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Abstract

The aim of this paper is to define a new kind of fuzzy gamma ring. So
the concepts of fuzzy gamma ring, fuzzy ideal, fuzzy quotient gamma
ring, and fuzzy gamma homomorphism are introduced.
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1. Introduction

In 1965, L. A. Zadeh introduced the notion of a fuzzy subset of a set as a method for
representing uncertainty. Then, in 1971, A. Rosenfeld used the notion of a fuzzy subset of
a set to introduce the notion of a fuzzy subgroup of a group. Rosenfeld’s paper inspired
the development of fuzzy abstract algebra. After these studies, many mathematicians
have studied these subject. For more details, see [11].

In [4, 5], M. Demirci introduced the concept of smooth group by using a fuzzy binary-
operation and the concept of fuzzy equality, and then this concept was applied to a new
kind of fuzzy group based on a fuzzy binary operation by X. Yuan and E.S. Lee [17].
Recently H. Aktas and N. Cagman [1] considered a type of fuzzy ring based on Yuan and
Lee’s definition of a fuzzy group.

In [13], N. Nobusawa introduced the notion of a I'-ring, which is more general than
a ring. W. E. Barnes [2] weakened slightly the conditions in the definition of a I-ring
in the sense of Nobusawa. After these two papers were published, many mathemati-
cians obtained interesting results on ['-rings in the sense of Barnes and Nobusawa which
paralleled results in ring theory.
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In [7], Jun and Lee introduced the concept of fuzzy I'-ring. After this study several
mathematicians worked on this subject, see for instance [8, 9, 14, 15].

In this paper, we define a new kind of fuzzy gamma ring. We obtain the fuzzy quotient
gamma ring induced by fuzzy ideals, and present some fuzzy gamma homomorphism
theorems.

2. Preliminaries

In this section we summarize the preliminary definitions that will be required in this
paper. Most of the contents of this section are contained in [2, 7] and [17].

2.1. Definition. [2] If M = {a,b,¢,...} and T = {a,3,7,...} are additive abelian
groups and for all a,b,c € M and all o, 8 € I, the following conditions are satisfied
(i) aab € M;
(ii) (a+ b)ac = aac+ bac, a(a+ B)b = aab + afb, aa(b+ ¢) = aab + aac;
(iii) (aad)Bc = aa(bBc);
then M is called a I'-ring.

2.2. Definition. [2] Let M be a I'ring. A subset U of M is a left (right) ideal of M if
U is an additive subgroup of M and

MTU ={aau|ae M, a€l, ue U} (UI'M)
is contained in U. If U is both a left an right ideal, then U is a two-sided ideal, or simply
an ideal of M.

Let M and M’ be two I'-rings. A mapping f : M — M’ of I'rings is called a I'-
homomorphism if f(x +y) = f(zx) + f(y) and f(xyy) = f(x)vf(y) for all z,y € M and
all y € I'. If f is one-to-one and onto, we say that f is a I'-isomorphism and that M and
M’ are T'-isomorphic, denoted by M = M'.

2.3. Definition. [7] Let M be a I'-ring. A fuzzy subset p of a I'-ring M is called a fuzzy
sub-I'-ring of M if

i) p(z —y) = min{u(@), p(y)},

i) p(zyy) = max{pu(z), u(y)},
for all z,y € M and for all v € T.
2.4. Definition. [7] A fuzzy subset u of a I'-ring M is called a fuzzy left (resp. right)
ideal of M if

i) ple —y) > min{u(z), u(y)},

i) pleyy) = wy) (w(zyy) = ple)),
for all z,y € M and for all y € T".
2.5. Definition. [17] Let G be a nonempty set and R a fuzzy subset of G X G X G. Then
R is called a fuzzy binary operation on G if

(i) Ya,b € G, ¢ € G such that R(a,b,c) > 0,

(ii) Ya,b,c1,c2 € G, R(a,b,c1) > 0 and R(a,b,c2) > 6 implies ¢1 = c2,
where 6 € [0,1) is a fixed number.

Let R be a fuzzy binary operation on G. Then we may regard R as a mapping
R: F(GQ) x F(G) — F(G), where

F(G)={A|A:G—]0,1] is a mapping}
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and for A, B € F(G), R(A, B) is defined by
(2.1) R(A,B)(c) = \/ (A(a) A B(b) A R(a,b,c))

a,beG
for all c € G.
For A = {a} and B = {b} we denote R(A, B) by aob. Then

(2.2) (aob)(c) = R(a,b,c), for all c € G,

(2.3)  ((aob)oc)(z) = \/ (R(a,b,d) A R(d,c,z), for all z € G,
deG

(24)  (ao(boc))(z) = \/ (R(b,c,d) A R(a,d,z2)), for all z € G.
de@

2.6. Definition. [17] Let G be a nonempty set and R a fuzzy binary operation on G.
Then (G, R) is called a fuzzy group if the following conditions are true:
(G1) Ya,b,c,z1,22 € G, ((aob)oc)(z1) > 6 and (ao (boc))(z2) > 0 implies z1 = za;
(G2) Jeo € G such that (eg oa)(a) > 6 and (aoep)(a) > 0 for any a € G
(eo is unique and is called the identity element of G);
(G3) Ya € G, 3b € G such that (aob)(eo) > 6
(b is unique and is called the inverse element of a, denoted by a™1).

3. Results

Let M and I' be nonempty sets, Ry a fuzzy binary operation on M and Rr on I'.
Hence, Ry is a fuzzy subset of M x M x M, and Rr a fuzzy subset of I' x I' x I'. We
assume throughout that the value of 0 is the same for Ry and Rr.

Let (M, Rar) and (T', Rr) be fuzzy groups. We now define a new fuzzy binary operation
S on (M,T') which is a fuzzy subset of M x I x M x I x M.
3.1. Definition. Let M and I" be two nonempty sets and S a fuzzy subset of M x I' x
M x T x M. Then S is called a fuzzy binary operation on (M,T") if

(i) Ya,be M,Va,8 €T, 3c € M such that S(a,a,b,3,¢) > 0,
(i) Va,b,e1,c2 € M,Vy €T,V ycp S(a,7,b,8,¢1) >0 and V ycp S(a, v, b, 8,¢c2) > 0
implies ¢1 = ca,

where 0 € [0, 1) is as above for Ry and Rr.
Let S be a fuzzy binary operation on (M,T"). Then we may regard S as the mapping
S:F(M)x FT')x F(M) — F(M), (A,G,B) — S(A,G, B),

where
F(M)={A|A: M — [0,1] is a mapping},
FI)={G|G:T — [0,1] is a mapping},
and
(31)  S(A,G,B)(c)= \/ (A(a) AG(a)AB(b) AS(a,a,b,B,c)), Ve € M.
a,beM
a,Ber

Let A = {a}, B = {b}, G = {a} and G’ = {d'}. Let Ru(A,B), Rr(G,G’) and
S(A, G, B) be denoted by aob, aoa’ and a*a*b, respectively. We will use the following
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notation to simplify the calculations:

(32)  (axaxb)(c)= \/ S(a,a,b,a’,c) for all c € M,

(3.3)  ((axaxb)xBxc)(z)= \/ (S(a,a,b,0',d)AS(d,B,c,B,2)),
deM
of,B'el’
(34)  (axax(bxBxc)(z)= \/ (SOb,Bca' d)AS(aadf,2)),
deM
of,B'el’
(35) (axax(boc)(z)= \/ (Ram(b,c,d) A S(a, o, d, ', 2)),
o
(36) ((axaxb)o(axax*c))(z)= \/ (S(a,a,b,a’,d) A S(a,a,c,f,e) A Ru(d,e, 2)),
s
37  (ax(aof)xb)(e)= \/ (Br(a,B,7)AS(ay,ba,c)),
(3.8) ((axaxb)o(axBx*b))(c)= \/ (S(a,a,b,a',d) A S(a,B,b,8,e) A Ru(d, e, c)),
arrer
(39)  ((aob)xaxc)(z) = \/ (Ru(a,b,d) A S(d,a, ¢ a,2)),
(310) ((axaxc)o(bxax*c))(z)= \/ (S(a,a,c,a’,d) AS(b,a,c,3',e) A Ru(d, e, 2)),
d,eeM
a’,B’el

3.2. Definition. Let M and I' be nonempty sets, Rar, Rr and S fuzzy binary operations
on M, I" and (M,T), respectively, all with the same value of 6. To simplify the notation,
from now on we denote both Ry and Rr by R. Then (M, T, R, S) is called a fuzzy gamma
ring if the following conditions hold.
(M,T); (M, R) and (T, R) are abelian fuzzy groups,
(M,T)2 Va,b,c,z1,22 € M,Vv,8 €T, ((axy*b)xBxc)(z1) > 0 and (axy*(bxF*c))(z2) > 0
implies z1 = 22,
(M,T)s Va,b,c,z1,22 € M,Vvy,B €T,
(1) (axvy=*(boc))(z1) >0 and ((a*xy*b)o(a*xvy*c))(z2) > 0 implies z1 = 22,
(ii) (a*(yoB)*b)(z1) >0 and ((a*y=xb)o(a*xB*b))(z2) > 6 implies z1 = 2,
(iii) ((aob)*yx*c)(z1) > 60 and ((a*xy*c)o (bxyx*c))(z2) > 0 implies 21 = 22.
The identity element of the fuzzy group (M, R) is called the zero element of (M,T', R, S),
and is denoted by eg.

3.3. Definition. A fuzzy gamma ring (M,T', R, S) is called commutative if
(axyxb)(2) >0 <= (bxy*a)(z)>0.
for all a,b,z € M and for all v € I'.
For a fuzzy gamma ring (M,T", R, S),

CM,T,R,S)={aeM]|(axyx*b)(z) >0 < (bxyxa)(z) >0
for all b,z € M and for all vy € '}
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is called the center of (M,T',R,S). It follows that (M,I,R,S) is commutative if and
only if M = C(M,T, R, S).

We now prove some elementary properties of fuzzy gamma rings.

3.4. Theorem. Let (M,T',R,S) be a fuzzy gamma ring, a,b,c € M and v € I'. Then
(1) i) (axy*b)(b) > 60 and (a v *b)(eo) > 0 implies b = eo, and
i) (bx~vy=*a)(a)>0 and (b*vyxa)(eo) > 6 implies a = ep.
(2) Let b~ be the inverse of b in (M, R). Then
i) (axvy*b~)(v) >0 and (a*~ *b)(w) > 0 implies v =w"",
i) (a7t xyxb)(u) >0 and (a*v *b)(s) > 0 implies u = s,
i) (a7 txyxb 1) (t) > 0 and (a*v*b)(r) > 0 impliest =7,
(3) 1) (@axyx(boc™))(z1) > 0 and ((a*y*b)o(a*y*c 1)) (22) > 0 implies
Z1 = 22,
ii) ((aob™ ) xyxc)(z1) >0 and ((axyxc)o (b xv*c))(z2) > 0 implies
zZ1 = Zz2,
iii) (ax (yoB 1) *b)(21) > 0 and ((a*yxb)o (ax*B " xb))(22) > 0 implics

Z1 = Z29.

Proof. (1)(i) Let (ax~*b)(b) > 6 and (a*~*b)(eo) > 0. Thus, we have for all a,b € M
and for all v, € I' that (a x v xb)(b) = Ve S(a,7,b,8,0) > 6 and (a x v * b)(eo) =
Vser S(a,7,b, 8, e0) > 0 from (3.2), and so b = eo by Definition 3.1 (ii).
(1)(i1) Similarly, it may be shown that a = eq.
(2)(i) Let ¢ € M such that R(v,w,c) > 6. Then
((axy*b ") o(axyxb))(c) > S(a,y,b",B,v)AS(a,v,b,a,w) A R(v,w,c) > 6
and
(ax~y* (b ob))(eo) > R(b™",b,e0) A S(a,,eo,a,eq) > 6.
Thus we get that ¢ = eg from (M, T")3(7), and so R(v,w,eq) > 6.
Let ¢ € M be such that R(w,v,c) > 6. Then
((axy*b)o(axyxb "))(c) > S(a,v,b,a,w) AS(a,v,b”", 8,v) A R(w,v,¢) > 6
and
(axvyx*(bob ")) (eo) > R(b,b™",e0) A S(a,,eo, B, e0) > 0.

Thus we get that ¢ = eg from (M,I')3 (i), and so R(w,v,eq) > 6. Hence we obtain
v=w"" from (G3).
(2)(ii) Similarly, it may be shown that u = s™*.
(2)(iii) Let (a7 % v *b~1)(¢) > 0. In this case, (a™* * v *b)(t™) > 0 by (2)(i) and
S(eo0,,b,a,e0) > 0 by (1). If k € M is such that R(r,t™', k) > 0, then
((axyxb)o(a " syxb)) (k) > S(a,y,b,&,7)AS(a” ", 7, b, 8, t YAR(r,t ", k) > 6
and
((a o ail) * Y * b)(@o) > R(LL a717 60) A 5(607 7, b, a 60) > 6.
It follows that k = e from (M, T3 (iii) and R(r,t™', eo) > 0. Also, similarly R(¢™',r, eq)
> 6. Consequently, t = r by (G3).
(3)(i) Let (boc ')(z1) > 0 and (bow)(z1) > 6. In this case, we have c™' = w by
[17, Proposition 2.1 (3)]. If a # eo, then (a *~ * (boc™'))(21) > 6, and we have that
(a* vy (bow))(z1) > 6, where v € I". Let k € M be such that R(u,v, k) > 6. Then

((axyxb)o(axvy*w))(k)>S(a,v,b,a,u) AS(a,v,w,a,v) AR(u,v,k) >0,
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and so we get that z; = k from (M,T")3 (i). Since ((a * y*b) o (a*y*c 1)) (22) > 0, we
have ((a* vy *b)o (a*xvy*w))(z2) > 6, and so 21 = z2 from (M, T")s ().

(3)(ii) and (3)(iii) may be shown in a similar way. O

3.5. Definition. Let (M,I", R, S) be a fuzzy gamma ring.
(i) (M,T,R,S) is called a ring with identity if there is an element e, in (M, T, R, S)
such that (e« *xy*a)(a) > 0 and (axy*e.)(a) > 6 for alla € M, and all y € T
(ii) Let (M,T, R, S) be a fuzzy gamma ring with identity. If (a %y xb)(e«) > 6 and
(b*xvy*a)(es) > 0 for all a,b € M, and all v € T, then b is called an invertible
(or unit) element of a, and is denoted by a; *.

3.6. Theorem. If (M,T',R,S) is a fuzzy gamma ring with identity, then e. is unique.
Proof. Let €, €, be identity elements of (M,T, R,S). In this case, (e; * v *e)(el) >

0 and (e, * v x el)(e) > 0, where v € T. Thus Vo S(el,v,¢€l,8,e.) > 0 and
Ver S(ek, v, €X, 8, €l) > 0. So we get el = el by Definition 3.1. O
3.7. Definition. A nonzero element a in a fuzzy gamma ring (M,I', R, S) is called a
zero divisor if there exists b in (M, T, R, S) such that b # ey and either (a*~y*b)(eq) > 6
or (bx~yxa)(eo) > 6, where y € T".

The following theorem establishes a relation between zero divisors and the cancellation
property of a fuzzy gamma ring.

3.8. Theorem. A fuzzy gamma ring (M,T', R, S) has no zero divisor if and only if for
all a,b,c,v € M with a # eo and ally € T, (a*xyxb)(v) > 0 and (axyx*c)(v) > 0 implies
b = ¢ ( left cancellation law) or (b x a)(v) > 0 and (c* v *a)(v) > 6 implies b = ¢
(right cancellation law).

Proof. = Suppose that (M,I', R, S) has no zero divisor. If (a * v % ¢)(v) > 6, then
(a*vy*c ') (v™") > 0 by Theorem 3.4 (2). Let k,m € M be such that R(a,c™', k) > 0
and S(a,v,k,a,m) > 0, for all a # eo,b,c € M and all 7,3, € I'. Then

((axysb)o(aryrc™))(e0) > S(a,7,b, B,v)AS(a,v, ¢, B, 0™ )AR(v, v, e0) > 0
and
(axvyx*(boc ")) (m) > R(b,c ' k) AS(a,v,k,a,m) > 6.
Thus m = eg by (M,TI')3 (i), and so S(a,~,k, a,eo) > 0. Since a # eg and (M,T', R, S)
has no zero divisor, we get k£ = e¢ and so
(3.11)  R(a,c¢ ", e0) > 6.
On the other hand, if (a * v * b)(v) > 0, then (a*~v*b~*)(v™") > 6 by Theorem 3.4 (2).
Let t,n € M be such that R(c,b™*,t) > 0 and S(a,~,t,8,n) > 0. For all a # eg,b,c € M
and all v, 3,3 €T,
((axy*c)o(axyxb"))(eo)
Z S(a7 V? C? /67/071) /\ S(a7 V? b717 5,71}71) /\ R(v7 ’U717 eo)
>0
and
(@ sy (cob ™)) = Rie,b™ ) A S(a,,t,B,n) > 6.
Thus we get n = eg by (M,I')3 (i), and so S(a,v,t,8,e0) > 6. Since a # eo and
(M,T, R,S) has no zero divisor, we get t = ep and so

(3.12)  R(c,b™ ", e0) > 0.
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From (3.11) and (3.12), we have b = ¢ by Definition 2.5. Similarly, it may be shown that
(bxvyxa)(v) >0 and (c*v*a)(v) > 6 implies b = c.
<= Suppose one of the cancellation laws holds, say, the left one, i.e., if a,b € M with

a # eg and v € T', then (a*xvyx*b)(eg) > 0 and (axyxeg)(eo) > 0 implies b = ep. Similarly,
the right cancellation law implies b = eo. Thus, (M, T, R, S) has no zero divisors. g

Now, we introduce the idea of a fuzzy gamma subring of a fuzzy gamma ring.

Let (M,T',R,S) be a fuzzy gamma ring and N a nonempty subset of M. Let
Rn(a,b,¢) = R(a,b,c) and Sn(a,v,b,8,¢) = S(a,,b,8,¢) for all a,b,c € N and all
~v,B € T'. Then we have

(3.13) (asb)(c) = Rn(a,b,c) = R(a,b,c), for all a,b,c € N
(3.14) (aovyob)(c) = \/ Sn(a,v,b,8,¢) = \/ S(a,v,b,B,c) for all a,b,c € N, v€T.
per per

3.9. Definition. Let (M,T", R, S) be a fuzzy gamma ring and N be nonempty subset of
M for which:

(i) (aob)(c) > 0 implies c € N and (a *y xb)(c) > 0 implies ¢ € N for all a,b € N,
all ce M and all vy €I, and
(ii)) (N,T, Ry, Sn) is fuzzy gamma ring.
Then, (N,I', Ry, Sn) is called a fuzzy gamma subring of (M,T", R, S).

3.10. Proposition. Let (M,I',R,S) be a fuzzy gamma ring and N a nonempty subset
of M. Then (N,T', Rn,Sn) is a fuzzy gamma subring of M if and only if

(1) (aob)(c) > 0 impliesc € N and (a*xy*b)(c) > 6 impliesc € N, for alla,b € N,
allce M and all vy €T
(ii) a™* € N for alla € N.

Proof. Straightforward. g

3.11. Theorem. Let (M,T',R,S) be a fuzzy gamma ring and x an element of M. If
Clx)y={aeM|(xxvyxa)(c) >0 < (axyxzx)(c)>0, Vce M VyeT}

then C(z) is a fuzzy gamma subring of M.

Proof. Clearly eg € C(x) and so C(z) # 0.

(1) a1,a2 € C(z) and (a1 o a2)(b) = R(a1,az2,b) > 0 implies b € C(z). Let z,b,c, b1, bz,

di,d2 € M be such that S(b,v,z,8,¢) > 0, S(x,v,b,8,d1) > 0, S(x,v,a1,5,b1) > 6,
S(z,v,az2,3,b2) > 0, and R(b1,b2,d2) > 6.

From R(a1,a2,b) > 0 and R(az,a1,b) > 60, we have
(z*x7v % (a1 0a2))(d1) > R(a1,a2,b) A S(x,v,b,8,d1) > 0,
and
((zxyxa1)o(zxy*az))(d2) > S(z,v, a1, B,b1)AS(x,7, az, 3,b2) AR(b1, bz, d2) > 0.

Thus, di = d2 by (M,I')s (i) and R(b1,b2,d1) > 0. For a1, a2 € C(x), S(a1,v,x,3,b1) >
0, S(az,v,x,3,b2) > 0 and R(b2,b1,d1) > 0, and so

((az 0o a1) *yxz)(c) > R(az,a1,b) A S(b,v,z,08,¢) >0,
and

((agxy*z)o(arxy*x))(d1) > S(az,~,z,3,b2)AS(a1,v,z, 3,b1) AR(b2, b1,d1) > 6.
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Thus ¢ = dy by (M, T")3 (i4i) and S(x,~, b, 8, c) > 0. Therefore, we get that S(b,v, z, 3,¢) >
0 implies S(z,~,b,5,c) > 0. Similarly, it may be shown that S(z,~,b,8,¢) > 6 implies
S(b,y,x,B,¢) >0, and so b € C(x).

Let z,b,c,b2,d,di1 € M and «,83,72,7,01 € T be such that S(z,a,b,7,¢) > 0,
S(z,a, a2,7y2,b2) > 0, S(b,a, z, 7,d) > 0 and S(a1, o, a2, 3,b) > 0 and S(a1, a, b2, B1,d1) >
0. From S(az, o, x,v2,b2) > 6, we have

((al * ok a2) * ok x))(d) > S(a17057 a27ﬂab) A S(b7 a7$777d) >0,
and

(a1 *x ax (a2) *xaxx)(d1) > S(az, a, x,v2,b2) A S(a1,a, bz, B1,d1) > 0.

Thus di = d by (M,T')2, and so S(a1,a,ba,B1,d) > 0. Let bi,d2 € M and 1,82 € T be
such that S(a1, @, z,71,b1) > 6 and S(b1, o, az, B2,d2) > 0. From S(z, o, az2,72,b2) > 0,
we have

((a1 * axaz) xaxx)(d2) > S((a1,a, az2,8,b) AN S(b,a,z,7,d) > 0
and
(a1 *ax (x*xa*xa))(d) > S(z, o, az,7y2,b2) A S(a1, e, ba, B1,d) > 6.

Thus, d2 = d by (M,T")2, and so S(b1,, a2, B2,d) > 0. From S(a1, e, x,v1,b1) > 0 we
have

((z*axa1)*axaz)(d) > S(ar, o, x,v1,b1) A S(b1,a,a2,02,d) > 0
and

(z*xax* (a1 *xax*xaz2))(c) > S(a1,a,az,3,b) A S(z,a,b,7,¢) > 6.
Thus ¢ = d by (M,T')2, and so S(b, o, z,7,¢) > 0. Similarly, S(b, o, z,7,¢c) > 6 implies
S(z,a,b,7,¢) > 0, and then b € C(z).
(ii) Let a € C(x). If b,c,d,b,be,d1 € M are such that S(z,v,a™,8,d) >0, S(a™*,~,,
B,¢c) >0, S(z,v,a,v',b1) > 0, R(b1,d,d1) > 6 and R(b1,d,d1) > 6, then we get

((a ' oa)xy*x)(eo) > R(a™",a,eo0) A S(eo,,,a,e0) > 0,
and

((ail*fy*x)o(a*y*x))(bz) > S(a71777x7ﬂ7 C)/\S(a777x77/7b1)/\R(c7 blvbz) > 0.
Thus eg = b2 and so R(c,b1,e9) > 6. Also,

(x *y* (a71 ° a))(eo) 2 R(a717a7 60) A S(x777 €o, @, 60) >0,
and

(zxyxa™)o(zxyxa)(d) = S(x,v,a™", B, d) Az, 7,0, ,b1) AR(d, by, da) > 0,

from which we get eg == d1 and R(d,b1,e9) > 0. Since R(c,b1,e0) > 0, R(d,b1,e0) >
0 and (M, R) is an abelian fuzzy group, e have d = c¢. Similarly, a € C(z) and
S(a™',v,z,6,d) > 0 implies S(z,v,a”",8,d) > 0. Hence, a~* € C(z). Then, C(z)
is a fuzzy gamma subring of M by Proposition 3.10. O

3.12. Definition. Let (M, I, R, S) be a fuzzy gamma ring. A nonempty subset I of M
is called a left (right) fuzzy ideal of M if for all a,b € I, all n,m € M, and all v € T,
(aob)(m) > 0 implies m € I, a™' € I, (n*xy+a)(m) > 0 implies m € I ((a*xvy*n)(m) > 0
implies m € I).

A nonempty subset I of a fuzzy gamma ring (M,I", R, S) is called a fuzzy (two-sided)
tdeal of (M,T', R, S) if I is both a left and a right ideal of (M,T', R, S).
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3.13. Remark. From the definition of a fuzzy left (right) ideal I of (M, I, R, S), then
I is a fuzzy gamma subring of (M,I', R, S). Also, if M is a commutative fuzzy gamma
ring, then every left fuzzy ideal is a right fuzzy ideal and every right fuzzy ideal is a left
fuzzy ideal.

3.14. Proposition. Let I;, i € A, be a fuzzy ideal of fuzzy gamma ring (M,T, R, S),
where A is a index set. Then (\;c, Ii is a fuzzy ideal of M.

Proof. Straightforward. g

Let I be a fuzzy ideal of fuzzy gamma ring (M,T',R,S) and A = {aol | a € M},
where (ao I)(u) =\, .; R(a,z,u) for all a € M. We define a relation over A by

aiol ~azo0l <= Fu € I such that R(af17a27u) > 0.

The fuzzy relation ~ on the set A is a fuzzy equivalence relation by [17, Theorem 4.1]. Let
[aol] ={a'ol |a’ol ~aol},a={a'|a’ € M, a'ol ~aol}and M/I = {[acl]|a € M}.
Also, (I, R) is a fuzzy subgroup of (M, R), and since (M, R) is abelian, (I, R) is a normal
fuzzy group of (M, R) by [17, Theorem 3.1]. Hence (M/I, R) is a commutative fuzzy
group by [17, Theorem 4.2], where

(3.15) ([acI]@[bol))([col]) =R(lacl],[bol] [col]) = \/ R(d',V,c")
(a’ b/ ,c’)E€axbxe

Given the fuzzy groups (M/I,R) and (I',R), let S be a fuzzy binary operation on
(M/I,T), that is a fuzzy subset of M /I xT'x M/I xT' x M/I with the same value of 0 as
for R and R. Then we may associate with S the mapping S : F(M/I)x F(T)x F(M/I) —
F(M/I) given by

SA,G,B)()= '\ (A)AGH)ABE)AS@, .Y, 8,¢))
a’ b eM/I
v,BET

where
F(M/I)={A|A: M/I — [0,1] is a mapping}.
With R and S as above, we have
(lao T} @y ® o 1)) ([eo 1)
=S(lacI],[boI],[co1])
= V S, 7., B, ¢),

(a’,y,b/,B,c')EaxyXbxBXE
(([ao I®[bol])®[co I])([u o1])

= \/ R(lao1),[boIl,[doI]) AR([do I],[coI],[uoT]),

([ao[] @ (boll® [co]]))([wo[])
= \/ (R(boIl,[coll,[doI]) AR([acI],[doI],[wol])),

([aoI]®’Y®([bo]]®[co]]))([zo]])

= v (R(boIl,[coI],[doI) AS([aoI],v,[do1],B,[z01]))
deM,Ber

(3.16)
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(lacll@y®bol])® (lacl]®@y®[col]))([z01])
- \/ (S(laoI],v,[bol],B,[doI])AS(lacI],y,[col],B [d2oI])

dy,da€M
B,8'el’

AR([dy o 1],[d2 0 I, [z 01])),
(lacll® (yory )@ boI])([z01])
=V (R(.Y.8)AS(lao1),8,[bo1],8,[201])),
B8,B'er
(lacll@y®bol])® ([acl]®y ®[boll]))([zo1))

= \/ (S(lacll,v,boll,e[col]) AS(laoT],y,[boT],a [doI])

AR([col],[do 1], [z01])),
(acIl@[bol))®@B® (col)([zol])

= \/ (B(lao1,[bo1],[do1]) AS([doT],8,[coT], B [z01])),
B’el

(lacT]®@B@[col])@ (boll®@B@[col))([z01])
= \/ (S(lac1],8,[coI],8,[dioI]) AS([bo1],B,[coI],B", [dsoI])

dy,doeM
p’,B"er

AR([dy o I],[d2 0 I, [z 0 I])).
3.15. Theorem. Let (M,T',R,S) be a fuzzy gamma ring and I a fuzzy ideal of M. Then
the quotient fuzzy group (M/I, R) is a fuzzy gamma ring with
(laofl®y®bol)(cot]) =S(ao .o 11,8, lco 1)
= \V S(a',y,b',8,¢)
(a’,v,b",B,¢!YEaxyxbxBXE

Proof. The proof of (M,T")2 is similar to the proof of [17, Theorem 4.3], and is omitted.
It only remains to check that (M,I")s is satisfied.

(i) Let
([acll@y® (boI]l®[col]))([doI]) >0
and
(lacIll@y@bol])® ([acl]®@y® [coll]))([wol]) > 6.

Thus, we have a1,a},b1, b}, c1,ci,di, w1 € M such that a0l ~ajol ~aol, bjol ~
ol ~bol,ciol ~ciol ~col,diol ~dol, wiol ~wol,and there exist elements
Ui, uz,uz € I, o7, x5, x5 € M and o, 3,a’, 3 € I such that

R(bi,c1,21) A S(a1,v,x1, o, d1) > 6,

S(at,,b1, 3,25) A S(ay,,c1, o, x5) A R(xh, 25, w1) > 0,

R(a'huhal) >0, R(b'l,u27b1) > 0 and R(c'hug,cl) >0
by (3.15) and (3.16).
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Let z1 € M be such that R(b},ci,21) > 0. Then by R(b1,c1,x}) > 0, R(b1,u2,b1) >
0, R(by,cy,2z1) > 0, R(c},us,c1) > 0, and the proof of [17, Theorem 4.2], we have
R(z1,u,z}) > 0 for any u € I.

Since [ is a fuzzy ideal, there exist elements u’, uj, u4, us, ug € I such that S(us,~, z1, 5,
uz) > 0, S(u,v,b1,8,u") >0, S(u,v,us, B,us) > 60, R(uz,u',us) > 0 and R(us,us,us) >
0.

Let z1 € M be such that S(al,~, 21,8, 22) > 0. By S(a1,v,z1,a,d1) > 0, R(z1,u,z})
> 0, R(ci,us,c1) > 0, S(ay,v,21,83,22) > 60, and similarly to the proof of [17, Theo-
rem 4.2], we have R(z2,us,d1) > 6. Hence,

(a1 %y * (b1 0 ¢1))(22) = R(bY, 1, 21) A S(ay,, 21, 8, 22) > 0

and

(@) %y by) o (ay * v+ 1)) (w2) = S(at, v, b1, B, 25) A S(ar, v, c1, 3, )
A R(xh, x5, ws2)
> 0.
Therefore, z2 = w2 and R(w2, ue,d1) > 0. In this case, wi ol ~dyol, and so [wy1 o] =
[dyoI].
Similarly, it may be shown that (ii) and (iii) of (M,I")s also hold. O

3.16. Definition. Let (M,T',R,S) be a fuzzy gamma ring and I a fuzzy ideal of M.
Then the fuzzy gamma ring (M/I,T, R, S) is called the fuzzy quotient gamma ring of M
by I.

Finally, we introduce the notion of a fuzzy gamma homomorphism of fuzzy gamma
rings. This concept is the analog of homomorphism for rings.

3.17. Definition. Let (M1,T', R1,S51) and (M>, T, Rz, S2) be fuzzy gamma rings and f
a function from M; into Ms. Then f is called a fuzzy gamma homomorphism of M; into
My if

(1) Rl(a7 b, C) > 0 implies RQ(f(a)7 f(b)7 f(C)) >0,

(i) S(a,7,b,B,¢) > 0 implies S(f(a),v, f(b), B, f(c)) >0,
for all a,b,c € My, and all v, € T.

A homomorphism f of the fuzzy gamma ring M; into the fuzzy gamma ring M is
called

(1) A monomorphism if f is one-one,
(2) An epimorphism if f is onto M2, and
(3) An isomorphism if f is a one-one and map of My onto M.

If f is an isomorphism of M; onto Mas, then the fuzzy gamma rings M; and M, are
called isomorphic, denoted by M; = Mo.

3.18. Theorem. Let (M:1,T', R1,51) and (M2,T', R2,S2) be fuzzy gamma rings, and let
f be a fuzzy gamma homomorphism of My into Ma. Then

(i) f(eo) = e, where e is the zero of Ma,
(i) f(a™') = f(a)™" for alla € M,
(iii) Imf = {f(a) | a € M1} is a fuzzy gamma subring of M.

Proof. (i) Since f is a fuzzy gamma ring homomorphism, for all a € M,

Rl(a7 607a) > 6 implies Rg(f(a)7f(€0)7f(a)) >0,
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and for f(a) € Mz we get Rz(f(a),ep, f(a)) > 6. Now

(f(@) ™" o (f(a) o f(eo))(f(e0)) = Ra(f(a), f(eo), f(@) A Ra(f(a)~", f(a), f(eo))
> 0.

Therefore, we get that f(eq) = ey by G1.
(ii) Since f is a fuzzy gamma homomorphism, for all a € M,
Ri(a,a™ ", e0) > 0 implies Ra(f(a), f(a™"), feo)) > 0,
and so Ra(f(a), f(a™'),eh) > 0 by (i). Hence we get that f(a™') = f(a)™".
(iii) Since f is a fuzzy gamma homomorphism, we have f(eg) = ey € Imf, eo € M1, by
(i). Hence Imf # 0.

(1) If a1, a2,a € M, are such that Ri(a1,a2,a) > 6, then Rz(f(a1), f(az2), f(a)) > 0,
and so f(a) € Imf. Let a1,a2,a € My and v, € T be such that Si(a1,7,az,B3,a) > 0.
Then S3(f(a1),7, f(a2), 8, f(a)) > 0, and so f(a) € Imf.

(2) Let b € Imf be such that b = f(a), a € M. Since f is a fuzzy I' homomorphism
and ™' € M1, we get b~ = f(a)™' = f(a™') € Im(¥). O
3.19. Theorem. Let (M1,T',R1,S1) and (M2,T', Ra, S2) be fuzzy gamma rings, and let
f be a fuzzy gamma homomorphism of My into Ma. Then

(i) Kerf ={a € M1 | f(a) =ep} is a fuzzy ideal of My
(ii) If B is a fuzzy ideal of Mz, then f~*(B) is a fuzzy ideal of M,

(iii) If f is surjective and A is a fuzzy ideal of M1, then f(A) is a fuzzy ideal of M.
Proof. (i) Since f(eo) = ep, eo € Kerf, and so Kerf # 0.

If a,b € Kerf are such that Ri(a,b,m1) > 0, m1 € M, then

Ra(f(a), £(b), f(m1)) = Ra(eo, €o, f(ma)) > 0

since f is a fuzzy gamma homomorphism. Therefore, f(m1) = e and so m1 € Kerf.
If a € Kerf is such that Ri(a,a™", eo) > 6, then

R2(f(a), f(a™), f(e0)) = Ra(f(a), f(a™"),€5) > 6,
and so f(a™') =ep, i.e. a”' € Kerf.
Finally, if Si(a,~y, m1,8,w) > 0 for all mi,w € My and all 7,3 € T, then
SQ(f(a)777f(m1)7ﬁvf(w)) > 0.

Since f(a) = ep, S2(€o,7, f(m1), B, f(w)) > 0. In this case, we have (eg*y* f(m1))(f(w))
> 6 and (ey * v * f(m1))(ep) > 6, and so f(w) = ey by Theorem 3.4.
Similarly, if S1(m1,~,a,B3,u) > 6, then Sa(f(m1),7, f(a), B, f(u)) > 6. Since f(a) =
€0,
Sa(f(m1), 7, f(a), B, f(w)) = (f(ma) %y €0)(f(u)) > 0.

Also, since (f(m1) * v *eg)(eg) > 6, we have f(u) = ey by Theorem 3.4. Therefore, we
get that w,u € Kerf, and so Kerf is a fuzzy ideal of M;.

(ii) and (iii) may be proved similarly. O
3.20. Theorem. Let (M,T, R, S) be a fuzzy gamma ring and I a fuzzy ideal of M. Then,

the mapping 11 : M — M/I defined by Il(a) = ao I for alla € M is a fuzzy gamma
homomorphism, called the fuzzy canonical gamma homomorphism.
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Proof. Let a,b,c € M be such that R(a,b,c) > 6. Then
R(I(a),11(b),11(c)) = R(ao I,bol,col)= ([aoI]®[bol])[col]

= \/ R(a/,b',c/)
(a’,b’,c’)eaxbxe

> R(a,b,c)
>0
by (3.15). If a,b,c € M and ~, 3 € I" are such that S(a,~,b,3,c) > 6, then
E(H(a)777n(b)7ﬁ7n(0)) :g(a01777b017ﬁ,cof)
([acll®@y®[bol])col
V S(a',y, b, 8,¢)
(a’,v,b,B,c')EaxyxbxBXE
Z S(al7’77b,7ﬂ7cl)
>0

by (3.16). O

3.21. Theorem. Let f : (M1,T,R1,51) — (M2,T, R2,S2) be a fuzzy gamma epimor-
phism. Then Mi/N = M, where N = Kerf

Proof. Define the mapping ¢ : M1/N — M2 by ¢(Jao N]) = f(a) for all a € M;. In this
case, ¢ is a well defined one-to-one fuzzy group homomorphism by [17, Theorem 5.3].
Therefore, it is only remains to show that if Si([a o N],v,[bo N],3,[co N]) > 6, then
S2(p([a o N1),7v,¢([bo NJ),B,¢(Jco NJ)) > 6. In this case, there exist a1,b1,c1 € M,
7,0 € I and n1,n2,n3 € N such that Ri(a,n1,a1) > 0, Ri(b,n2,b1) > 0, Ri(c,n3,c1) >
0, and Si(a1,v,b1,8,c1) > 0.

Let w € Mi be such that Si(a,~,b,3,u) > 6. Then, as in the proof of [17, The-
orem 4.2] we have Ri(u,n’,c) > 6 for any n’ € N. Thus, wo N ~ co N and so
f(e) = f(w). Since Si(a,~,b,5,u) > 0, we have S2(f(a),, f(b),5, f(u)) > 6. Then,
Sa(f(a),, £(b), B, f(c)) > 0. 0

3.22. Theorem. Let f: (M:1,T',R1,51) — (M2,T', R2,S2) be a fuzzy gamma homomor-
phism, and let A and B be fuzzy ideals of My and Ma, respectively such that A C f~(B).
Then there exists a fuzzy gamma homomorphism f* : M1 /A — Ma/B such that the fol-
lowing diagram commutes:

f

M1 %M2

M JA— = My/B

Proof. Left to the reader. g
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