deduced from (2.3) that bii;H = bj._; = 0. Thus,

=gy o i k+itj—1
'Uj+1(fl7):; Zbi (k—i—j+ Dz sin x+f7r
=0

—i+1

o ktitj—1 :
+ 2" cos (1: + %7’)} + by cos(x + kw)}
= b{;:ckfj sin(:c + k—;jﬂ'>
k—j-1 . o k+i+j+1
+ > by — (h—i—j+ )bl )" sin (“” + ijﬁ
=0

= bé:ckij sin (:c + k%ﬂ')
+

& k+itj+l

Z b I in (:c + %ﬂ')
i=0

k—j . .

, L k
= Z btk sin(x + %Tf)
i=0
By mathematical induction, the formula (2.2) is proved. O

2.3. Lemma. [23] Let f and g be continuous on [a,b] and differentiable in (a,b) such

that ¢'(z) # 0 in (a,b). If L) increasing (or decreasing) in (a,b), then the functions

g’ (@)
Zg;:g((llj)) and J;Eg:g((;l)) are also increasing (or decreasing) in (a,b).

2.4. Lemma. Let 0 <x <0 <7 andt > 2. Then the double inequality

1/sinf cosf " ¢ sinz  sinf 1 sin 6 " ¢
24) E(W‘T)(‘)‘x)f : _TS(E_W)(‘Q_“:)

holds with equalities if and only if © = 0, where the constants

1/sinf cosf 1 sin 6
T\~ g ) MG g

are the best possible.
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Proof. Let

oy TO=T7%

fi(z) =xcosx —sinz, gi(x)=—

sinx  sinf

) g(x)ZHt_:Ct7

tott.

Then

flx) _ f(x) = f(0) f'@) _ filz) = £1(0) filz) _ _sinz
g9(x) = g(0)’ g'(z ) 91(x) = g1(0)’ gi(z) 1+ 1)zt

Since #5% is decreasing in (0, 7], then £ is decreasing, and so, in virtue of Lemma 2.3,

the function J;:Eg is decreasing, and the function ’;Eg is decreasing in (0, 7], thus,

1(sing cosf\ . = f(z)_ [f(z) . flx) 1 sin 0
_(W_T)*xli%l—mgméxhwm*&(“T)

and the two constants are proved to be the best possible. O

€T

g1 (»"0)

3. Proofs of theorems

3.1. Proof of Theorem 1.1. If n = 1, the inequality (1.10) becomes (2.4).
Forn>2 let t =r+4 1 and

n—

i in¢ . T r T T n
SO(SC):SH;IZT_SIE —Zuk(a +1_:C+1)k7 1/)((17):(0 +1_x+1) ,

k=1
z i "(z ! (x
1@ = 2D i@ = A0 g = YOy = ),
where 2 < i <n. Then for 1 <k <n -2,
n—k—1 (Z+k)'

pu(@) = un(@) = (=0 + DI Rl — Y S (077 =2t

i=1
Pn1(®) = tn-1(2) — (0 = DI + DI i,
and ¢ () = un(x), where up(z) for 1 < k < n is defined by (2.1).
In view of (2.1), it is deduced that
[+ )] Kl = i (9)
for 1 <k <m—1, hence p;(6) =0 for 1 <i<n—1. A simple calculation gives

Yi(z) = [-(1+7) H 0t — gt
=0
for 1 <14 <mn, consequently ¥;(#) =0for 1 <i<mn—1. Asaresult, for 1 <i<n-—1,
plz) _ p(x) —p(0) ¢'(x) _ pi1(@) —p1(0)
Y(z)  P(z) —P(0) P(x)  aa) —a(0)
ei(x) _ pivi(x) — pis1(0) Pn_1(z) @vl(w) un ()
Vi) Yiri() — i ()’ no1(@)  a(z)  nl=(r+ 1)

Let hi(z) = Zrrntl anq hivi(z) = %hg (z) for 1 <i<mnandn € N. Then it is easy to
see that
hi+1(1}) = H(nr In—22+ 3)xnr+n72i+1
(=1
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for 1 <7 < n. Utilization of Lemma 2.1 and Lemma 2.2 leads to

phoa(@) _ T aiya" T sin(e 4+ 2yim) vi(z)
S@ T e A+ (@)
and, since vi(O) =h;i(0)=0for 1 <i<n+1,
vi(x)  vi(x) —vi1(0) vj () _ vi1(x) —v;41(0)

hi(z) — ha(z) —ha(0)"  Rj(x)  hjta(@) = hita(0)

U (2)  Vng1(z) — vng1(0) _ (-1)"sinz

Wo(x)  hangi(2) = hat1(0) i, (nr +n — 20 4 3)gnr—n+1
for 1 <j <mn—1. Since Siﬂ and 27"~V are decreasing on (0, ), then the function
znf_ii‘ffﬂ is decreasing and %&)(z) is deceasing. Accordingly, from Lemma 2.3, it
follows that the functions (71}3/(1))@) nd = 1h)/ UZ( 1)(1) for 2 < i < n are decreasing. Thus,

i—1
the functions = lh), (ul)(z) and & 1h)1 (”1)(1) are decreasing, and so 37*18; is decreasing in
n—1
(0, ).
Utilizing Lemma 2.3 again reveals that the functions i{éz; and i{ 1( ) for 2 < j <
J

n — 1 are decreasing, which implies the decreasing monotonicity of ﬁz; in (0,7r). By
L’Hospital’s rule, it is easy to deduce that

o) _ o #@) o) )

zi>97 1/)(:17) T e—b— Q/}’(IE) - zi%l— Q/};(x) = n'[_(l + 7')]” = Mn

for 1 <i<n-—1and limz_ot zg; = wn, which implies p, < igg < wn, and so the

constants ur and wy are the best possible.

By mathematical induction, the inequality (1.10) is proved. The proof of Theorem 1.1
is complete. O

3.2. Proof of Theorem 1.3. It was proved in [31] and [32, (2.13)] that
sin(Ar) < cos®(AA;) 4 cos®(AA;) — 2 cos(AA;) cos(AA; ) cos(Ar) £ Hyj
3.1
31) §4sin2(é7r).
2
Summing up (3.1) for 1 < i < j < n yields

(3.2) (Z) sin® () < Z H;; = H(n,\) < 4<2) smz<i7r>.

2
1<i<j<n

By virtue of inequality (1.10) in Theorem 1.1,
A sm9 b k]’
‘ in?(27) < A2n? —kt,, ¢ t_t
(3.3) 4sin (2 ) AT E 2 k(200" = x|
.2 _ 2/ A . 2()\ )
sin”(Amw) = 4 cos (271') sin”( 5
smH K]’ A
S )22 —kt, t t_tyk 2(A Y
> N7 { E 2 29 )\7T):|COS<27T>

Substituting (3.3) and (3.4) into (3.2) leads to (1.14). The proof of Theorem 1.3 is
complete. O

(3.4)
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