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Abstract

In this paper, we introduce a new class of meromorphic harmonic
starlike functions with missing coefficients in the punctured unit disk
U* ={z:0 < |z] < 1}. We obtain coefficient inequalities, a distor-
tion theorem and a closure theorem. In addition, we investigate some
properties of this class.
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1. Introduction

A continuous function f = u+ iv is a complex valued harmonic function in a complex
domain D if both u and v are real harmonic in D. In any simply connected domain
D C C we can write f = h+g, where h and g are analytic in D. A necessary and sufficient
condition for f to be locally univalent and sense preserving in D is that |h'(2)| > |¢'(2)]
in D (see [3]). In [5], Hengartner and Schober investigated functions harmonic in the
exterior of the unit disc U = {z : |z| > 1}. They showed that complex valued, harmonic,
sense preserving, univalent mapping f must admit the representation

F(2) = h(z) + g(2) + Alog 2|

where

h(z) = az + Z arz * and g(z) = Bz + Z bz ",
k=1 k=1
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0<|B] < lal, A€ C. Also, Jahangiri and Silverman [11], Jahangiri [7] and Murugusun-
daramoorthy [9, 10] have studied classes of meromorphic harmonic functions.

Let M H, denote the class of functions harmonic, univalent, sense-preserving and
meromorphic in U* = {z: 0 < |z| < 1} and which have the representation

oo oo
— a—1 .
(11 fz) =hz) +9(z) = — ) a2 4D by g PR,
k=1 k=1
where a_1 20, pe N={1,2,...}.
Notice that, if we take p = 0, then we are not missing any coefficients. Also, if we
substitute p = 0 and a—1 = 1 in the above representation (1.1), then we have

(12)  f(2) =h(z)+ 30 = 1 + Y a2 + 3 bish,

therefore f € M H. The class M H is defined and some subclasses are studied by Bostanci
et. al. in [2]. Otherwise, if we define the composite function w(z) = f(1/z), then w(z)
is a harmonic, sense preserving, univalent mapping in U and w € ¥”. This class & is
investigated by Hengartner and Schober in [5].

A function f(z) € MH, is said to be in the subclass MHS)(a) of meromorphic
harmonic a-starlike functions in U™ if it satisfies the condition

h(z) + g(2)

where 0 < a < 1. If @ = 0 then this class is called the class of meromorphic harmonic
starlike functions. We denote the meromorphic harmonic starlike functions by M HS™.
This classification (1.3) for harmonic univalent functions was first used by Jahangiri [6].

The class of meromorphic functions has been studied by various authors, includ-
ing Joshi and Sangle [7], Darwish [5], Uraleggaddi and Somanatha [12], and Aouf and
Hossen[4]. In this paper, we define a new operator H for meromorphic harmonic func-
tions. Also, we define the classes M HJ (o) and MH, (). Then, we investigate some
properties of these classes, such as coefficient estimates and a distortion theorem.

We define the new operator H for harmonic functions as follows:
2 / /
1) = 1) = () = EREL oo (42,
and forn =2,...,
H"f(z) = H(H" " f(2)).

Hence, we obtain for n =0,1,.. .,

H"f(2) = =24+ 3 (p+ b+ 2 apnz” ™ + (1) (p + k — 2)mbpii2? .

k=1 k=1
Using the operator H, we now make the following definition:

For 0 < ao < 1,n € Ng = NU {0}, MH,(a) denotes the class consisting of those
functions in M H), satisfying

H'f(2) } _
(1.4) §R{ a7 2 < —a
for z € U™.
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Also, let MH, () be the subclass of M H}' () which consisting of meromorphic har-
monic functions of the form

(15)  fu(2) = h(2) + (=1)"9() = = + 3 apirz™ 4+ (<1)" Y by 20tk
k=1 =
where a_1 > 0,ap4x > 0, bppr >0, p € N.

2. Some results for the class M H,
2.1. Theorem. If f € M H,, then the diameter Dy of C\ f(U") satisfies
Df 2 2|a,1|.

This estimate is sharp for f(z) = a—12"".

Proof. Let Dy(r) be the diameter of f(|z| =), 0 <r < 1,andlet D}(r) = max;—, | f(z)—
f(=2)|. Then Ds(r) \ Dy as r — 1 and Dy(r) > D}(r). Since

* 1 2 I3 — 1
(D} (r)]* > o/, [f(re") = f(re™")2d0
e}
4 Pa T Z (lapsar—1]* + [bprar—1]%) 7,2(p+2k71):| , pisodd
- =
4 Pa i Z (lapt2rl® + [bpr2r]?) 7’2(p+2k)} ; p is even
> dla_y1|*r™
we conclude that Dy > 2|a—1]. O

2.2. Corollary. If we substitute p =0, a—1 =1 andw(z) = f(1/z) in the above theorem,
then we have w € X' and

Dy > 2|1+ by O
2.3. Theorem. If f € MH, has expansion (1.1) then

> @+ k) (laprl* = bpal?) < la-af’.

k=1

Equality occurs if and only if C\ f(U*) has zero area.

Proof. The area of the omitted set is
lim — / fdf = lim l/ hh'dz + 1 g'dz
r—121 |z|=r r—1 |27 |z|=r 24 |z|=r 99

=7 {—Iall2 + > (k) (laprel” — Ibp+k|2)}
k=1
<0.

O

2.4. Corollary. If we substitute p =0, a—1 =1 andw(z) = f(1/z) in the above theorem,
then we have w € ¥ and

Zk|ak| — |be]?) < 1+ 2Rb;. 0
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3. Coefficient inequalities

3.1. Theorem. If f(z) = h(z) + g(z) is of the form (1.1) and the condition

5.1) D p+k+2)"P+k+a)|apikl+ (0 +k—2)"(0+k — ) [bpsxl]|
: k=1

< (1 -a)la—]

is satisfied then f(z) € MH ().

Proof. Set

H" ' f(2)

p(z) =¢  H"[(2)
1—q, z=0.

+2—a, z#0,

We must show that if the conditation (3.1) is satisfied then f(z) € M H, (a). Therefore,
it is sufficient to show that p(z) is in the class PH which is the class of harmonic functions
with positive real part, or equivalently prove that

(3.2) p(z) + 1| > |p(z) — 1], z € U.

From (7) we obtain, for z € U™,

[“H™ @+ @—a+ DH ()] [ZH (@) + 2 —a - DH"f(2)]

. [H(2)] el
Since,
|—H"™ ' f(z) + (2 — a+ DH" f(2)]
_|(a —ZZ)a—1 + kil(p FE+)" (p+ k4 a—aps,z"T
+=1" i(P +E=2)"(p+k+1—a)byr 2"
p
(3.4) (2—-a)laa]| i(p+k+2)7l(p+k+a_ Dlapar]] 27

k=1

=Y (p+k=2)"(p+k+1—a)lbpsx| 2"
=1

>laa]|+ > (p+k+2)"apis] — > (0+k —2)"[bprxl,

k=1 k=1
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and
|-H" 7 f(2) + (2 —a— DH" f(2)|
— |24 Z(p +k+2)"(p+k+a+1)ay2"TF
k=1
+ (D" (p+k—2)"(p+k—1—a)bpx 2"
k=1
(3.5) _ > .
<l St b2 @k kot Dlapl o
k=1
3 k=2 (p+k — 1 — )byl 2P
k=1
<laal+ > (0 +k+2)"apis] — > (0 + k= 2)"[bprxl,
k=1 k=1

we see that inequality (3.1) holds in U* by (3.4) and (3.5). The case z = 0 is trivial.
Hence p(z) € PH. So the proof of Theorem 3.1 is complete. ]

3.2. Corollary. If we substitute p =0, n =0, a« =0 and a—1 = 1 in the above theorem,
then we have Y p2 , k(|lak| + |bk|) < 1 and f € MHS*, therefore f harmonic starlike in
U™ [2, page 373, Theorem 2.1].

3.3. Theorem. Let the function fn(z) to be defined by (1.5). A necessary and sufficient
condition for f,(2) € MH, () is that

oo

(3.6) (p+E+2)"(p+k+a)apir+ (p+k—2)"(p+k—a)bpix] < (1-a)a-r.
k=1

The estimate (3.6) is sharp and the equality is attained for the function

_ a1 (1-aja Pk _ (I1-aja otk
1z) = z +(p+k+2)”(p—|—k+a) " p+k—=2)"(p+k—a) .

Proof. In view of Theorem 3.1, it is sufficient to prove the ”only if” part, since MH:(a) -

MH? (). Assume that f,(z) € MH,(a). Let 2z be a complex number. If () > 0 then
R(1/z) > 0. Thus from (1.4) we obtain

%{—w+(2—a)}>0

H"f(z)
and
H"f(z)
0< 3‘3{ “H () + (2 — a)H"f(Z)}

‘ H"f(z)
= | =H 1 f(2) + (2— a)H" f(2)

o=}

o0
a1+ Y. (p+k+2)"apir 2"+ 22 X (0 b — 2)"bpgp 22T
k=1 =

D I
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where
D=(1-a)a Zp+k+2 (p+k+ a)apy 22 TF!
k=1
+ 2 Z(p +k—2)"(p+k— )bz
k=1
Hence
0<
. o1+ Y (k42 gk + 3o (p+ = 2) by
(3.7) k=1 k=1

(1-a)a—r—= Y (p+k+2)"(p+k+a)apir — Y (p+k—2)"(p+k —a)bpi
k=1 k=1

From (3.7), we must have

Dlp+k+2)"(p+k+a)aprr+ (p+k—2)"(p+k—a)bps] < (1-a)ar.
k=1
Hence, the proof is completed. (]

3.4. Theorem. Let 0 < a1 <az <1, pe N andn € Ng. Then MH;(az) C MH;(al).

Proof. Let the function f,(2) defined by (1.5) be in the class MH, (a2) and let a; =
ag — . Then, by Theorem 3.3, we have

D (+k+2)" (p+k+az)apie+(—1)"(p+k—2)" (p+k—a2)bpir < (1—az)as
k=1
and
S p+k+2)" (pt+k+as)apin+ (1) "(p+k—2)"(p+k— 2)bpik
k=1
(1 — ag)a,1
T p+l—o
S a—1.
Consequently,
D p+E+2)" (p+k+a)aps + ()" (p+k—2)"(p+k—a1)byix
k=1

M

(p+k+2)"(p+k+az)apsr + (-=1)"(p+k—2)"(p+k — a2)bpsx

ES
Il

1

+9 (i(—l)n@ +k=2)"bpsr + (p+k+ 2)”ap+k>

k=1
S (1 — Oég)afl.

O
3.5. Theorem. Let0 < a <1, p€ N andn € Ng. Then MHZH(a) c MH,(a).

Proof. The proof of Theorem 3.5 also follows from Theorem 3.3. d
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4. Distortion theorem

4.1. Theorem. Let the function f.(z) be in the class MH,(a). Then, for 0 < |z| =
r <1, we have

a—1 (1—-awa-1 14 a—1 (1-awa-1 1t
4.1 N P < fa(2)| < — + P
RS s K TV ey
where equalities hold for the functions

f(z):Ei (1= jay z, z=7r

z - (p-Drp+tl-a)”
Proof. In view of Theorem 3.3, for 0 < |z| =7 < 1,

(e o) oo
a— N
(@) = |22+ apen 2 4 (1) by 2t
k=1 k=1

[e')

a—
< Tl + 7PN (ap ik + bpr)
k=1
1+p ad
a—1 r n
< =4 p—1)"(p+1—a)(aptk + bptk
r (p_1)7l(p+1_a) kzzl( ) ( )( P+ P+ )
1+p
< a-1 + r
ro (p-Drpt+1-a)
x> lp+k+2)"(p+k+)apik+ +k—2)"(p+k— a)bpi]
k=1
a1 (I1-a)a 1+p
<—+ r
ro (p-Drpt+1-a)
and
a_ o0 " oo
|fn(2)] = 71 + Z apri 27T 4 (-1) Z bptk 2PHE
k=1 k=1
a_ oo
2 Tl —rttr Z(ap+k + bp+ )
k=1
1+p o
a—1 T n
N —1)"(p+1- +b
2 T e e T e et b
> E B 7.1+P
ro (p-Drpt+1-a)
XY lp+k+2)"(0+k+)apik+ (0+k—2)"(p+k— a)bpi]
k=1
o (-aas .,
ro (p-Drpt+1-a)
Thus, inequality (4.1) is obtained. |

5. Closure theorem

Let the function f, ;j(z) be defined by

e} =)
(51) f"%](z) = ﬂ + Z aP+kajzp+k + (_1)”2 bP+kaij+k7 .7 = 17 27 s, My,

z
k=1 k=1
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for z € U”.

Now we shall prove the following result for the closure of such a function in the class
MH, ().

5.1. Theorem. Let the function defined by (5.1) be in the class MH,(a). Then the
function Fy(z) defined by

c oo oo
F(z) = il + Z rpre2 TR+ (—1)"2 SprzPtE
k=1 k=1

is a member of the class MH, (a), where

m m m
1 1 d 1 b
C-1 = — a—1,5, Tp+k = — Ap+k,j ANA Sp4+k = — k,j-
m ‘El i 'p+ m E p+k,j p+ m ‘El p+k,j
J= J=

j=1

Proof. Since fn,;(2) € MH,(«), it follows from Theorem 3.3 that

M8

[(p+k+2)"(p+ k + Q)apins + (p+k—2)"(p+ k — a)byiny] < (1—a)acs,.

x>
Il

1

Hence,

(p+k+2)"(p+k+a)rpin+ (p+hk—2)"(p+k—a)spr]

M8

x>
Il
-

m oo

> Z (P+k+2)"(p+k+ )apin;+ @+k—2)"(p+k—a)bpir,;]
j=1 Lk=

1-a)— Za 1,5

= (1 - O‘)C*h

1

m

| /\

which implies that Fy,(2) € MH,, (). O
5.2. Theorem. The class MH,(a) is a conver set.

Proof. Let the function f, ;(2) (j = 1,2) defined by (5.1) be in the class MH, (a). It is
sufficient to prove that the function

H(z) = Mna(2) + (1 = A fa2(2),  0<A<T,
is also in the class MH, (). Since, for 0 < X < 1,

Aa—11+ (1 —Aa—

H(z)= .

oo
L2 4 S i+ (L= Napena] 27
k=1

oo

+ (_1)RZ[)‘bP+k,1 + (1 = Nbpir,2]2PTF,
k=1
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with the aid of Theorem 3.3, we have

DA +E+2)"(p+k+ ) Aapirs + (1= Napir2]
k=1

P4k —2)"(p+ k — @) Abyst + (1= Abpinal}

=M [+ k+2)"(p+k+ Qapirs + (0 +k—2)"(p+k — &)bpii]
k=1

oo

A=) (p+k+2"(p+k+a)apira+ (p+k—2)"(p+k— )by 2]
k=1

<(A-a){ra-1,1+ (1 —=Na-1,2}.
Hence H(z) € MH, (). This completes the proof of Theorem 5.2. a

5.3. Theorem. Let, forp > 2 and z € U™,

a—1

hp(2) = gp(2) = i:

a—1 (1—-aa-1 Tk
h = — p d
_aa, (CD"(1-a)as
k) = k)

Then fn(z) € MHZ(O() if and only if it can be expressed in the form

oo

fn(z) = Z [Tptrbptr(2) + Yp+rgpri(2)] s
k=0

where

Ttk 20, Yprk >0, and Y (Tpik + Ypir) = L.
k=0

Proof. Let fn(2) =Y reo [@ptrhpri(2) + Yptrgp+r(2)], with

Tpik >0, Yprk > 0and Y (@prk + Yprr) = 1.
k=0
Then, we have

= Z [@p+rbptr(2) + Yp+kgprr(2)]
k=0

oo

0471

= zphp(2) + Ypgp(2) + Z (Tptk + Yptr) —
k=1

z
S (I —a)a1zpik - "1 - )a1Ypik _ptk
+ bt z
Zl p+k+2 (p+k—|—a kzzl p+k—2 "(p+k—a)
St (1-a)a—1z
1Lp+k p+k
E (xp+k+yp+k)_z “‘E (

prEk+2)n(p+kta)

™
i

0

oo

(I-a)a1ypik ary
+ z
z:lp+k—2 (p+k—a)
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Since

c- (I—a)a1zpik
+h+2)"(p+k+
;{P )" a)(p+k+2)"(p+k+a)

(I—a)a1ypsr

+(p+k—2)n(p+k—a)(p+k_2)n(p+k_a)

oo

= (1 —a)a1 Y (Tprr + Ypir) < (1 - Q)a-r,
k=1

by Theorem 3.3, f,(2) € MH, ().
Conversely, we suppose that f,(z) € MH, («) and

Apin = (I-a)a1zpik - (I-a)a1ypik
T k2t ek ) T (k=2 (p+ k- )
for k =1,2,.... Hence, we obtain

n__7_\ a— - n -
In(2) = h(z) + (=1)"g(2) = 71 + ;ap+kzp+k +(-1) ;1 bpy p 2Ptk

a1 N (I—a)arzpik Pk
kzl p+Ek+2)"(p+k+a)

+ - (L—a)a1ypsr  pre
—(p+k=2)"(p+k—-0)

(I —a)a1zpik p+k
p+k+2 "(p+k+ )

1 — Q)A—1Yptk _ptk
+ z
Z p+k

(@ + Upir) =2 + Z

=1

M

™
i
o

(p+k— «)
= E:C + a-1 + i a—1 + (1 — a)afl P Ptk
T T AT T k)t kra))

o (a1 (D" —a)a _ptk
+Z<7+(p+k—2>ﬂ(p+k—a>)y””z :

= Z [@p+rbptr(2) + Yp+rgpri(2)] -
k=0

This completes the proof of Theorem 5.3. d
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