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Abstract
In this paper, we introduce a new subclass Ks(X, A, B) of close-to-
convex functions. Such results as inclusion relationships, coefficient
estimates, distortion and covering theorems for this class are proved.
The results presented here would provide extensions of those given in
earlier works. Several other new results are also obtained.
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1. Introduction

Let 8 denote the class of functions of the form:
fz)=z+ Z anz",
n=2

which are analytic and univalent in the open unit disk
U:={z: 2€C and |z| <1}.

Let X and 8*(«) denote the usual subclasses of § whose members are close-to-convex
and starlike of order a (0 £ a < 1) in U, respectively.

In a recent paper, Gao and Zhou [1] discussed a class K of analytic functions related
to the starlike functions, a function f € § is said to be in the class K, if it satisfies the
inequality:

%(%)<0 (z €,
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where g € 8" (1/2). More recently, Wang et al. [4] discussed a subclass Ks(a, 8) of the
class Ks, a function f € 8 is said to be in the class K («, 3) if it satisfies the inequality:
2f'(2) az’f'(z)

\m “’ < @92

—1’ (z € ),

where
0Sas1l 0<B<landge8 (1/2).
By noting that Xs(1,1) = X5, so the class Ks(a, 3) is a generalization of the class K.

For two functions f and g, analytic in U, we say that the function f is subordinate to
g in U, and write

f(z) <g(z) (2€0),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0and |w(z)|]<1 (2€0)
such that
fz)=g(w(2)) (z€U).
Indeed, it is known that
f(z) <9(2) (z € U) = [f(0) = 9(0) and f(U) C g(U).
Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(z) <9(2) (z € U) <= [(0) = ¢(0) and f(U) C g(U).
Motivated by the classes Ks and Ks(a, ), we now introduce and investigate the following

more generalized class Ks(\, A, B) of analytic functions, and obtain some interesting
results.

1.1. Definition. A function f € § is said to be in the class K, (\, A, B) if it satisfies the
subordination condition:
2 (2)+ N2 (z) 1+ Az
(1.1)
—9(2)9(=2) 1+ Bz
where

(z €,

0SAZ1, -1£SB<AZ<landge8 (1/2).
By noting that X(0, 3, —af8) = Ks(a, B) (see [4]), so the class K (N, A, B) is a gen-
eralization of the class Xs(«, B).

In our proposed investigation of the class Ks(X, A, B), we need the following lemmas.
1.2. Lemma. (See [1]) Let

g(z2) =2+ baz" €87 (1/2).

n=2

Then

— z —Z > n— *
% _ Z+§_:232n71z2 tes,
where

|Bon—1] = |2b2n71 — 2bobop—o + -+ (=1)"2bp—1bpt1 + (—1)7l+1bi| <1
(n=2,3,...).
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1.3. Lemma. Lety 20 and f € X. Then
F(z) = 1ﬂ/ F(6)0 " dt € X.
27 0

This lemma is a special case of Theorem 4 obtained by Wu [5].

1.4. Lemma. (See [2]) Let
—1§B2§B1<A1§A2§1.

Then
1+ A2 1+ Asz
14+ Biz 1+ Bsz’

1.5. Lemma. (See [3]) Let

flz) =1+ Z crz”
k=1

be analytic in U and
a(z) =1+ Z dy 2
k=1

be analytic and convex in U. If f < g, then
lek] S |di| (ke N:={1,2,...}).

97

In this paper, we aim at proving such results as inclusion relationships, coefficient esti-
mates, distortion and covering theorems for the class Ks(A, A, B). The results presented
here would provide extensions of those given in earlier works. Several other new results

are also obtained.

2. Inclusion relationships

We first prove the following inclusion relationship for the class (A, A, B), which tells

us that Ks(A, A, B) is a subclass of close-to-convex functions.
2.1. Theorem. Let
0SA<1land —1<B<AL.
Then
Ks(N\,A,B) CX CS.
Proof. Suppose that

(1= A)f(2) + Aef'(2) and G(z) = —229(=2)

(2.1) F(z):=q(1
z
with f € Ks(A, A, B). Then the condition (1.1) can be written as follows:
2F'(z) 1+ Az

G(z) = 1+ Bz

By Lemma 1.2, we know that G' € 8", thus we have
F(z) = (1 =N f(2) +Xzf' () € X.
We now split it into two cases to prove.
(1) When A = 0. It is obvious that f = F € K.

(z € ).
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(2) When 0 < A £ 1. By noting that F = (1 — A\)f + Az f’, we find that

f) = 5573 / Pty ~at.

0
Since

1
=—-1z
T=5 20,
by Lemma 1.3, we know that f € K. Therefore,
Ks(N\,A,B)CcXCS.

The proof of Theorem 2.1 is evidently completed. O
2.2. Theorem. Let
0SASland —1<BySB1 <A1 £ A< 1.
Then
Ks(A, A1, Br) C Ks(A, A2, Bz).
Proof. Suppose that f € Ks(\, A1, B1). Then
2f(2) + X2 (2) < 14+ Arz
—9(2)9(—2) 1+ Bz’
Since —1 £ B2 £ B1 < A1 £ A3 £ 1, by Lemma 1.4, we have
2 () +NEf(2) 14+ A1z 14 Asz
—g(2)g(—2) 1+ Biz 1+ Bsz’
that is f € Ks()\, A2, B2), which implies that
Ks(\, A1, B1) C Ks(A, Az, Ba).
We thus complete the proof of Theorem 2.2. d

3. Coefficient estimates

In this section, we give the coefficient estimates of functions belonging to the class
Ks(\ A, B).

3.1. Theorem. Let
0SA<1land —1<B<ALZ1.

If
f(z) =z + Z CLnZn S Ks()\yA7 B)7
n=2
then
n(A — B)

(3.1)  |az2a| = (neN:={1,2,...}),

2n[1 + (2n — DA

and

(RN ANESY md-_Btl e

2n 4+ 1)(1 4 2nX)
In particular, if we set A =1 and B = —1 in (3.1) and (3.2), respectively, then

1

(33) |an| § m

(n €N,
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and inequality (3.3) is sharp for
fz) = 7= €X.(0,1,-1) (A=0),
and

1—1

f(z):lz x/ Lt%*zdtexs(,\g,—n 0<X<1).
A o 1—t

Proof. From the definition of Xs(A, A, B) and (2.1), we know that there exists a function
with positive real part

p() =1+ puz" (z€U)
n=1

such that

Cz2f' () + AP F(2) | 2F'(2) 1+ Az
B4 PO =Tl T Gl 1w B

By Lemma 1.5, we know that
(35) |pa|SA-B (neN).

At the same time, by Lemma 1.2, we have

Gy = 2D S,
and
(3.6) |an71| § 1 (n eN \ {1})

Upon substituting the series expressions of functions f(z), G(z), p(z) into equality (3.4),
and comparing the coefficients of two sides of this equation, we get

(3.7)  2n[l + (2n — 1)Nazn = p2n—1 + p2n—3Bs + P2n—5Bs + -+ p1Ban_1  (n €N),
and

(3.8) (2n41)(1+2nN)aznt1 = pentpan—2Bs+pen—aBs+- - -4paBon_1+Bant1  (n €N).
Combining (3.5), (3.6), (3.7) and (3.8), we have

(39)  2n[l+ (2n—1)A]|azn| En(A—-B) (n€N),

and

(3.10) (2n+ 1)(1 4 2n)) laznt1] En(A—B)+1 (n€N).

The assertions (3.1) and (3.2) of Theorem 3.1 can now easily be derived from (3.9) and
(3.10). O

3.2. Remark. Setting A =0, A =1 and B = —1 in (3.3) in Theorem 3.1, we get the
corresponding result obtained by Gao and Zhou [1].
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4. Covering theorem
In this section, we give the covering theorem for the class Ks(\, A, B).

4.1. Theorem. Let f € Ks(\, A, B). Then the unit disk U is mapped by f on a domain
that contain the disk |w| < 1, where

2(1+A)
A—B+4(1+ X))’

r1 =

Proof. Suppose that f € Ks(\, A, B), and let wo be any complex number such that
f(2) # wo for z € U. Then wo # 0 and

’LUOf(Z) :Z+<a2+i>22+
wo — f(2) wo
is univalent in U by Theorem 2.1. This leads to

1
az + — §2.

(4.1) —

On the other hand, from Theorem 3.1, we know that
A—B

2(14+A)°

Combining (4.1) and (4.2), we deduce that

ol 2 L > 204N
=laal+2= A—B+4(1+ )

We thus complete the proof of Theorem 4.1. O

(4.2)  laz| =

=T1.

5. Distortion theorem
Finally, we prove the distortion theorem for the class Xs(X, A, B).
5.1. Theorem. Let
0SA<1, “1<B<A<1and f € K.(\ A, B).
(1) If A= 0, then for |z| =r < 1, we have

T A T4 A
(5-1) /O (1—Bt)(1+t2)dt§|f(z)|§./o A+ Byi—o"

(2) Ifo< =1, thenf0r|z|:r<1 we have

1 1,_ 72
// 1—Bt 1+t2)d ds

1 1,, 1+ At 1_9
< X
= / / OrBya—@)dts "ds

Proof. Suppose that f € Xs(A, A, B). Then from the definition of subordination between
analytic functions, we deduce that
1—-Ar <1—A|w( 2)|
1—Br =1— Blw(z)|

H/\

f'(2) + A2° 1" (2)

—g(Z)g(—Z)
zf( )+ A2 f(2)| | 2F ()
>3 [~9(2)g(=2)]/= a2
1+ AuE) | 1+ AwR)] o 1+ Ar B
*‘HBw(z) ST B S ixer PFl=r<b
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where w is a Schwarz function with
w(0)=0and |w(z)]<1 (ze€U).
Since

G = 2D (. ey

is an odd starlike function, it is well known that
r

r
< =
64) s SIGE)IS Ty (= <),
It now follows from (5.3) and (5.4) that
— Ar 1+ Ar
(5:5) (1—Br)1+r SIS g =r<b
Upon integrating (5.5) from 0 to r, we have
" 1— At " 1+ At

. e dt < (1= A A —————dt.

(5:6) /o 1-BYH)(1+1t2) — I () +22f(2)] _/o (14 Bt)(1—1t?)

To complete the proof we consider the following two cases:
(1) When A = 0. From (5.6), we easily get (5.1).
(2) When 0 < XA £ 1. From the proof of Theorem 2.1 together with (5.6), we readily
arrive at (5.2).
O
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