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Abstract

Making use of a convolution operator involving the Hurwitz-Lerch Zeta
function, we introduce a new class of analytic functions PT(A, «, §)
defined in the open unit disc, and investigate its various characteristics.
Further we obtained distortion bounds, extreme points and radii of
close-to-convexity, starlikeness and convexity for functions belonging
to the class PT(\, o, §).
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1. Introduction

Let A denote the class of functions of the form
oo
(1.1)  f(») :z+2akzk
k=2
which are analytic and univalent in the open disc U = {z : z € €; |z| < 1}. For functions

f € A given by (1.1) and g € A given by g(z) = z 4+ 3. bpz", we define the Hadamard
k=2
product (or convolution) of f and g by

(1.2)  (f*9)(2) :z—|—Zakbkzk, zeU.
k=2

We now recall a general Hurwitz-Lerch Zeta function ®(z, s,a) (cf., e.g., [16]) defined by
oo k

(1.3)  ®(z,s,a) := Z (kiia)s (a€eC\{Zg}; s€C, R(s)>1and |z|=1)
k=0
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where, as usual, Zg :=Z\ {N}, (Z:= {£1,4£2,43,...}); N:={1,2,3,...}.
Several interesting properties and characteristics of the Hurwitz-Lerch Zeta function

®(z,s,a) can be found in the recent investigations by Choi and Srivastava [4], Ferreira
and Lépez [5], Garg et al. [7], Lin and Srivastava [10], Lin et al. [11], and others.

In 2007, Srivastava and Attiya [15] (see also Riaducanu and Srivastava [13], Prajapat
and Goyal [12]) introduced and investigated the linear operator:

H,M, . .A i .A
defined, in terms of the Hadamard product (or convolution), by
(1.4) Junf(2) = Gpup * f(2),
(z€U; be C\{Zy}; p€C; feA), where, for convenience,
(1.5)  Gup(z) == (A +b)"[®(z,p,0) —b ] (2 € U).
We recall here the following relationships (given earlier in [12, 13]) which follow easily by
using (1.1), (1.4) and (1.5)

(1.6)  upf(2) =2+ Y Ci(b,parz",

k=2
where

1+b\"
1. b = —

and (throughout this paper unless otherwise mentioned) the parameters u,b are con-
strained as b € C\ {Z; }; p € C.

(1) For p =0,

(1.8)  Jopf(2) := f(2).
(2) Forp=1, b=0,

(1.9)  Jdiof(2) = /Oz @ dt .= Ly f(2).
(3) Forpy=1land b=v (v > —1),

Jinf(2) = 1+”/0 () dt

Zl/

(1.10) SN )
=24+ kzﬂ (m) arz” = F, f(2).

(4) For p=0(0 >0) and b =1,

o0 2 o
(111)  Jonf(z) =2+ (—) arz® =97 f(2),
! kzzz k+1) "

where L(f) and F, are the integral operators introduced by Alexander [1] and Bernardi
[3], respectively, and 37 (f) is the Jung-Kim-Srivastava integral operator [8] closely related
to some multiplier transformations studied by Flett [6].

Making use of the operator J, s, we introduce a new subclass of analytic functions
with negative coefficients, and discuss some standard properties of geometric function
theory in relation to this generalized function class.
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For A\>0,0<a<1land0< <1, welet P(A a, ) be the subclass of A consisting

of functions of the form (1.1) and satisfying the inequality
I f(z) -1

1.12 ,
2 e ) -0 @ 1o = "
where

113) 32 = (- 02 C 3,y

0 <~ <1,and J},f(z) is given by (1.6). We further let
PT(N\, o, B) =P\, o, B)N T,
where
(1L.14) T := {f €A: f(z)=2z— Z lag|z*, z € U}
k=2

is a subclass of A introduced and studied by Silverman [14].

Furthermore, we note that by suitably specializing the values of «, 3, v and A, the
class PT(\, o, B) and the above subclasses reduce to the various subclasses introduced

and studied in the literature, for example see [2, 9].

In the following section we obtain coefficient estimates and extreme points for the

class PT(\, o, B).

2. Coefficient bounds

2.1. Theorem. Let the function f be defined by (1.14). Then f € PT(\, o, B) if and

only if

oo

(21) S (14 AGk— D)1+ B2y — D] [Crb, plax < 267(1 - a).

k=2
The result is sharp for the function

(22)  f(2) =

Proof. Suppose f satisfies (2.1). Then for |z|,
|37 £(2) = 1] = BJ2v(3,° £ () — @) = (37 () = 1)]

= ‘ - i(l + Ak — 1))Cr(b, p)arz"""

k=2

oo
‘271—(1 Zl—!—)\
k=2

N

<

bl
Il
¥

_ 26v(1 — @) L
(L+ Ak =)+ B2y — D] |Ck(b, )|~

k> 2.

1))(2y = 1)C(b, p)arz"

(L+A(k = 1)) |Cr(b, p)|ar —26v(1 — @)

+ 3+ Ak = 1)B(y — 1) [Cr(b, s
k=2

p"qg

, by (2.1).

IA
OW

(L + Ak = 1))+ B2y = D]|Ck (b, p)lar — 2671 — @)

-1
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Hence, by the maximum modulus theorem and (1.12), f € PT()\, a, 5).

To prove the converse, assume that
3 f(2) —
278 f(2) — a) — ( (=) - 1)

ki(lﬂ( 1)) (b, pw)a 2"

2/(1—a) = > (14 Alk— 1)(2y — D)Ci(b, gzt~

k=2
<pg, zeU.

Or, equivalently,
> (1+A(k = 1))|Cr (b, p)|arz"""

(2.3)  Re =2 <8
2y(1—a) — kX:ZQ(l + Ak = 1))(2y — 1)|Cr (b, p)|arz*1

Since Re(z) < |2| for all z, choose values of z on the real axis so that g5 f(2) is real.
Upon clearing the denominator in (2.3) and letting z — 1 through real values, we obtain
the desired inequality (2.1). O

2.2. Corollary. If f(z) of the form (1.14) is in PT(\, o, B), then

26y(1 — )
(L+ Ak = 1)1 + B2y = D]ICk (b, )|’

with equality only for functions of the form (2.2).

(2.4) ak S

k> 2,

2.3. Theorem. (Extreme Points) Let
fi(z) = z and,

(2:5) _ 26y(1 — a) e
@ =2 = =+ B - GG P2

for0<a<1,0<B<1, A>0and 0<~vy<1. Then f(2) is in the class PT(\, o, B) if
and only if it can be expressed in the form

(26)  f(2) =Y wiful2)
k=1

where wi, > 0 and Y wir = 1.
k=1

Proof. Suppose f(z) can be written as in (2.6). Then

L, 26v(1 — @) 2
flz) =2 kZ:Q FA Ak — D)L+ By — DICr )]~

Now,

i (L+ Ak = D)L+ B2y = DICw(b, )] 267(1 - a)
26v(1 - ) 1+ A(k— 1)1+ B2y — D][Ck(b, 1)

oo
Z = —wlgl.
k=2

k=2

Thus f € PT(\, a, §).
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Conversely, let us have f € PT(\, a, 8). Then by using (2.4), we set
A+ Ak -1))1+ B2y — D] |Cr(b, p)|

W = ag, k > 2
26y(1 - a)
and wy = 1—3 77, wk. Then we have f(z) = > 72 | wifr(2), and hence this completes
the proof of Theorem 2.3. g

3. Distortion bounds

In this section we obtain distortion bounds for the class PT (A, a, 5).
3.1. Theorem. If f € PT(\, «,3), then

r— 261 -a) 2 .
A+ M1+ 82y = 1)]|C2(b, )] <17 (2)]

(3:1) 269(1 - a) )

A+ N+ B2y = V][Calb )]
holds if the sequence {oi(X\,B,7)}rey is non-decreasing, and

46y(1 — o)
(1 + X[+ B2y = 1)]|Ca(b, )]

<r+

1= r < |f(2)]

(3.2) )
6y(1—a)
ST AT NI A - )G

holds if the sequence {ok(X, 3,7)/k} ey is non-decreasing, where
ok(A,B,7) = (L + Ak — 1))[L + B(2y — D] [Cr(b, ).

The bounds in (3.1) and (3.2) are sharp, since the equalities are attained by the function

L 267(1 - a)
(33)  f(2)= (14 N[1 + B2y — 1)]|C2(b, p)]

Proof. In the view of Theorem 2.1, we have

= 267(1 - a)
(3.4) kzzz FETUF NI+ By = D][Ca(b, m)]

Using (1.14) and (3.4), we obtain

|2l = [21* Y ar <1f(2)]
k=2

,
|

2
2%, z=&r.

IN

o0
<o+ 12 ) a,
k=2

2 26v(1 — o) <
1+ )1+ B2y = 1] |C2(b, )]
< g 267(1 — o) )
- (L+ N[+ B2y = D] [C2(b, p)

Hence (3.1) follows from (3.5). Further,

= 4p(1 — @)
kap <
2 o=

T+ N[+ B2y = D] [C2(b, )]

Hence (3.2) follows from

l—erak§|f'(z)|§1+erak. O

k=2 k=2
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4. Radius of starlikeness and convexity

The radii of close-to-convexity, starlikeness and convexity for the class PT (A, «, §) are
given in this section.

4.1. Theorem. Let the function f(z) defined by (1.14) belong to the class PT (A, «, B),
Then f(z) is close-to-convez of order §, (0 < & < 1) in the disc |z| < r, where

T = )+ Ak — D)1+ B2y — D]ICk(b, )| ]
@1 r= i%fz 2kBy(1 — ) '

The result is sharp, with extremal function f(z) given by (2.5).

Proof. Given f € T and f is close-to-convex of order §, we have
(42)  |f'(z)-1<1-4
For the left hand side of (4.2) we have

1f'(z) =11 <D karlz|*"
k=2

The last expression is less than 1 — ¢ if
— k k-1
k=2
Using the fact that f € PT(\, o, 8) if and only if

oo

(L+ Ak —1))[1 + B(2y — D]ax|Cr (b, p)|
kZZQ 2671 — ) =t

We can say (4.2) is true if
ot < (AR D)1+ B2y = D]|Cl(b, )|

1-0 = 26v(1 — a)
Or, equivalently,
21 < {(1 — )L+ Ak — D)1 + 52y — D]IC (b w] |
2kBvy(1 — «)
which completes the proof. O
4.2. Theorem. Let f € PT(\, «,3). Then

(1) f s starlike of order 6, (0 < 4§ < 1), in the disc |z| < r, that is,

Re {zf'(z)} >0, (Jz| <r; 0<8< 1),

f(2)
where
r = inf { (1 — 6)(1 + )\(k - 1))[1 + ﬂ(er — 1)]|Ck(byu)| }kll
k>2 26v(1 — a)(k — 0) .

(2) f is convex of order ¢, (0 <4 < 1), in the disc |z| <, that is

Re {1 + ZJ{:;S)} >0, (Jz|<r; 0<6 <),

where

r= inf {“ —8)(1+ Ak = D)[1 + B2y — DCi(b,p)] }
k22 267(1 — a)k(k — §) :

Each of these results is sharp for the extremal function f(z) given by (2.5).
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Proof. (1) Given f € T and f starlike of order §, we have
2f'(2)
f(2)
For the left hand side of (4.3) we have

(4.3) —1|<1-6.

[(2) 1= ak |z|F!

Zf,(z) < k=2

[e')

k=4 k—1

k=2
Using the fact that f € PT(\, o, 8) if and only if

')

(L+ (k= 1)[1 + B(2y — 1)]ax|C (b, )|
2 267(1 - )

<1,
k=2

we can say (4.3) is true if
L+ Ak = D)1+ B2y = D][Cr (b, p)
267(1 - )

k=0, n-1
—1—6|Z| <

Or, equivalently,

(L=8)A+ Ak = 1)L+ B2y = D]ICk (b, 1)
26701 — a)(k — )

which yields the starlikeness of the family.

|Z|k71 <

(2) Using the fact that f is convex if and only if zf’ is starlike, we can prove (2) on
lines similar to the proof of (1). O

4.3. Remark. For specific choices of the parameters «, 3,7, u, various results presented
in this paper would provide interesting extensions and generalizations of those considered
earlier for simpler analytic function classes. The details involved in the derivations of
such specializations of the results presented in this paper are fairly straightforward.

Acknowledgement The author express his sincerest thanks to the referee for his useful
comments.
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