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Abstract

A new type of cluster set called an S-cluster set of functions and mul-
tifunctions between bitopological spaces has been introduced. Expres-
sions and conditions for the degeneracy of such sets are also found. As
an application, characterizations of Hausdorff and S-closed bitopologi-
cal spaces are achieved via such cluster sets.
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1. Introduction

The theory of cluster sets has been studied and applied for a long time in real and
complex analysis. But cluster sets for functions between topological spaces was first
initiated by Wetson [15], and many other toplogists like Joseph [4] and Hamlett [3] have
made valuable contributions in the area. In bitopological spaces, Nandi and Mukherjee
[11] introduced and studied a type of cluster set called a d-cluster set. In this paper,
our intention is to extend a type of cluster set of functions and multifunctions called an
S-cluster set [10], to the bitopological setting. Using these cluster sets, we give a new
characterization of Hausdorff and S-closed bitopological spaces.

Throughout the paper, (X, 71,72) and (Y, 01,02) (or briefly, X and Y) always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated.
Let A be a subset of X. By i-int (A) and ¢-cl(A), we denote respectively the interior
and closure of A with respect to 7; (or ;) for ¢ = 1,2. Also, i,j = 1,2 and i # j.

A subset A of a bitopological space (X, 11, 72) is called ij-semiopen [2] if there exists
U € 7; such that U C A C j-cl(U). Equivalently, A is ij-semiopen if and only if
A C j-cl(i-int (A)). The complement of an 4j-semiopen set is called ij-semiclosed. The
family of all ij-semiopen (resp. 7s-open) sets of X containing a given subset A of X is
denoted by ij-SO(A) (resp. 7:(A)). If A = {z}, we write ij-SO(z) and 7;(z) instead
of ij-SO({z}) and 7;({z}), respectively.
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A subset A of a space (X, 71,72) is called ij-regular open (resp. ij-regular closed)
[13] if A = i-int (j-cl(A)) (resp. A = i-cl(j-int (A))). We denote by ij-clg(A) [1]
(resp. ij-0s-cl(A) [6]) the set of all points = of X such that for every 7;-open (resp.
ij-semiopen) set U containing x we have j-cl (U) N A # 0. Also, A is called ij - 0-closed
(resp. ij - 0-semiclosed) if A =1ij-clg(A) (resp. A=1ij-0s-cl(A)).

A nonempty collection €2 of nonempty subsets of a space X is called a grill [8], if

(i) A€ Qand B D A implies B € 2, and
(i) AUB € Q implies A € Q or B € Q.

A filter base ® on X is said to ij - 0s-accumulate at x € X [9], denoted as x € ij-0s-ad P,
if z € N{ij-0s-cl(F): F € ®}.

A grill Q on X is said to ij - 0s-converge to x € X if to each U € ij-SO(x), there
corresponds some G € Q with G C j-cl(U).

A subset A of a space X is said to be ij-S-closed relative to X if for every cover
U of A by ij-semiopen sets of X, there exists a finite subfamily Uy of U such that
ACU{j-cl(U):U € Up}. If, in addition, A = X, then X is called an ij- S-closed space
[9].

A bitopological space (X, 71, 72) is called pairwise regular [5] (resp. ij-almost regular
[13]) if for each T;-closed (resp. ij-regular closed) set F' C X and each point z € X \ F,
there exists a 7;-open set U and a 7j-open set V such that x € U, F C V and UNV = .

The space X is called pairwise Hausdorff [5] if for every pair of distinct points z and
y of X, there exist a 7;-open set U and a 7j-open set V such that x € U, y € V and
unv =40.

2. ij- S-cluster sets

2.1. Definition. Let F' : X — Y be a multifunction and =z € X. The an ij- S-cluster
set of F at x, denoted by S;;(F,z) is defined to be the set ({ji-clgF(j-clU) : U €
ij-SO(z)}. Similarly, for any function f : X — Y, the ij- S-cluster set Si;(f,z) of f at
x is given by ({ij-clof(j-clU) : U € ij-SO(z)}.

2.2. Theorem. For any function f : X — Y, the following statements are equivalents:
(a) y € Si(f,2).
(b) The filterbase = (i-cl(oj(y)) ij - Os-accumulates at x.
(c) Thereis a grill Q on X such that Qij -0s-converges to x and y € ({ji-clof(G) :
G e Q}.

Proof. (a) = (b). Let y € Si;(f,x), then for each ij-semiopen set W containing x
and each oj-open set V containing y, i-cl(V) N f(j-cl W) # 0. Then for each W €
ij-S0(z) and V € o;(y), f 1 (i-clV)Nj-clW # @. This ensures that the collection
{f ' (i-clV) : V € 0;(y)} is a filterbase on X which 4j - fs-accumulates at x.

(b) = (c). Let ® be the filter generated by the filterbase f~'(i-cl(cj(y)). Then
Q={GCX:GNF #0 for each F € ®} is a grill on X. By the hypothesis, for each
U € ij-SO0(z) and each V € 0(y), j-cl (U)Nf (i-clV) # 0. Hence, FNj-clU # ) for
each F' € ® and each U € ij-SO(z). Consequently, j-clU € Q for all U € ij-SO(X),
which proves that Q ij-6s-converges to z. Now the definition of Q yields that f(G) N
i-clW #£ @ for all W € g;(y) and all G € Q, i.e, y € ji-clof(G) for all G € Q. Hence
y € (Wii-clof(G) : G € Q}.

(¢) = (a). Let Q be a grill on X such that © 4j-6s-converges to z and y €
N{ji-clof(G) : G € Q}. Then {j-clU : U € ij-SO(z)} C Q and y € ji-clof(G)
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for each G € Q. Hence, in particular y € ji-clof(j-clU) for all U € ij-SO(z). So,
y € N{ji-clof(ji-clU): U € ij-SO(x)} = Si; (f, x). O

2.3. Theorem. Let f: (X, 11,72) — (Y,01,02) be a surjection. If Si;(f,x) is degenerate
for each x € X, then Y is pairwise Hausdorff.

Proof. Let y1,y2 € Y such that y1 # y2. Since f is surjective, there exists x1,z2 € X
such that f(z1) = y1 and f(z2) = y2. Now, since Si;(f, z) is degenerate for each z € X,
y2 = f(z2) &€ Si;(f,x1). Thus there are V € o;(y2) and U € ij-SO(z1) such that
i-clV N f(j-clU) =0, ie., f(j-clU) C Y \i-clV. Then Y \ i-clV is a o;-open set
containing y1, V a oj-open set containing y2 and VNY \i-clV = (. This shows that YV’
is pairwise Hausdorff. O

Now, we introduce the following definition:

2.4. Definition. [8]. A function f : (X,71,72) — (Y,01,02) is called ij-weakly 6-
irresolute if for each z € X and each V € ij- SO(f(x)), there exists U € ij- SO(z) such
that f(j-clU) C V.

2.5. Lemma. [7]. Let B be a subset of a space (X, 11,72). If B is j-open, theni-cl B =
ij-cloB.

2.6. Theorem. Let f : (X,11,72) — (Y,01,02) be an ij-weakly O-irresolute function
such that Y is pairwise Hausdorff. Then Si;(f,x) is degenerate for each x € X.

Proof. Let x € X. Since f is ij-weakly 6-irresolute, for any V' € ij-SO(f(x)), there
exists U € ij-SO(x) such that f(j-clU) C V. Then

Sij(f,x) = {ji-clef(j-clU) : U € ij- SO(x)}
C Nji-clogV : V €1ij-SO(f(x))}.

Let y € Y such that y # f(z). Since Y is pairwise Hausdorff, there are a oj;-open
set U and a disjoint o;-open set W such that y € U and f(z) € W. Obviously, as
UNj-cdW =0, y € j-clW = ji-clgW, by Lemma 2.5. Since W € o;(f(z)) C
ij-SO(f(x)), y &€ ({gi-cloV : V € ij-SO(f(z))} and hence y & Si;j(f,z). Thus
Sii(f,z) = {f(x)}, ie., Sij(f,x) is degenerate. O

Combining the last two results, we get the following characterization for the pairwise
Hausdorffness of the codomain of a certain kind of mapping via the degeneracy of its
ij - S-cluster set.

2.7. Corollary. Let f: (X, 71,72) — (Y,01,02) be an ij-weakly 0-irresolute surjection.
Then the space Y is pairwise Hausdorff if and only if Si;(f, ) is degenerate for each
rzeX.

We have just seen that the degeneracy of the ij - S-cluster set of an arbitrary function
is a sufficient condition for the pairwise Hausdorffness of the codomain space. We thus
like to examine some other situations when ij-.S-cluster sets are degenerate, thereby
ensuring the Hausdorffness of the codomain space of the function concerned. To this
end, consider the following lemma and definition:

2.8. Lemma. [12]. In an ij-almost regular space X, for each A C X, ij-clgA is
ij -0-closed.

2.9. Definition. A function f: (X, 71,72) — (Y,01,02) is called an ij - 0-closed function
if f(F) is ij-0-closed in Y for each ij - 0-closed set F' of X.
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2.10. Theorem. Let f : (X,71,72) — (Y,01,02) be a ji-0-closed function from a ji-
almost regular space X into a space Y. If f~(y) is ij -0-closed in X for ally €Y, then
Si;i(f,x) is degenerate for each x € X.

Proof. We have
Si(f,x) = ({ji-clof(j-clU) : U € ij- SO(x)}
C (gi-clof(ji-cloU) : U € ij- SO(x)}.

Since X is ji-almost regular, ji-cloU is ji- 6-closed for all U € ij-SO(zx). Now, since f is
ji-0-closed and by Lemma 2.8, ji-clgf(ji-cloU) = f(ji-cloU) for each U € ij-SO(z).
Thus Si;(f,z) C N{f(ji-cloU) : U € ij-SO(x)}. Now, let y € Y such that y # f(z).
Then, since f~!(y) is ij-6-closed and = € f*(y), there is some G € 7;(z) such that
j-cddGN f~ y) = 0. So, y & f(j-clG) = f(ji-cleG) (as G is mi-open) and hence,
y & (W{f(Ji-cloU) : U € ij-SO(z)}. In view of what we have deduced above, we
conclude that y € S;;(f, z), which proves that S;;(f,z) is degenerate. a

2.11. Theorem. Let f : (X,71,72) — (Y,01,02) be a ji-6-closed injection on a ji-
almost regular pairwise Hausdorff space X into Y. Then S;;(f,x) is degenerate for each
rzeX.

Proof. Since X is ji-almost regular and f is a ji-60-closed function, by Lemma 2.8, we
have ji-clof(ji-cloU) = f(ji-cloU) for any U € ij- SO(x), and hence

Sij(f,x) = {ji-clef(j-clU) : U € ij- SO(x)}
C ({ji-clof(ji-cloU) : U € ij - SO(x)}
=({f(i-cloU) : U € ij-SO()}.

For z,z1 € X with x # z1, f(z) # f(x1), since [ is injective. By the pairwise Hausdorff-
ness of X, there are a 7;-open set U and a disjoint 7j-open set V' such that 1 € V and
xz € U. Obviously, UNi-clV =0, so 1 & ji-clyU and hence f(z1) & f(ji-clgU). Since
U € 1i(z) C ij-SO(x), therefore in view of what we have deduced above, we conclude
that f(z1) & Si;(f,x). Thus Si;(f,x) is degenerate for each x € X. O

The above theorem is equivalent to the following apparently weaker result when X is
pairwise regular:

2.12. Theorem. Let f : (X, 71,72) — (Y,01,02) be a ji -0-closed injection on a pairwise
T3 space X into Y. Then Si;(f,x) is degenerate for each x € X (X is pairwise T3 if it
is pairwise T1 and pairwise reqular).

Proof. 1t is well known that in a pairwise regular space, ji-cloU = j-clU for any
U C X. Since X is pairwise T3 and f is a ji-6-closed injection, {f(z)} C S;;(f,z) =
({f(G-clU) : U €ij-5O(x)} C ({f(i-clU) : U € mi(z)} = {f(2)}. 0

A sort of degeneracy condition for the ij- S-cluster set of a multifunction with an
ij - O-closed graph is now obtained.

2.13. Definition. [9]. Let (X,71,72) and (Y,01,02) be two bitopological spaces. The
cross product of the spaces X and Y is defined to be the space (X x Y,T1,7%2), where
T; = 7 X 0; is the product topology.

2.14. Theorem. For a multifunction F': X — Y, if F' has an ij -0-closed graph, then
Sij(F,ac) = F(:C)
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Proof. Forany y € Si;(F,x), j-clWNF(i-clU) # 0 and hence F~ (j-clW)Ni-clU # 0,
for each U € ij-SO(x) and each W € oj(y), where F~(B) ={z € X : F(z) N B # 0}
for any subset B of Y. Then for any i-open set M x N in X X Y containing (z,y),
we have F~(j-cIN)Ni-clM # 0. So, (i-clM X j-cIN) N G(F) # 0 and hence j-
(M x N) x G(F) # 0, where G(F) = {(z,y) € X xY : y € F(x)} denotes the
graph of F. Hence (z,y) € ij-cloF = F (as G(F) is ij-0-closed). Therefore (z,y) €
[G(F)N({z} x Y)] so that y € p2[({z} x Y)NG(F)] = F(x), where p2: X XY — Y is
the second projection map. It is obvious that F(z) C Si;(F,z) for each z € X. Hence
Sij(F,xz) = F(z) holds for all z € X. O

2.15. Lemma. Let (X xY,T1,T2) denote the cross product of two spaces (X, 71,72) and
(Y,01,02). Then a subset W = A x B of X XY isij-semiopen in X XY if and only if
A is an ij-semiopen subset of X and B is a ji-semiopen subset of Y.

Proof. Let W = A x B where A is an ij-semiopen subset of X and B is a ji-semiopen
subset of Y. Then A C 7;-cl (7 -int (A)) and B C 04-cl(o;-int (B)). Therefore,
Ax B Ctj-cl(ri-int (A)) X 0;-cl(o;-int (B))
=Tj-cl(T;-int (A x B)),
ie., W =A x B is ij-semiopen in X X Y.
Now let W = A x B be an ij-semiopen set in X x Y. Then
Ax B=W CT;-cl(T;-int (W))
=Tj-cl(T;-int (A x B))
=Tj-cl(ri-int (A) X o;-int (B))
=T1j-cl(m-int (A)) X o5-cl(o;-int (B)).
Thus A C 7j-cl(7-int (A)) and B C o;-cl(oj-int (B)). This shows that A is an ij-
semiopen subset of X and B is a ji-semiopen subset of Y. (]

2.16. Corollary. Let (X xY,T1,T3) denote the cross product of the two spaces (X, T1,72)
and (Y,01,02). If A isij-semiopen in X and B is j-open in'Y, then A X B is ij-semiopen
n X xXY.

2.17. Theorem. For a multifunction F': X — Y, if Sij(F,z) = F(x) for each x € X,
then the graph G(F) of F is ij - 0-semiclosed (and hence ij-semiclosed).

Proof. Let (z,y) € X xY \ G(F). Now, y € F(z) = S;;(F,x), there exist some W €
ij-SO(z) and some V' € o;(y) such that i-cl VNF (j-clW) = @. Then (j-clWxi—clV)N
G(F) =0 and so j-cl(W x V)N G(F) = 0. As, by Corollary 2.16, W x V is an ij-
semiopen set in X X Y containing (z,y) and so (z,y) € ij-0s-clG(F). Hence G(F) is
ij - 6-semiclosed. d

We now turn our attention to the characterizations of ij-.S-closedness in terms of
ij - S-cluster sets. For this purpose, we need the following lemmas.

2.18. Lemma. A subset A of a bitopological space X is ij - S-closed relative to X if and
only if for every filterbase ® on X with FNC # 0 for all F € ® and C € ij - SO(A), we
have ANij-0s-ad ® # (.

Proof. Let A be an ij- S-closed set relative to X and let ® be a filterbase on X with the
stated property. If possible, suppose that ANij-60s-ad ® = (. Then for all x € A, there
is an ij-semiopen set V; in X containing x such that j-cl (V)N F, = () for some F, € ®.
Now {V; : z € A} is a cover of A by ij-semiopen sets of X. By the ij-S-closedness of
A relative to X, there is a finite subset A* of A such that A C J{j-clV; : © € A*}.
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Choose F* € ® such that F* C {Fy :x € A*}. Then F* N (U{j-cl Ve : 2z € A*}) =0,
ie, F*Nj-c(J{Vz : x € A*}) = 0. Now, as [J{V, : © € A*} is an ij-semiopen set in
X, U{j-clVz:z € A"} € ij- SO(A). This is a contradiction.

Conversely, assume that A is not ij- S-closed relative to X. Then for some cover
{Ua : @ € A} of A by ij-semiopen sets of X, A ¢ [J{j-clUas : a € Ao} for each finite
subset Ag of A. So,

b = {A\U{j—can e GAO} : Ao is a finite subset ofA}

is a filterbase on X, with F N C # § for each F € ® and each C € ij-SO(A). But
ANij-0s-ad® = 0. 0

2.19. Lemma. [9]. A bitopological space X is ij - S-closed if and only if every filterbase
ij -Os-accumulates to a point in X. O

2.20. Lemma. Any ij - 0-semiclosed subset of an ij - S-closed space X is ij-S-closed
relative to X.

Proof. Let K be an ij - 0-semiclosed subset of an ij - S-closed space X. Let {V, : a € A}
be a cover of K by ji-regular closed sets of X. For each z € X \ K, there exists
U, € ij-SO(x) such that j-clU, C X \ K. By [9, Lemma 2.12], j-clU, is a ji-regular
closed set of X. Then the family {j-clU, : z € X \ K} J{Va : @ € A} is a cover of X
by ji-regular closed sets of X. Since X is ij- S-closed, by [9, Theorem 2.14], there exists
a finite subset Ao of A such that K C [J{Va : @ € Ao}. Thus, by [9, Theorem 2.14], K
is 7 - S-closed relative to X. d

2.21. Definition. For a function or a multifunction F': X — Y and a set A C X, the
notation S;i;(F, A) stands for the set | J{Si;(F,z) : x € A}.

2.22. Theorem. For any bitopological space (X,T1,72), the following statements are
equivalent:
(a) X isij-S-closed.
(b) Si;(F,A) D ({yi-cloF(U) : U € ij-SO(A)}, for each ij -0-semiclosed subset
A of X, for each bitopological space Y and each multifunction F': X — Y.
(¢) Sij(F,A) D (W{ji-0s-clF(U) : U € ij-SO(A)}, for each ij -0-semiclosed sub-
set A of X, for each bitopological space Y and each multifunction F : X — Y.

Proof. (a) => (b) Let A be any ij - -semiclosed subset of X, where X is ij-S-closed.
Then by Lemma 2.18, A is 45 - S-closed relative to X. Now, let z € (\{ji-clo F(W): W €
ij-SO(A)}. Then for all W € 0,(z) and for each U € ij-SO(A), i-clW N F(U) # 0,
ie., F(i-clW)NU # 0, where '~ (B) = {z € X : F(z)NB # 0} for any subset B of Y.
Thus ® = {F~(i-clW) : W € 0;(z)} is clearly a filterbase on X, satisfying the condition
of Lemma 2.18. Hence z € ANij-0s-ad ®. Then z € A and for all U € ij-SO(x) and
each W € 0(2), j-clUNF~(i-clW) # 0, i.e.,, F(j-clU)Ni-clW # 0. This shows that
z € Sij(F,x) C Sg;(F, A).

(b) = (c) Obvious.

(¢) = (a) In order to show that X is ij-S-closed, it is enough to show, by virtue
of Lemma 2.20, that every filterbase ® on X ij-60s-accumulates at some z € X. Take
yo & X and construct Y = X U{yo}. Defineoy ={U C X :yo ¢ U U{U CY :yo € U,
F C U for some F € ®}. Then oy is a topology on Y. Consider the bitopological space
(Y,01,02), where 01 = 02 = oy, and let I : X — Y be the identity map. In order to
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avoid possible confusion, let us denote the closure of a set A in X (resp. Y) by clxA
(resp. cly A). Since X is ij - f-semiclosed in X, by the given condition,

Sii(1,X) > ({ji-0s-cly I(U) : U € ij - SO(x)}
=(ji-0s-clyU: U € ij-SO(X)}
= ji-0s-cly X.

We consider yo € Y and Go € ij-SO(yo). There is some W € oy such that W C Go C
j-clyW. If yo € W, then W C X and hence j-clyW N X # (. If, on the other hand,
yo € W, then there is some F' € ® such that FF C W, ie., j-clyF C j-clyW. So,
XNj-clyW # 0. So, in any case, X Nj-clyW # () and consequently, as j-clyW =
j-clyGo, X Nj-clyGo # B. Thus yo € ij-0s-cly X, so yo € Si;(I,z) for some x € X.

Consider any V € ij-SO(z) and F' € ®. Then FU{yo} € oy. Again, Y\ (FU{yo}) is
a subset of Y not containing yo. Thus Y \ (FU{yo}) is oy-open in Y, which proves that
j-cly(FU{yo}) = FU{yo}. Now, i-clxVNF =1I(i-clxV)Nj-cly(FU{yo}) # 0.
Thus x € ij-0s-ad . O
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