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Abstract

In this paper, we obtain fuzzy approximations to fuzzy differentiable
functions by means of fuzzy linear operators whose positivity condition
and classical limits fail. In order to get more powerful results than
the classical approach we investigate the effects of matrix summability
methods on the fuzzy approximation. So, we mainly use the notion of
A-statistical convergence from summability theory instead of the usual
convergence.
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1. Introduction

The classical Korovkin theory is mainly based on two conditions: positivity of lin-
ear operators and existence of their classical limits (see [1, 28]). So far, the former
has been weakened by considering monotonicity and convexity of the functions be-
ing approximated (see, for instance, [2, 8, 9, 26]). Furthermore, by using the no-
tion of statistical convergence, some Korovkin—type approximation theorems have been
obtained when the classical limit of a sequence of positive linear operators fails (see
[6, 10, 11, 12, 14, 15, 16, 17, 25]). Their fuzzy analogs have also been introduced in
[5, 13, 21]. In this study, we obtain various fuzzy approximation results without these
two conditions as mentioned above. We use the notions of statistical convergence of
sequences of fuzzy numbers and fuzzy differentiability of fuzzy real valued functions to
get our theorems. When proving our results, we use not only classical techniques from
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approximation theory but also new methods from summability theory and fuzzy logic
theory.

We first recall some basic concepts used in the present paper.

The (asymptotic) density of a subset K of N, the set of all natural numbers, is defined
by

<j: K
S(K) o= lim FAR S i € K}
J J
provided the limit exists, where the symbol # {B} denotes the cardinality of the set B.
Then, we say that a sequence (@ )nen i statistically convergent to a number L (see [18])
if, for every € > 0, the set {n € N : |z, — L| > €} has density zero, i.e.,

#{n<jilen—Ll>e}
: _

Now let A = (a;n) be an infinite non-negative regular summability matrix. Recall that A
is said to be regular if lim;(Ax); = L whenever lim; z; = L, where Az := ((Az);) denotes
the A-transform of x given by (Az); = >.7° | ajn®n, provided the series converges for
each j (see, for instance, [7]). Then, the A-density of a subset K is defined by

0a(K) = liJm Z ajn

nekK

d({neN:|z, —L| >e}) =lim
J

provided the limit exists. Observe that if we take A = C1 = (¢jn), the Cesdro matrix of
order one, defined by

Loifl<n<y,
Cjn 1= J

0, otherwise,
then Ci-density coincides with (asymptotic) density. With the help of A-density, Freed-
man and Sember [19] introduced the notion of A-statistical convergence, which is a more
general method of statistical convergence. Recall that the sequence (zn)nen is said to
be A-statistically convergent to L if, for every € > 0, da{n € N: |z, —L| > e} = 0; or
equivalently

lijr_n Z ajn = 0.

n:|zy—L|>e

This limit is denoted by st 4-lim,, x,, = L. It is not hard to see that if we take A = C'1, then
Ci-statistical convergence coincides with the statistical convergence mentioned above. If
A is replaced by the identity matrix, then we get the ordinary convergence of number
sequences. We also note that if A = (a;n) is any non-negative regular summability
matrix for which lim; max,{ajn} = 0, then A-statistical convergence is stronger than
convergence (see [27]). Actually, every convergent sequence is A-statistically convergent
to the same value for any non-negative regular matrix A, but its converse is not always
true. Some other results regarding statistical and A-statistical convergence may be found
in the papers [20, 30].

As usual, a fuzzy number is a function g : R — [0, 1], which is normal, convex, upper
semi-continuous and the closure of the set supp(u) is compact, where supp(u) = {z €
R : p(z) > 0}. We denote the set of all fuzzy numbers by Rg. Let

(=o€ R (@) > 0F and [u = {w € R: p(x) > 1}, (0<r < 1),

Then, it is well-known [22] that, for each r € [0, 1], the set [u]" is a closed and bounded
interval of R. For any w,v € Ry and A € R, it is possible to define uniquely the sum
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u @ v and the product A ® v as follows:
[udv]” ="+ v and [AOu]” = Au]”, (0<r<1).

Now denote the interval [u]” by [ufr),u(p], where v < u(p and uf”,uﬂrr) € R for
r € [0,1]. Then, for u,v € Ry, define

u=<v < u™ <o™ and u(f) < vif) forall0 <r < 1.

b

In this case, it is known [32] that (R, D) is a complete metric space on Ry with the
properties

Define also the following metric D : Ry X Ry — Ry by

D(u,v) = sup max{’ufr) — ™
rel0,1]

7 ‘U(f') e

D(u® w,v ®w) = D(u,v) for all u,v,w € Ry,
DA G u,A®v) = |\ D(u,v) for all u,v € Ry and X € R,
D(u@v,wdz) < D(u,w) + D(v, 2) for all u,v,w,z € Ry.

Let f,g : [a,b] C R — Ry be fuzzy valued functions. Then, the distance between f and
g on [a, b] is given by

D*(f,9) = swp sup max { [/ (@) = g7 (@)], |1 (@) — o ()]}
z€[a,b] r€(0,1]
Now let (tn)nen be a fuzzy number valued sequence. Then, Nuray and Savas [31] intro-
duced the fuzzy analog of statistical convergence by using the fuzzy metric D instead of
the classical absolute value in the above definition. So, by a similar idea, one can obtain
the following definition of A-statistical convergence of fuzzy valued sequences. We say
that a sequence (un)nen of fuzzy numbers is A-statistically convergent to p € Ry, which
is denoted by st a-limy, D(pin, ) = 0, if for every € > 0, 64 ({n € N: D(pn, ) > €}) =0,

ie.,
lim Z ajn =20

n:D(pun,p)>e

holds. Of course, the case of A = C; immediately reduces to the statistical convergence
of fuzzy valued sequences. Also, replacing A with the identity matrix, we get the classical
fuzzy convergence introduced by Matloka [29].

2. Statistical Fuzzy Approximation

A fuzzy valued function f : [a,b] — Ry is said to be fuzzy continuous at zo € [a, b
provided that, whenever z, — xo, then D (f(zn), f(z0)) — 0 as n — oco. Also, we say
that f is fuzzy continuous on [a, b] if it is fuzzy continuous at every point z € [a, b]. The
set of all fuzzy continuous functions on [a,b] is denoted by Cy[a,b] (see, for instance,
[3, 4]). Notice that C¥[a, b] is only a cone, not a vector space.

Following [24, 33], a fuzzy valued function f : [a,b] — Ry is said to satisfy the condition
(H) on [a,b] if, for any z,y € [a,b] satisfying z < y, there exists u € Ry such that
fy) = f(z) + u.

In this case, we call u the H-difference (or, Henstock-difference) of f(y) and f(z), and
denote it by f(y) — f(x). For brevity, throughout this paper, when we use the “—”
operation of fuzzy numbers, we always assume that the condition (H) is satisfied.
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Assume that f : [a,b] — Rg is a fuzzy valued function. Then f is called fuzzy
differentiable at x € (a,b) if there exists a f'(x) € Ry such that the following limits

o L@EN = S@) o f@) = fa—h)

h—0+ h h—0+ h

exist and are equal to f'(x). Also, if z = a or z = b, then we use the following
iy g flath) — fa) vy i J0) = f(b—h)
fi(a):= hlir(f)l+ W and f'(b) := hlir(f)l+ h

provided that the above limits exist. Observe that the limits are taken in the metric
space (R, D). If f is (fuzzy) differentiable at every point x € [a,b], then we say that
f is (fuzzy) differentiable on [a,b] with derivative f’ (see [32]). It follows from [23] that
a function f : [a,b] — Rg is fuzzy differentiable at = € [a,b], and f'(z) is the fuzzy
derivative, if and only if for every € > 0 there exists a § > 0 such that, for any interval
[z1,22] C (x — &, + &) we have

D (M f'(x)) <e.

T2 — 1

Similarly, we can define higher order fuzzy derivatives. Also, by C¥'[a,b], (m € N), we
mean the set of all fuzzy valued functions from [a, b] into Ry that are m-times continuously
differentiable in the fuzzy sense. However, in this paper, we only discuss the cases
m=0,1,2.

Using these definitions, Kaleva [24] proved the following result.

2.1. Lemma. [24] Let f : [a,b] C R — Ryg be fuzzy differentiable, and = € [a,b],
0<r <1. Then, clearly

@] =1(f@), (f@) ] C R
Then (f(z)){” is differentiable and
[ @) = [P (P,
(1Y = (1) for anyrefo,1]. O
Also, for higher order fuzzy derivatives, Anastassiou [4] gave the similar result:

2.2. Lemma. [4] Let k € N and f € Ck[a,b]. Then, we have fj([r) € C*[a,b] (for any
r €[0,1]) and

FO@) = (PN, ()T ]
fori=0,1,...,k, and, in particular, we get

(f(i))i) = (f:(gl))(i) foranyr€(0,1] andi=0,1,...,k. O

In this paper, for simplicity, we use the unit interval [0, 1] instead of [a,b]. Now let
L : C5[0,1] — C5[0,1] be an operator. Then L is said to be fuzzy linear if, for every
A1, A2 >0, f1, f2 € 09[07 1]7 and x € [07 1]7

LAMOfidA O fo;2) =M1 O L(f1;2) ® A2 © L(f2;2)

holds. Let k be a non-negative integer. As usual, by C*[0,1] we denote the space of
all k-times continuously differentiable functions (in the usual sense) on [0, 1], endowed
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with the sup-norm || - ||. Then, throughout the paper, we consider the following function
spaces:

A:={fecC?0,1]: f>0},

B:={feC?0,1]: f" >0},

C:={feC®o,1]: f" <o},

D= {feC'0,1]: f 20},

e:={fec'o1]:f >0},

F:={feC0,1]: f>0}.
We also consider the test functions

ei(y) =y’ (1=0,1,2,...) for every y € [0,1].
Then we have following results.

2.3. Theorem. Let A = (ajn) be a non-negative regular summability matriz, and
{Ln}nen a sequence of fuzzy linear operators from C%[0,1] onto itself. Assume that there
exists a corresponding sequence {Ln }nen of linear operators from C2[0,1] onto itself for
which the following conditions hold:

21)  La(f;n){) = (Jm, ) (for z € [0,1], r €[0,1], n €N)
and

(22) saf{neN:L.(ANB)CA}=

If

(2.3) stA-lim‘ L

(€:) — e

then we have

(2.4)  sta-lim D* (Lo (f), f) = 0 for all f € C3[0,1].

Proof. Let = € [0,1] be fixed, and f € C3[0,1] and r € [0,1]. Then we may write that,
for every £ > 0 there exists a § > 0 such that, for every y € [0, 1],

D(f(y), f(z)) <e
holds. So, for every y,r € [0,1] and for any 8 > 1, we have

(7") QM("“)
05 - 22 Py <100 - 0w <o+ P2 o),

where M(r) Hf(r)

and ¢, (y) = (y — 2)%. Then, by (2.5), we obtain that

M
(gér))i ¥) = —%; D ) e - @)+ @) >0
and
M
(1), @)= T2 L) e+ 10 w) @) 2 0

hold for all y € [0,1]. So, the functions <gg)>i and (hg))i belong to A. On the other
hand, it is clear that, for all y € [0, 1],

(gé’")) L= Mﬁ# - [fj(f)]u (v)
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and

(h5)" ) = “ﬁﬁ + 10" ).

If we choose the number (8 such that

(2.6) B >maxg1 M
SR TV

I

we observe that (2.5) holds for such 3’s and also the functions (gg)>i and (hgl))i
"

"
belong to B because of (g¢” y) > 0and (A7) (y) > 0 for all y € [0,1]. So, we
Lt L
have <g£{))i , <hg)):& € AN B under the condition (2.6). Let

K:={neN:L,(ANB)C A}
By (2.2), it is clear that Ao{K} = 1, and so
(2.7)  0a{N\K}=0.
Then, we may write that

in( (gg))i;ac) > 0 and in( (hg))i;m) >0 for any n € K.

Now using the fact that ¢, € AN B, and considering the linearity of L,,, we obtain, for
every n € K, that

2M{75 ; e (") (7

—5—Ln (a3 @) + eLn(eo;z) — Lo (fy ;) + fi7 (x)Ln(eo;z) >0
and

2M {5 - . . RO

55— Ln (pa;2) + eLn(eo;2) + Lo(f752) = £07(@) La(eo; ) > 0,
or equivalently

(r)
_ Mfm(@x; ac) — gf,n(eo; x) + fj(:)(ac) (fm(eo; z) — eo)

52
< La(f52) = £ (@)

2M(’") ~ ~ ” ~
< B L (pus) + eln(eos ) + £ (@) (L eos ) — co).

Then, we have

e . 2M{" 3
|Ln(18752) = 1 (@)] < &+ =55 La(psi )

+ (e + £ @)]) | Lneos 2) — eol
for every n € K. The last inequality gives that, for every ¢ > 0 and n € K,
[La(f) = £ < &+ (e + M) La(eo) — eo

QM(”“)ﬂ ~
B o) — o +

oMM, -
+ S Lteo) ol

4M{3
52

[Zn(ex) = e
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Hence, we get, for any n € K, that
2

(2.8) Hf}n(fg)) - fj(:)H <e+C{ () Z Hfm(ek) —exl],

k=0
(T) 4M(7‘)
where C’g)(s) = max{ M(T) 32 57 32 ﬂ}. Now it follows from (2.1) that
D*(Ln(f), f) = sup D(Ln(f;2), f(z))

z€[0,1]

= sup sup max{|in(f_(r);$)—f_(r)(x)|v
=€[0,1] r[0,1]

|En(£752) = 1 (@)}

= sup max{”f,n(f_(r)) _f_(T)H7 ||1~}n( Y)) —fJ(rT)H}.
rel0,1]

Combining the above equality with (2.8), we have, for any n € K,
(2.9) D" (Ln(f),f) <e+Cle Z [ Ln(er) — x|,

where C'(e) = sup max{C’(f)(fs)7C’S:')(zs)}7 Now, for a given ¢’ > 0, choose an ¢ > 0
rel0,1]
such that € < ¢’, and define the following sets:
F:={neN:D"(L.(f),f) >¢€},
e —e¢

3C()

F = {neN [ Zn(er) —ex > },k:O,I,Q.

Then, it follows from (2.9) that

2
FnKc |JF:nkK),
k=0

which yields, for every j € N, that

(2100 Y ajn<2( Y a )gi(Zam).

neFNK k=0 “neFpNK k=0 “nerFy
Now, taking the limit as j — oo on both-sides of (2.10), and using (2.3), we immediately
see that
(2.11)  lim > apn=0.
neFNK

Furthermore, since

Sos Y et Y

neF neFNK neFN(N\K)
<Y wnt Y
neFNK ne(N\K)

holds for every j € N, taking again the limit as j — oo in the last inequality, and using
(2.7), (2.11), we obtain

hmz ajn =0,

ner
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which means that
sta-lim D™ (Ln(f), f) = 0.
The theorem is proved. O

2.4. Theorem. Let A = (ajn) be a non-negative regular summability matriz, and
{Ln}nen a sequence of fuzzy linear operators from C%[0,1] onto itself. Assume that there
exists a corresponding sequence {Ln }nen of linear operators from C2[0,1] onto itself for
which the following conditions hold:

1"

212)  [{Za( ] @) = [E(9)]" @) (for € 0,1), r€ 0,1], neN)

and

(213) daf{neN:L,(ANE)cCe} =1

1f

(214)  sta-lim [[Ln(e:)]” — €| =0 fori=0,1,2,3,4,

then, we have

(215)  sta-lim D ([Ln ()", f") = 0 for all f € C30,1].

Proof. We should remark that the derivatives in (2.12) and (2.14) are in the usual sense
while the derivatives in (2.15) are in the fuzzy sense. Now let f € C2[0,1], = € [0,1] and

r € [0,1] be fixed. By Lemmas 2.1 and 2.2, and as in the proof of Theorem 2.3, we can
write that, for every € > 0, there exists a § > 0 such that

203 208,

(2.16)  —e+ —5—ol(y) < [1]"(w) - [f7]"(0) < e = =50l (v)
4
holds for all y € [0,1] and for any 3 > 1, where o.(y) = —% + 1 and U:(ET) =

H [ j(:)] N||. Then, define the following functions on [0, 1]:

[f:(‘:r)] ! (_117) y27

20"
(u5), @)= 2l out) 4 100 - Sv2 - 2

and

2U(T') (r)17
(+), 0= —5 Zon) = 1) v+ =] @,

It follows from (2.16) that

"

N\ r
(7). 00 <0amd (o) 0 <0ttty o

which implies that the functions (u?) . and (vg)> N belong to €. Observe that o, (y) >

% for all y € [0,1]. Then

+

. . £1" @)
(if;(t )(y) - 51/2 + %Zﬁ) 6 (M(r-) + Uj(:) + 5)52
< .
20" 0. (1)) vy
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holds for all y € [0, 1], where M(T) Hf(r)

Now, if we choose 3 such that

(M + UL +2)6?
U(T) ’

then inequality (2.16) holds for such ’s and

(u?)i (y) > 0 and (vé”)i (y) >0 for all y € [0, 1].

"
and Uy = H[ j(!)} H as stated before.

(2.17) B > max {1

Hence, we also get (u(ﬂr)) 7 (%”) € A, which gives that the functions (u?) and
+ + *

(vg))i belong to A N € under the condition (2.17). Now let
K:={neN:L,(ANC)C e}
Then, by (2.13), we have
(2.18) 0A(N\K)=0.
Also we get, for every n € K,
ooy 17 ooy 17
[Ln(vﬁr ):t] < 0 and [Ln(v; ):t] <0.
Then, we obtain, for every n € K, that

;;)f’ [En(o0)] "+ [Lats)]" = SiLatea)” - S

and

(r) xTr) ~
52 ﬂ [Ln(a'ac)]/l - [ n(f(r))] %[.Z/n(@Z)]” + M

These inequalities yield that

(T)B 7 €5 "
2 () (@) = S lLn(en)) (@) +

< [L.00)] @ - [#] @

(T)ﬁ e ~
<P o) @) + (o)) (@)
(r)q1 ) . .
ET@ G e - 0] @),

Observe now that [Ln(02)]"” < 0 on [0, 1] for every n € K because of o, € AN €. Using
this, the last inequality gives, for every n € K, that

[0 @) = [£])" @) < - ;:ﬂ[Ln( 2] () + g [[Enea))" ()]
I[f(’") z)| ‘ o ).
and hence
(Lol @) = 1" ()| < e+ e+ @) [[Eae2)]” (@) — €5 (@)
(2.19) (T)g

22 [La(-0.)]" @)
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Now we compute the quantity [L,(—05)]” in inequality (2.19). Observe that

[Ln(=00)]" () = [E,&% B 1)]"(36)

= 15 [Ln(e)]"(2) = 3 [Lales)] " (2) + 5 [Ln(e2)] ()
3 4
- Laen]) @+ (T3~ 1) [Enten)) (@)
1 { ~ "

4
T = "
+ <E —1) {[Lnteo)] (@) — b ()}
Combining this with (2.19), for every € > 0 and n € K, we have

) @] | s
2 02

L] @ = (1) @] <+

X

[La(e2)])" (@) — 5 ()|

U(r)ﬂ = " 7"
= | [Ln(en) (@) - ef (@)

(") 3 1 . " .
e (Laes) (@) — b o)

Pl T
| [Ln(en)] @) — @)
W52y
362 12
Therefore, we obtain, for every € > 0 and n € K, that

+

[Ln(e)] " (@) - €6 ()|

(2.20) ‘

4
L) = )| 2 e+ EP@ X |
k=0

[Enen)]” = e

e+ul” Ul
where Eg:)(s) = 5 = §2ﬂ

hand, by (2.12), since
DH([En(A]" 17) = sup D([Ln(1)]" (), 1" ()

and U{") = H [fj(;)] ”H, as stated before. On the other

= sup sup max{
z€[0,1] 7€[0,1]

[La (5] @) - [£7) @),

[£a(£7))" @) = [£7)"@)] |
[Ln (7)) = 11

|(Zn ()" = 17717 )

= sup max{’
rel0,1]

we may write from (2.20) that

221) D ([Lu())" ") Se+ B ’

[Enen)]” —
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holds for all n € K, where E(¢) = sup max {E( ) E(T) )} Now, for a given &’ > 0,
re(0,1]

choose an ¢ such that 0 < ¢ < €', and consider the following sets:

G:= {n eN:D*([La(H)]", ") > 5,}7

Gy = {n eN: H [.Z/n(ek)]” —ex

In this case, by (2.21),

4
GnKc |J(GrnK),
k=0

which yields, for every j € N, that
4
D S S (D S B ol o]
neGNK = neGNK k=0 “neGyg
Letting 7 — oo on both sides of (2.22), and using (2.14), we immediately see that
(2.23) hm Z ajn = 0.
neGNK

Furthermore, if we use the inequality

Sans Y et Y o

neG neGNK neGN(N\K)
< D amt D
ncGNK ne(N\K)

and take the limit as j — oo, then it follows from (2.18) and (2.23) that

hmz ajn = 0.

neG

Thus, we get
sta-lim D*([La()]", f") = 0.
The theorem is proved. O

2.5. Theorem. Let A = (ajn) be a non-negative regular summability matriz and { Ly }nen
a sequence of fuzzy linear operators from C%[0,1] onto itself. Assume that there erists

a corresponding sequence {Ln Ynen of linear operators from C*[0,1] onto itself for which
the following conditions hold:

224)  [{La(N}V) (@) = [La(F)]) (@) (for z € [0,1], 7 € [0,1], n € N)
and

(2.25) da{neN:L,(DNE)Ceé}=1.

If

(2.26) [Ln(e:)] —ei

then we have

(2.27) stA—liILnD*([Ln(f)]/,f’) =0 for all f € C*[0,1].
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Proof. Let f € C}[0,1], = € [0,1] and 7 € [0, 1] be fixed. Then, for every £ > 0, there
exists a positive number ¢ such that

Vg,

, 7 2v{"g
B < 0V ) - ) (@) <o 4 220

5z W=(y)

(2.28) —e—

3
holds for all y € [0,1] and for any 8 > 1, where ws(y) := =z + 1 and Vf) =

(r7’ ’
|174)

, Now considering the functions defined by

. 2v{" !
(05).0) = 25 ) — S0 + ey 4 4[] @)
and
2v{") ik
09 @) = 2B, () 4 10 0) + ey~ [0 @),

we can easily check that (Hg))i and ()\g))i belong to € for any 8 > 1. Also, observe
that we(y) > % for all y € [0,1]. Then

(£ —ey+ [17) (@)y)8® _ M + VL +6)6?
QVf)wm (y) B Vj([r)

holds for all y € [0, 1], where Mﬁ(:) = ||f¥) ||, as stated before. Now, if we choose a number
3 such that

M(’") V(’") 52
(2.29) ﬁzmax{L( Ve 4 |

v
then inequality (2.28) holds for such ’s and
(Hg))i(y) >0 and ()\g"))i(y) >0 for all y € [0,1],

which yields that (0g))i, ()\g))i € D. Thus, we get (0g))i, ()\g))i € DNE for any
3 satisfying (2.29). Let

K:={neN:L,(DNné&)cCé&}.
Then, by (2.25), we have
(2.30) 04{N\ K} =0.
Also we get, for every n € K,
[£.(09).)' > 0 and [£,("), )" > 0.
Hence we obtain, for every n € K, that

(r)
2‘/;:$t—2ﬂ[i/n(uhc)]l - [.Z/n(fir))]l + E[.Z/n(el)]l + I:fir)]/($) [.Z/n(@l)] >0

and

(r)
2‘/;; P o)l + [l )]+ e[En(en)]) — [F) @) [Enen)] > 0.
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Then, we may write that

(r)
S P ) @) — e[Laen)] @) + [£) @) [Laen)] @) - [1) (@)

< [La(FO)) @) = [19] (@)

(r)
< QV; 2 E(wn)]) @) + e [Ealen)] @)
+ £ (@) [Lnlen)] (@) — [£] (@),
and hence
(L)) @) = (1) @) < e+ (e + |[12) @) | [Zaten)] @) - €1 (@)
(2.31)

g /
2 P Lwa) @)

holds for every n € K because of the fact that the function w, belongs to D N €. Since

3

[Enwa)) @) = [ (57 1)) @)
= 5 [Enfen)] (@) = 2[Enfen)] (@) + 2 [Laer)] (@)

it follows from (2.31) that

(r) 22
L) @) - 1) @) < <+ ( ) @) + %)

<o) @) - ko)

(r)
+ 22 (L)) (@) — chia)

208 (£ o)) () )

2‘/(7")5 133 -
e
Thus, we deduce from the last inequality that

(2.32) H [La(FE)] = [£)

<t FOO Y |[Entenl] — i
k=0

2V B
62

holds for any n € K, where F:(ET)(E) = 6—|—Vf) + . On the other hand, by (2.24),

since
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DY([En(A]f) = sup D([La(D]) (2). f'(2))
= sup sup max{ ‘[z/n(f_(r))]l(x) - [f_(r)]/(x)‘v
«€[0,1] refo,1]
B @ - 177 @)}
= sup max{ H [En(f_(r))]/ -~ [f_(r)]/

rel0,1]
|TEn (5] = (1)

I

!

we may write from (2.32) that
233) D ([La(N] 1) <2+ FE@) D || [Laten)] —ei
k=0

holds for all n € K, where F'(¢) = sup max {Fg)(zs)7 FJ(:)(E)}. Now, for a given &’ > 0,
rel0,1]

choose an ¢ such that 0 < ¢ < €', and consider the following sets:

J:={neN: D*([Ln(f)]/7f') > €'},

/
= : f}n /—'>E_E k=0,12,3.
Jk {TLGN H[ (Ek)] ekl = 4G(E) ) 07 ) 73
In this case, by (2.33),
3
JNK c | JUknK),
k=0
which yields, for every j € N, that
3 3
234 Y am<y ( 3 ajn> <Y ( > ajn>
neJNK k=0 \ neJyNK k=0 \ n€Jy

Letting j — oo on both sides of (2.34), and also using (2.26), we immediately see that
(2:35)  lim > am=0.
neJNK

Now, using the fact that

Z Ajn = Z Ajn + Z Ajn

neJ neJNK neJN(N\K)
< E ajn + E Ajn,
neJNK ne(N\K)

and taking the limit as j — oo, then it follows from (2.30) and (2.35) that

lijr_n Z ajn = 0.

neJ

Thus, we get
sta-lim D*([La(f)]', f') =0,

whence the result. O
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2.6. Theorem. Let A = (ajn) be a non-negative reqular summability matriz and { Ly, }nen
a sequence of fuzzy linear operators from Cx[0,1] onto itself. Assume that there exists a
corresponding sequence {Ln ynen of linear operators from C[0,1] onto itself for which the
following conditions hold:

(2.36)  Ln(f;2)) = La(f7;2) (forz €[0,1], 7 €[0,1], n € N)
and

(2.37) da{neN:L,(F) CTF} =1

If

(238)  sta-lim | Ln(ei) —eil| =0 fori=0,1,2,

then we have

(2.39)  sta-lim D*([La(f)]', ') for all f € C[0,1].

Proof. If L, (¥) C ¥ holds for every n € N instead of (2.37), i.e., the corresponding
sequence { L, }nen consists of positive linear operators on C[0, 1], then the proof follows

immediately from [5, Theorem 2.1]. However, our previous proofs show that even when
the weaker condition (2.37) holds, the property (2.38) implies (2.39). a

3. Concluding Remarks

If we replace the non-negative regular matrix A by the identity matrix, then our
Theorems 2.3-2.6 reduce to the following results which are also new in the literature,
except for the last one.

3.1. Corollary. Let {L,}nen be a sequence of fuzzy linear operators from C%[0,1] onto
itself. Assume that there exists a corresponding sequence {Ln}nen of linear operators
from C?[0,1] onto itself for which the following conditions hold:

Lo(f;2)0 = Lo (f$7;2) (forz € [0,1], 7 €[0,1], n €N)
and
Ln(ANB)CA (for n € N).

If the sequence {Ln(e:)}, (i = 0,1,2), is uniformly convergent to e; on [0, 1] then, for all
fecio,],

lim D* (La(f), f) = 0. 0
3.2. Corollary. Let {L,}nen be a sequence of fuzzy linear operators from CF[0,1] onto

itself. Assume that there exists a corresponding sequence {fm}neN of linear operators
from C?[0,1] onto itself for which the following conditions hold:

{Ln(NI]" (@) = [La (£7)]" (@) (for = €[0,1), 7 €[0,1], n € N)
and
L.(ANE)CEC (forneN).

If the sequence {[in(ei)]”}, (i =0,1,2,3,4), is uniformly convergent to e on [0, 1] then,
for all f € C2[0,1],

lim D ([Ln()]", f") = 0. O
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3.3. Corollary. Let {L,}nen be a sequence of fuzzy linear operators from C%[0,1] onto
itself. Assume that there exists a corresponding sequence {Ln}nen of linear operators
from C*[0,1] onto itself for which the following conditions hold:

{La(N}) (@) = [La(£$)] (@) (for z € [0,1], r € [0,1], n € N)

and
Lo (DNE)CE (forneN).

If the sequence {[z/n(ei)]l}, (1 = 0,1,2,3), is uniformly convergent to e; on [0,1] then,
for all f € C%[0,1],

lim D*([La(f)]", ') = 0. 0

3.4. Corollary. [3] Let {Ln}nen be a sequence of fuzzy linear operators from Cx[0, 1]
onto itself. Assume that there exists a corresponding sequence {Ln }nen of positive linear
operators from C[0,1] onto itself for which the following condition holds:

Ln(f;:c)g:r) = f}n(f:(tr);x) (far z €[0,1], r €[0,1], n € N).
If the sequence {Ln(e;)} (i = 0,1,2) is uniformly convergent to e; on [0,1] then, for all
f€C#[0,1],

lim D* (Lo (f), ) = 0. 0

Finally, we give an application satisfying all the conditions of our Theorem 2.3.

3.5. Application. We first take A = C1, the Cesdro matrix. Then, we know that C-
statistical convergence reduces to the concept of statistical convergence; in this case, we
use the notation st-lim instead of stc,-lim. Also, we have ¢, = d. Assume now that
{L,} is a sequence of linear operators on C2 [0, 1] whose corresponding sequence {L, } of
linear operators on C?[0, 1] is given by

(3.1) Zn(f(r)'x): —z? if n =m? (mGN)7
’ Bu(f52), ifn#m?,

where z € [0,1], » € [0,1], n € N, and {B,} denotes the sequence of classical Bernstein
polynomials on C[0,1]. Then, observe that

6({n€N:I~/n(.Aﬂ‘B) C.A}) :6({n7$m2:m€N})
=1
Also we have, for each i =0, 1, 2,

st- lim Hfm(ei) — eiH =0.

Then, it follows from Theorem 2.3 that, for all f € C2[0, 1],
st-lim D* (Ln(f)7 f) =0.

However, for the function ep = 1, since

~ L —z? ifn:m2(m€N)
Ln(eojz) = {1 otherwise,

we get, for all z € [0,1], that the sequence {Ln (eo;x)} is non-convergent in the ordinary

sense. Furthermore, we see that infinitely many terms of L, do not satisfy the inclusion

Ly (A N ‘B) C A. Hence, this example clearly shows that our statistical fuzzy approxima-

tion theorems obtained in this paper have a wider range of applications than the classical

fuzzy approximation results.
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3.6. Remark. In this paper, we focus on fuzzy approximation only for the one dimen-
sional case. However, by simple manipulations, all our results are also valid for multi
dimensional cases. However, we omit their details.

Acknowledgement. The author would like to thank the referee for carefully reading
the manuscript.
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