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Abstract

In this paper, we consider the fuzzification of bi-Γ-ideals in Γ-
semigroups, and investigate some of their related properties. Maximal
fuzzy bi-Γ-ideals of Γ-semigroups are introduced and their properties
discussed. Finally, chain conditions relating to fuzzy bi-Γ-ideals of Γ-
semigroups are investigated.
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1. Introduction

Following the introduction of fuzzy sets by Zadeh [25], the fuzzy set theories developed
by Zadeh and others have found many applications in the domain of mathematics and
elsewhere.

The study of fuzzy algebraic structures started with the introduction of the concepts
of fuzzy subgroup (subgroupoid) and fuzzy (left, right) ideal in the pioneering paper
of Rosenfeld [18]. In 1979, Anthony and Sherwood [1] redefined fuzzy subgroups (sub-
groupoids) using the concept of triangular norm. Das [6] defined level subgroups and
used them to study fuzzy groups. Liu [13] introduced such concepts as fuzzy invariant
subgroups, fuzzy ideals and in particular, gave a characteristic of a (usual) field by a
fuzzy ideal. Mukerjee et.al [15] also worked on characterizing fuzzy subgroups of vari-
ous groups. Kuroki [10, 11] introduced and studied fuzzy (left, right) ideals and fuzzy
bi-ideals in semigroups. Later some basic concepts of fuzzy algebra such as fuzzy (left,
right) ideals and fuzzy bi-ideals in a fuzzy semigroup, using a new approach of fuzzy
spaces and fuzzy groups was introduced by Dib [7] in 1994.

In [16], Nobusawa introduced the notion of a Γ-ring as a generalization of a ring.
Barnes [2] weakened slightly the conditions in the definition of a Γ-ring in the sense of
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Nobusawa. Barnes [2], Luh [14], Kyono [12] and Ravisankar and Shukla [17] studied
the structure of Γ-rings and obtained various generalizations analogous to corresponding
parts of ring theory. Jun et.al [8] applied the concept of fuzzy sets to the theory of
Γ-rings.

The concept of Γ-nearring, a generalization of both the concepts nearing and Γ-ring,
was introduced by Satyanarayana [22]. Later, several authors such as Booth [3] and
Satyanarayana [21] studied the ideal theory of Γ-nearrings. Later Jun et.al [9] considered
the fuzzification of left (resp. right) ideals of Γ-nearrings. Sen and Saha [19, 20, 23] gave
a characterization of a Γ-semigroup, studied Γ-groups and Γ-regular semigroups and
established a relation between Γ-groups and Γ-regular semigroups. The intuitionistic
fuzzification of several types of Γ-ideal in a Γ-semigroup and a discussion of their proper-
ties was discussed by Mustafa et.al [24]. As we know, Γ-semigroups are a generalization
of semigroups. Chinram [4] studied some properties of bi-ideals in semigroups. Recently,
Chinram and Jirojkul [5] introduced the concept of a bi-Γ-ideal in a Γ-semigroup and
this has motivated us to study the fuzzification of a bi-Γ-ideal in a Γ-semigroup.

In this paper, we consider a fuzzification of the concept of a bi-Γ-ideal in a Γ-semigroup
that is different from than in [24], and some properties of such bi-Γ-ideals are investigated.
The homomorphic property of fuzzy bi-Γ-ideals is established. The concept of a fuzzy
interior Γ-ideal and a fuzzy Γ-ideal are also introduced and some properties are discussed.
Later the notion of maximal fuzzy bi-Γ-ideals of Γ-semigroups is introduced, and some
properties of such maximal fuzzy bi-Γ-ideals of Γ-semigroups discussed. Finally, chain
conditions relating to fuzzy bi-Γ-ideals of Γ-semigroups are discussed.

2. Preliminaries

Let S be a semigroup. By a subsemigroup of S we mean anon-empty subset A of S
such that A2 ⊆ A.

For the sake of completeness, we now recall some concepts of fuzzy theory.

A mapping µ : S → [0, 1] is called fuzzy set of S and the complement of a set µ,
denoted by µ′ is the fuzzy set in S given by µ′(x) = 1 − µ(x) for all x ∈ S.The level set

of a fuzzy set µ of S is defined as U(µ; t) = {x ∈ S | µ(x) ≥ t}.

2.1. Definition. A fuzzy set µ in S is called a fuzzy subsemigroup of S if

µ(xy) ≥ min{µ(x), µ(y)}

for all x, y ∈ S.

A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA ⊆ A.

2.2. Definition. A fuzzy subsemigroup µ of a semigroup S is called a fuzzy bi-ideal of
S if

µ(xyz) ≥ min{µ(x), µ(z)}

for all x, y and z ∈ S.

2.3. Definition. Let M = {x, y, z, . . .} and Γ = {α, β, γ, . . .} be two non-empty sets.
Then M is called a Γ-semigroup if it satisfies

(i) xγy ∈ M ,
(ii) (xβy)γz = xβ(yγz),

for x, y, z ∈ M and β, γ ∈ Γ.

2.4. Definition. Let M be a Γ-semigroup. A non-empty subset A of a Γ-semigroup M
is said to be a Γ-subsemigroup of M if AΓA ⊆ A.
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2.5. Definition. A left (right) ideal of a Γ-semigroup M is a non-empty subset A of M
such that MΓA ⊆ A(AΓM ⊆ A).

If A is both a left and a right ideal of a Γ-semigroup M , then we say that A is a
Γ-ideal of M .

2.6. Definition. A Γ-semigroup M is called left-zero (right-zero) if xγy = x(xγy = y)
for all x, y ∈ M and γ ∈ Γ.

2.7. Definition. An element e in a Γ-semigroup M is called an idempotent if eγe = e
for some γ ∈ Γ.

2.8. Definition. A Γ-subsemigroup A of a Γ-semigroup M is called an interior Γ-ideal

of S if MΓAΓM ⊆ A.

2.9. Definition. Let M be a Γ-semigroup. A sub Γ-semigroup A of M is called a
bi-Γ-ideal of M if AΓMΓA ⊆ A.

2.10. Definition. Let M be a Γ-semigroup and M1 a Γ1-semigroup. A pair of mappings
f1 : M → M1 and f2 : Γ → Γ1 is said to be a homomorphism from (M, Γ) to (M1, Γ1) if
f1(axb) = f1(a)f2(x)f1(b) for all a, b ∈ M and x ∈ Γ.

2.11. Definition. A fuzzy set µ of a Γ-semigroup is called a fuzzy Γ-subsemigroup of
M if

µ(xγy) ≥ min{µ(x), µ(y)}

for all x, y ∈ M and γ ∈ Γ.

2.12. Definition. A Γ-semigroup M is said to satisfy the left (right) ascending chain

condition of left (right) ideals if every strictly increasing sequence U1 ⊂ U2 ⊂ U3 ⊂ · · ·
of left (right) ideals of M is of finite length.

2.13. Definition. A Γ-semigroup M is left (resp. right) Notherian if M satisfies the
left (right) ascending chain condition of left (resp. right) ideals.

Below, let ES denote the set of all idempotents in a Γ-semigroup S and χA the
characteristic function of A.

3. Fuzzy bi-Γ-ideals

In what follows, M will denote a Γ-semigroup unless otherwise specified.

Now, we introduce a notion of fuzzy bi-Γ-ideal of M , which is different from [24].

3.1. Definition. A fuzzy set µ of M is called a fuzzy bi-Γ-ideal of M if

(i) (∀x, y ∈ M, γ ∈ Γ)(µ(xγy) ≥ min{µ(x), µ(y)}),
(ii) (∀x, y, z ∈ M, α, β ∈ Γ)(µ(xαyβz) ≥ min{µ(x), µ(z)}).

3.2. Example. Let M = {0, a, b, c} and Γ = {γ, α, β} be the non-empty set of binary
operations defined below:

α 0 a b c

0 0 0 0 0
a a a a a
b 0 0 0 b
c 0 0 0 c

β 0 a b c

0 0 0 0 0
a 0 a 0 0
b 0 0 b 0
c 0 0 0 c

γ 0 a b c

0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

Clearly M is a Γ-semigroup. Moreover the fuzzy set µ : M → [0, 1] defined by µ(0) =
0.6, µ(a) = 0.7, µ(b) = 0.8, µ(c) = 0.9 is a fuzzy bi-Γ-ideal of M .
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3.3. Lemma. If B is a bi-Γ-ideal of M then for any 0 < t < 1, there exists a fuzzy

bi-Γ-ideal µ of M such that µt = B.

Proof. Let µ → [0, 1] be defined by

µ(x) =

{

t, if x ∈ B,

0, if x /∈ B,

where t is a fixed number in (0, 1). Then, clearly µt = B.

Now suppose that B is a bi-Γ-ideal of M . For all x, y,∈ B and γ ∈ Γ such that
xγy ∈ B,, we have

µ(xγy) ≥ t = min{µ(x), µ(y)}.

Also, for all x, y, z ∈ B and α, β ∈ Γ such that xαyβz ∈ B, we have

µ(xαyβz) ≥ t = min{µ(x), µ(z)}.

Thus µ is a fuzzy bi-Γ-ideal of M . �

3.4. Lemma. Let B be a non-empty subset of M . Then B is a bi-Γ-ideal of M if and

only if χB is a fuzzy bi-Γ-ideal of M .

Proof. Let x, y ∈ B and γ ∈ Γ. From the hypothesis, xγy ∈ B.

(i) If x, y ∈ B, then χB(x) = 1 and χB(y) = 1. In this case

χB(xγy) = 1 ≥ min{χB(x), χB(y)}.

(ii) If x ∈ B, y /∈ B, then χB(x) = 1 and χB(y) = 0. Thus,

χB(xγy) = 0 ≥ min{χB(x), χB(y)}.

(iii) If x /∈ B, y ∈ B, then χB(x) = 0 and χB(y) = 1. Thus,

χB(xγy) = 0 ≥ min{χB(x), χB(y)}.

(iv) If x /∈ B, y /∈ B, then χB(x) = 0 and χB(y) = 0. Thus,

χB(xγy) ≥ 0 = min{χB(x), χB(y)}.

Thus (i) of Definition 3.1 holds good.

Let x, y, z ∈ B and α, β ∈ Γ. From the hypothesis, xαyβz ∈ B.

(i) If x, z ∈ B , then χB(x) = 1 and χB(z) = 1. Thus,

χB(xαyβz) = 1 ≥ min{χB(x), χB(z)}.

(ii) If x ∈ B, z /∈ B, then χB(x) = 1 and χB(z) = 0. Thus,

χB(xαyβz) = 0 ≥ min{χB(x), χB(z)}.

(iii) If x /∈ B, z ∈ B,then χB(x) = 0 and χB(z) = 1. Thus,

χB(xαyβz) = 0 ≥ min{χB(x), χB(z)}.

(iv) If, x /∈ B, z /∈ B, then χB(x) = 0 and χB(z) = 0. Thus,

χB(xαyβz) ≥ 0 = min{χB(x), χB(z)}.

Thus (ii) of Definition 3.1 holds good.

Conversely, Suppose χB is a fuzzy bi-Γ-ideal of M . Then by Lemma 3.3, χB is two-
valued, Hence B is a bi-Γ-ideal of M . This completes the proof. �

The following theorem proves that an intersection of a family of fuzzy bi-Γ-ideals is
also a fuzzy bi-Γ-ideal.
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3.5. Theorem. If {Ai}i∈∧ is a family of fuzzy bi-Γ-ideals of M then ∩Ai is a fuzzy

bi-Γ-ideals of M , where ∩Ai = {Λµi} and Λµi(x) = inf{µi(x) | i ∈ Λ, x ∈ M}.

Proof. Let x, y ∈ M . Then we have

(i) Λµi(xγy) = inf{min{µi(x), µi(y)} | i ∈ Λ, x, y ∈ M}

= min{{inf(µi(x)), inf(µi(y))} | i ∈ Λ, x, y ∈ M}

= min{{inf(µi(x) | i ∈ Λ, x ∈ M)}, {inf(µ(y) | i ∈ Λ, y ∈ M)}}

= min{Λµi(x), Λµi(y)}.

Let x, y, z ∈ M and α, β ∈ Γ.

(ii) Λµi(xαyβz) = inf{min{µi(x), µi(z)} | i ∈ Λ, x, z ∈ M}

= min{{inf(µi(x)), inf(µi(z))} | i ∈ Λ, x, z ∈ M}

= min{{inf(µi(x) | i ∈ Λ, x ∈ M)}, {inf(µ(z) | i ∈ Λ, z ∈ M)}}

= min{Λµi(x),Λµi(z)}.

Hence, ∩Ai is a fuzzy bi-Γ-ideal of M . �

The following theorem proves that the complement of a fuzzy bi-Γ-ideal is also a fuzzy
bi-Γ-ideal.

3.6. Theorem. If µ is a fuzzy bi-Γ-ideal of M then µ′ is also a fuzzy bi-Γ-ideal of M .

Proof. (i) Let x, y ∈ M and γ ∈ Γ. We have:

µ′(xγy) =1 − µ(xγy)

= 1 − min{µ(x), µ(y)}

= min{1 − µ(x), 1 − µ(y)}

= min{µ′(x), µ′(y)}.

(ii) Let x, y, z ∈ M and α, β ∈ Γ. We have:

µ′(xαyβz) = 1 − µ(xαyβz)

= 1 − min{µ(x), µ(z)}

= min{1 − µ(x), 1 − µ(z)}

= min{µ′(x), µ′(z)}.

Therefore, µ′ is also a fuzzy bi-Γ-ideal of M . �

The following theorem gives the relation between fuzzy bi-Γ-ideal and bi-Γ-ideals.

3.7. Theorem. A fuzzy set µ in a Γ-ideal of M is a fuzzy bi-Γ-ideal of M if and only if

the level set U(µ; t) = {x ∈ M | µ(x) ≥ t} is a bi-Γ-ideal of M when it is non-empty.

Proof. Let µ be a fuzzy bi-Γ-ideal of M . Then µ(xγy) ≥ min{µ(x), µ(y)}.

x, y ∈ U(µ; t), γ ∈ Γ =⇒ µ(x) ≥ t, µ(y) ≥ t

µ(xγy) ≥ min{µ(x), µ(y)} ≥ t

µ(xγy) ≥ t

=⇒ xγy ∈ U(µ; t).

Also,

µ(xαyβy) ≥ min{µ(x), µ(z)}.



6 D. R. Prince Williams, K.B. Latha, E. Chandrasekeran

x, y ∈ U(µ; t), α, β ∈ Γ =⇒ µ(x) ≥ t, µ(y) ≥ t, µ(z) ≥ t

µ(xαyβz) ≥ min{µ(x), µ(z)} ≥ t

µ(xαyβz) ≥ t

=⇒ xαyβz ∈ U(µ; t).

Thus, U(µ; t) is a bi-Γ-ideal of M .

Conversely, if U(µ; t) is a bi-Γ-ideal of M let t = min{µ(x), µ(y)}. Then:

x, y ∈ U(µ; t), γ ∈ Γ =⇒ xγy ∈ U(µ; t)

=⇒ µ(xγy) ≥ t

=⇒ µ(xγy) ≥ min{µ(x), µ(y)}.

Next, define t = min{µ(x), µ(z)}. Then:

x, y, z ∈ U(µ; t), α, β ∈ Γ =⇒ xαyβz ∈ U(µ; t)

=⇒ µ(xαyβz) ≥ t

=⇒ µ(xαyβz) ≥ min{µ(x), µ(z)}.

Consequently, µ is a fuzzy bi-Γ-ideal of M . �

Now we consider completely regularity of fuzzy bi-Γ-ideals.

3.8. Theorem. Let µ be a fuzzy bi-Γ-ideal of M . If M is completely regular, then

µ(a) = µ(aαa) for all a ∈ M and α ∈ Γ.

Proof. Straightforward. �

Let f be a mapping from a set X to Y , and µ be fuzzy set on Y . Then the preimage

of µ under f , denoted by f−1(µ), is defined by f−1(µ(x)) = µ(f(x)), for all x ∈ X.

The following theorem gives the homomorphic property of fuzzy bi-Γ-ideals of a Γ-
semigroup.

3.9. Theorem. Let the pair of mappings f : M → M1, h : Γ → Γ1 be a homomorphism

of Γ-semigroups. If µ is a fuzzy bi-Γ-ideal of M1, then the preimage f−1(µ) of µ under

f is a fuzzy bi-Γ-ideal of M .

Proof. (i) Let x, y ∈ M and γ ∈ Γ. Then we have

f−1(µ)(xγy) = µ(f(xγy))

= µ(f(x)h(γ)f(z))

= min{µ(f(x)), µ(f(y))}

= min{f−1(µ(x)), f−1(µ(y))}.

(ii) Let x, y, z ∈ M and α, β ∈ Γ. Then:

f−1(µ)(xαyβz) = µ(f(xαyβz))

= µ(f(x)h(α)f(y)h(β)f(z))

≥ min{µ(f(x)), µ(f(z))}

= min{f−1(µ(x)), f−1(µ(z))}.

Therefore f−1(µ) is a fuzzy bi-Γ-ideal of M . �
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3.10. Definition. A fuzzy subset µ of M is called a fuzzy Γ-left ideal (resp. fuzzy Γ-right

ideal) of M if

µ(xαyβz) ≥ µ(z) (resp. µ(xαyβz) ≥ µ(x))

for all x, y, z ∈ M and α, β ∈ Γ.

3.11. Definition. A fuzzy set µ of M is called a fuzzy Γ-ideal of M if it is both a fuzzy
Γ-left ideal and a fuzzy right Γ-right ideal of M .

3.12. Example. Let M = {0, a, b, c} and Γ = {α, β} be the non-empty set of binary
operations defined below:

α 0 a b c

0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

β 0 a b c

0 0 0 0 0
a a a a a
b 0 0 0 0
c a a a c

Clearly M is a Γ-semigroup. Moreover the fuzzy set µ : M → [0, 1] defined by µ(0) =
0.7, µ(a) = 0.6, µ(b) = µ(c) = 0.3 is a fuzzy Γ-ideal of M .

3.13. Proposition. If B is a left-zero Γ-subsemigroup of M and µ a fuzzy Γ-left ideal

of M, then µ(x) = µ(z) for all x, y, z ∈ M .

Proof. Let x, y, z ∈ B. Since B is left-zero, xαyβz = x and zβyαx = z for all α, β ∈ Γ.

In this case, from the hypothesis, we have that

µ(x) = µ(xαyβz) ≥ µ(z),

µ(z) = µ(zβyαx) ≥ µ(x).

Thus we obtain µ(x) = µ(z) for all x, z ∈ M . �

3.14. Lemma. If B is a Γ-left ideal of M , then χB is a fuzzy Γ-left ideal of M .

Proof. Let x, z ∈ B and α, β ∈ Γ. Since B is a Γ-left ideal of M , xαyβz ∈ M

(i) If z ∈ M , then χB(z) = 1. It follows that

χB(xαyβz) = 1 = χB(z).

(ii) If z /∈ M , then χB(z) = 0, hence

χB(xαyβz) ≥ 0 = χB(z).

Consequently, χB is a fuzzy Γ-left ideal of M .

�

3.15. Theorem. Let µ be a fuzzy Γ-left ideal of M . If EB is a left-zero Γ-subsemigroup

of M , then µ(e) = µ(e2) for all e, e2 ∈ EB.

Proof. Let e, e2 ∈ EB. From the hypothesis, eαe1βe2 = e and e2βe1αe = e2 for all
e1 ∈ EB and α, β ∈ Γ. Thus, since µ is a fuzzy Γ-left ideal of M , we get that

µ(e) = µ(eαe1βe2) ≥ µ(e2),

µ(e2) = µ(e2βe1αe) ≥ µ(e).

Hence we have µ(e) = µ(e2) for all e, e2 ∈ EB. This completes the proof. �

3.16. Definition. A fuzzy subset µ is called a fuzzy interior Γ-ideal of M if

µ(xαyβz) ≥ µ(y)

for all x, y, z ∈ M and α, β ∈ Γ.
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3.17. Theorem. If B is an interior Γ-ideal of M , then χB is a fuzzy interior Γ-ideal of

M .

Proof. Since B is a non-empty subset of M . Let x, y, z ∈ B and α, β ∈ Γ. From the
hypothesis, xαyβz ∈ B

(i) If y ∈ B, then χB(y) = 1. Thus,

χB(xαyβz) = 1 = χB(y)

ii If y /∈ B, then χB(y) = 0. Thus,

χB(xαyβz) ≥ 0 = χB(y).

Hence χB is a fuzzy interior Γ-ideal of M . �

3.18. Theorem. Every fuzzy Γ-ideal of M is a fuzzy interior Γ-ideal of M .

Proof. Straightforward. �

On the other hand, the following example shows that a fuzzy interior Γ-ideal µ in M
need not be a fuzzy Γ-ideal of M .

3.19. Example. Let M = {0, a, b, c} and Γ = {α, β} be the non-empty set of binary
operations defined below:

α 0 a b c

0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

β 0 a b c

0 0 0 0 0
a a a a a
b 0 0 0 0
c a a a c

Clearly M is a Γ-semigroup. Moreover the fuzzy set µ : M → [0, 1] defined by µ(0) =
0.9, µ(a) = 0.7, µ(b) = 0.6, µ(c) = 0.1 is easily seen to be a fuzzy interior Γ-ideal of M .
But µ is not a fuzzy Γ-ideal of M , since µ(bαcβc) = µ(c) = 0.1 � 0.6 = µ(b).

3.20. Theorem. If M is regular, then every fuzzy interior Γ-ideal of M is a fuzzy Γ-ideal

of M .

Proof. Let µ be a fuzzy interior Γ-ideal of M and x, y, z ∈ M . In this case, because
of M is regular, there exists y, y′ ∈ M and α, α′, β, β′ ∈ Γ such that x = xαyβx and
y = zβ′y′α′z. Thus,

µ(xα′yβ′z) = µ(xα′zβ′y′α′zβ′z)

= µ(xα′zβ′(y′α′zβ′z))

≥ µ(z).

Similarly, we can show that µ is a fuzzy Γ-right ideal of M . This completes the proof. �

Combining Theorem 3.18 and Theorem 3.20, if M is regular it is clear that the concepts
of fuzzy Γ-ideals and fuzzy interior Γ-ideals coincide.
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4. Normal fuzzy bi-Γ-ideals

4.1. Definition. A fuzzy bi-Γ-ideal µ of a Γ-semigroup M is said to be a normal if
µ(0) = 1.

4.2. Example. Let M = {0, a, b, c} and Γ = {γ, α, β} be the non-empty set of binary
operations defined below:

α 0 a b c

0 0 0 0 0
a a a a a
b 0 0 0 b
c 0 0 0 c

β 0 a b c

0 0 0 0 0
a 0 a 0 0
b 0 0 b 0
c 0 0 0 c

γ 0 a b c

0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

Clearly M is a Γ-semigroup. Moreover the fuzzy set µ : M → [0, 1] defined by µ(0) =
1 = µ(a) = µ(b) = µ(c) is easily seen to be a fuzzy bi-Γ-ideal of M with µ(0) = 1. Thus
µ is a normal fuzzy bi-Γ-ideal of M .

4.3. Theorem. Given a fuzzy bi-Γ-ideal µ of a Γ-semigroup M , let µ⋆ be the fuzzy set

in M defined by µ⋆(x) = µ(x) + 1 − µ(0) for all x ∈ M . Then µ⋆ is a normal fuzzy

bi-Γ-ideal of M which contains µ.

Proof. For all x, y ∈ M we have µ⋆(0) = µ(0) + 1 − µ(0) = 1. Also, for all x, y ∈ M and
γ ∈ Γ we have

µ⋆(xγy) = µ(xγy) + 1 − µ(0)

≥ min{µ(x), µ(y)} + 1 − µ(0)

= min{µ(x) + 1 − µ(0), µ(y) + 1 − µ(0)}

= min{µ⋆(x), µ⋆(y)}.

Now let x, y, z ∈ M and α, β ∈ Γ. We have,

µ⋆(xαyβz) = µ(xαyβz) + 1 − µ(0)

≥ min{µ(x), µ(z)} + 1 − µ(0)

= min{µ(x) + 1 − µ(0), µ(z) + 1 − µ(0)}

= min{µ⋆(x), µ⋆(z)}.

Therefore, µ⋆ is a normal fuzzy bi-Γ-ideal of M , and obviously µ ⊆ µ⋆. �

4.4. Corollary. Let µ and µ⋆ be as in Theorem 4.3. If there exists x ∈ M such that

µ⋆(x) = 0, then µ(x) = 0.

4.5. Theorem. Let µ be a fuzzy bi-Γ-ideal of a Γ-semigroup M and let f : [0, µ(0)] →
[0, 1] be an increasing function. Then the fuzzy set µf : M → [0, 1] defined by µf (x) =
f [µ(x)] is a fuzzy bi-Γ-ideal of M . In particular, if f [µ(0)] = 1, then µf is normal; if

f(t) ≥ t for all t ∈ [0, µ(0)], then µ ⊆ µf .

Proof. Let x, y ∈ M and γ ∈ Γ. We have,

µf (xγy) = f(µ(xγy))

≥ f(min{µ(x), µ(y)})

= min{f(µ(x)), f(µ(y))}

= min{µf (x), µf (y)}.
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If x, y, z ∈ M and α, β ∈ Γ then

µf (xαyβz) = f [µ(xαyβz)]

≥ f(min{µ(x), µ(z)})

= min{f(µ(x)), f(µ(z))}

= min{µf (x), µf (z)}.

Therefore, µf is a fuzzy bi-Γ-ideal of M . If f [µ(0)] = 1, then µf (0) = 1. Thus µf is
normal.

Assume that f(t) = f [µ(x)] ≥ µ(x), for any x ∈ M , which gives µ ⊆ µf . This
completes the proof. �

Let N(M) denote the set of all normal fuzzy bi-Γ-ideals of M . Note that N(M) is a
poset under set inclusion.

4.6. Theorem. Let µ ∈ N(M) be a non-constant maximal element of (N(M),⊆). Then

µ takes only the two values 0 and 1.

Proof. Since µ is normal, we have µ(0) = 1. Let µ(x) 6= 1 for some x ∈ M . We claim
that µ(x) = 0. If not, then there exists x0 ∈ M such that 0 < µ(x0) < 1.

Define a fuzzy set ν on M , by setting ν(x) =
(

µ(x)+µ(x0)
2

)

for all x ∈ M . Then, clearly
ν is wellûdefined and for all x, y ∈ M and γ ∈ Γ we have

ν(xγy) =
(µ(xγy) + µ(x0)

2

)

≥
(min{µ(x), µ(y)} + µ(x0)

2

)

= min
{µ(x) + µ(x0)

2
,
µ(y) + µ(x0)

2

}

= min{ν(x), ν(y)}.

Moreover, for x, y, z ∈ M and α, β ∈ Γ we have:

ν(xαyβz) =

(

µ(xαyβz) + µ(x0)

2

)

≥
(min{µ(x), µ(z)} + µ(x0)

2

)

= min
{µ(x) + µ(x0)

2
,
µ(z) + µ(x0)

2

}

= min{ν(x), ν(z)}.

Therefore, ν is a fuzzy bi-Γ-ideal of M . By Theorem 4.3, ν⋆ is a maximal fuzzy bi-Γ-ideal
of M . Note that

ν⋆(x0) = ν(x0) + 1 − ν(0)

=
1

2
(µ(x0) + µ(x0)) + 1 −

1

2
(µ(0) + µ(x0))

=
1

2
(µ(x0)) + 1 −

1

2
(µ(0))

=
1

2
(µ(x0) + 1)

= ν(x0),

and ν(x0) < 1 = ν⋆(0).
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Hence ν⋆ is non-constant, and µ is not a maximal element of N(M). This is a contra-
diction. �

4.7. Definition. A non-constant fuzzy bi-Γ-ideal µ of M is called maximal if µ⋆ is a
maximal element of N(M).

4.8. Theorem. If a fuzzy bi-Γ-ideal µ of M is maximal, then

(i) µ is normal,

(ii) µ takes only the values 0 and 1,

(iii) χU0 = µ,

(iv) µ0 is a maximal bi-Γ-ideal of M .

Proof. Let µ be a maximal bi-Γ-ideal of M . Then µ⋆ is a non-constant maximal element
of the poset (N(M),⊆). It follows from Theorem 4.6 that µ⋆ takes only the values 0
and 1. Note that µ⋆(x) = 1 if and only if µ(x) = µ(0), and µ⋆(x) = 0 if and only if
µ(x) = µ(0) − 1.

By Corollary 4.4, we have µ(x) = 0 and so µ(0) = 1. Hence µ is normal and µ⋆ = µ.

This proves (i) and (ii).

(iii) Obvious.

(iv) It is clear that we can prove µ0 = {x ∈ M | µ(0) = 1} is a bi-Γ-ideal. Obviously
µ0 6= S because µ takes just two values. Let A be a bi-Γ-ideal containing µ0. Then
µU0 ⊆ µA and in consequence, µ = µU0 ⊆ µA. Since µ is normal, µA also is normal
and takes only two values 0 and 1. But, by the assumption, µ is maximal, so µ = µA or
µ = ω, where ω(x) = 1 for all x ∈ M . In the last case µ0 = µ, which is impossible. So
µ0 = µA. That is, µA = χA. Therefore µ0 = A. �

4.9. Definition. A normal fuzzy bi-Γ-ideal µ of a Γ-semigroup M is said to be completely

normal if there exists x ∈ M such that µ(x) = 0.

4.10. Example. Let M = {0, a, b, c} and Γ = {γ, α, β} the non-empty set of binary
operations defined below:

α 0 a b c

0 0 0 0 0
a a a a a
b 0 0 0 b
c 0 0 0 c

β 0 a b c

0 0 0 0 0
a 0 a 0 0
b 0 0 b 0
c 0 0 0 c

γ 0 a b c

0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

Clearly M is a Γ-semigroup. Moreover the fuzzy set µ : M → [0, 1] defined by µ(0) =
1, µ(a) = µ(b) = µ(c) = 0 is a normal fuzzy bi-Γ-ideal of M , and µ(x) = 0 for all
x( 6= 0) ∈ M . Thus µ is a completely normal fuzzy bi-Γ-ideal of M .

Denote by ξ(M) the set of all completely normal fuzzy bi-Γ-ideals of M . We note that
ξ(M) ⊆ N(M) and that the restriction of the partial ordering ⊆ of N(M) gives a partial
ordering of ξ(M).

4.11. Proposition. Any non-constant maximal element of (N(M),⊆) is also a maximal

elements of (ξ(M),⊆).

Proof. Let µ be a non-constant maximal element of (N(M),⊆). By Theorem 4.8, µ takes
only the values 0 and 1, and so µ(0) = 1 and µ(x) = 0 for some x ∈ M . Hence µ ∈ ξ(M).
Assume that there exists ν ∈ ξ(M) and that µ ⊆ ν. It follows that µ ⊆ ν in N(M). Since
µ is maximal in (N(M),⊆) and ν is non-constant, therefore µ = ν. Thus µ is a maximal
element of (ξ(M),⊆), which ends the proof. �
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4.12. Theorem. Every maximal fuzzy bi-Γ-ideal of a Γ-semigroup M is completely nor-

mal.

Proof. Let µ be a maximal fuzzy bi-Γ-ideal of M . Then by Theorem 4.8, µ is normal and
µ = µ⋆ takes only the values 0 and 1. Since µ is non-constant, it follows that µ(0) = 1
and µ(x) = 0 for some x ∈ M . Hence µ is completely normal, which ends the proof. �

5. Chain conditions

We know that the intersection of all bi-Γ-ideal of a Γ-semigroup M is also a bi-Γ-ideal
of M . Let Λ be a totally ordered set and let {Aj | j ∈ Λ} be a collection of bi-Γ-ideal of
a Γ-semigroup M such that for all i, j ∈ Λ, j < i if and only if Ai ⊂ Aj . Then,

⋂

j<i

Aj is

a bi-Γ-ideal of M .

5.1. Theorem. Let {Aj | j ∈ Λ ⊆ [0, 1]} be a collection of bi-Γ-ideal of a Γ-semigroup

M such that

(i) M =
⋃

j∈Λ Aj

(ii) j < i if and only if Ai ⊂ Aj for all i, j ∈ Λ.

Then the fuzzy set µ in M defined by µ(x) = sup{j ∈ Λ | x ∈ Aj} for all x ∈ M is a

fuzzy bi-Γ-ideal of M .

Proof. For any i ∈ [0, 1], we consider the following two cases:

i = sup{j ∈ Λ | j < i}, i 6= sup{j ∈ Λ | j < i}.

For the first case, we know that, for all x, y ∈ Aj and γ ∈ Γ, xγy ∈ U(µ; i) if and only if
xγy ∈ Aj for all j < i, if and only if xγy ∈

⋂

j<i

Aj . Also, for all x, y, z ∈ Aj and α, β ∈ Γ,

xαyβz ∈ U(µ; i) if and only if xαyβz ∈ Aj for all j < i, if and only if xαyβz ∈
⋂

j<i

Aj .

Hence, U(µ; i) =
⋂

j<i

Aj , which is a bi-Γ-ideal of M . The second case implies that

there exists ǫ > 0 such that (i − ǫ, i) ∩ Λ = φ.

We claim that U(µ; i) =
⋂

j<i

Aj . If xγy ∈
⋂

j<i

Aj , xγy ∈ Aj for some j < i, γ ∈ Γ. It

follows that µ(xγy) ≥ j ≥ i. Hence xγy ∈ U(µ; i), showing that if xγy ∈ Aj , j ≤ i − ǫ
and so xγy /∈ U(µ; i).

Also, if xαyβz ∈
⋂

j<i

Aj then xαyβz ∈ Aj for some j < i, α, β ∈ Γ. It follows

that µ(xαyβz) ≥ j ≥ i. Hence xαyβz ∈ U(µ; i), and so xαyβz /∈ U(µ; i). Therefore
U(µ; i) ⊆

⋂

j<i

Aj and so U(µ; i) =
⋂

j<i

Aj . Hence µ is a fuzzy bi-Γ-ideal of M . �

5.2. Theorem. Let {An | n ∈ Λ} be a family of bi-Γ-ideal of a Γ-semigroup M which

is nested, that is M = A1 ⊃ A2 ⊃ · · · .

Let µ be the fuzzy in M defined by

µ(x) =















n

n + 1
if x ∈ An \ An+1, n = 1, 2, 3, . . .

1 if x ∈
∞
⋂

n=1

An,

for all x ∈ M . Then µ is a fuzzy bi-Γ-ideal of M .
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Proof. Let x, y ∈ M, γ ∈ Γ. Suppose that x ∈ Ak \ Ak+1 and y ∈ Ar/Ar+1 for
k = 1, 2, 3, . . . , r = 1, 2, 3 . . ..

Without loss of generality, we assume that k ≤ r.

Then xγy ∈ Ak and so µ(xγy) ≥ k
k+1

= min{µ(x), µ(y)}.

If x, y ∈
∞
⋂

n=1

An, then xγy ∈
∞
⋂

n=1

An and thus µ(xγy) = 1 = min{µ(x), µ(y)}.

If x ∈
∞
⋂

n=1

An and y /∈
∞
⋂

n=1

An, then there exists i ∈ Λ such that y ∈ Ai \ Ai+1. It

follows that xγy ∈
∞
⋂

n=1

An, and thus µ(xγy) ≥ i
i+1

= min{µ(x), µ(y)}.

Similarly, we know that µ(xγy) ≥ min{µ(x), µ(y)}, whenever x /∈
∞
⋂

n=1

An and y ∈

∞
⋂

n=1

An. Now, let x, y, z ∈ M, α, β ∈ Γ. If x ∈ Ak\Ak+1, y ∈ Ar\Ar+1, and z ∈ As\As+1,

for k = 1, 2, 3 . . . ; r = 1, 2, 3 . . . ; s = 1, 2, 3 . . ..

Without loss of generality, we may assume that k ≤ r ≤ s, whence µ(xαyβz) ≥ k
k+1

=

min{µ(x), µ(z)}.

If x, y, z ∈
∞
⋂

n=1

An and α, β ∈ Γ, then xαyβz ∈
∞
⋂

n=1

An, and thus µ(xαyβz) = 1 =

min{µ(x), µ(z)}. If x ∈
∞
⋂

n=1

An and y /∈
∞
⋂

n=1

An and z /∈
∞
⋂

n=1

An then there exists i ∈ Λ

such that y, z ∈ Ai/Ai+1. It follows that xαyβz ∈ Ai so that µ(xαyβz) ≥ i
i+1

=

min{µ(x), µ(z)}.

Similarly, we know that for all these cases

(i) x ∈
∞
⋂

n=1

An, y ∈
∞
⋂

n=1

An and z /∈
∞
⋂

n=1

An,

(ii) x /∈
∞
⋂

n=1

An, y /∈
∞
⋂

n=1

An and z ∈
∞
⋂

n=1

An,

(iii) x /∈
∞
⋂

n=1

An, y ∈
∞
⋂

n=1

An and z ∈
∞
⋂

n=1

An,

(iv) x /∈
∞
⋂

n=1

An, y ∈
∞
⋂

n=1

An and z /∈
∞
⋂

n=1

An.

Thus µ(xαyβz) ≥ min{µ(x), µ(z)}. Consequently, µ is a fuzzy bi-Γ-ideal of M . This
complete the proof. �

Let µ : M → [0, 1] be a fuzzy set. The smallest fuzzy bi-Γ-ideal containing µ is called
the fuzzy bi-Γ-ideal generated by µ, and µ is said to be n-valued if µ(M) is a finite set of
n elements. When no specific n is intended, we call µ a finite-valued fuzzy set.

5.3. Theorem. A fuzzy bi-Γ-ideal λ of a Γ-semigroup M is finite-valued if and only if

it is generated by a finite-valued fuzzy set µ in M .

Proof. If λ : M → [0, 1] is a finite–valued fuzzy bi-Γ-ideal of M , then one may choose
µ = λ. Consequently, assume that µ : M → [0, 1] is a n-valued fuzzy set with n distinct
values t1, t2, · · · tn, where t1 > t2 > · · · > tn. Let Gi be the inverse image of ti under

µ, that is Gi = µ−1(ti). Obviously,
j
⋃

i=1

Gi ⊆
r
⋃

i=1

Gi when j < r. Let Aj be the bi-Γ-

ideal of M generated by the set
j
⋃

i=1

Gi. Then we have the following chain of bi-Γ-ideals:
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A1 ⊆ A2 ⊆ · · · ⊆ An = M . Define a fuzzy set λ : M → [0, 1] by

µ(x) =

{

t1 if x ∈ A1

tj if x ∈ Aj \ Aj−1; j = 2, 3 . . . n.

We claim that λ is the fuzzy bi-Γ-ideal of M generated by µ. Let x, y ∈ M, γ ∈ Γ and
let i and jbe the smallest integers such that x ∈ Ai and y ∈ Aj . We assume that i > j
without loss of generality. Then xγy ∈ Ai and so

λ(xγy) ≥ ti = min{λ(x), λ(y)}.

Similarly, if x, y ∈ Aj \ Aj−1 and γ ∈ Γ, we get

λ(xγy) ≥ tj = min{λ(x), λ(y)}.

Now let x, y, z ∈ M, α, β ∈ Γ. If x ∈ Ai, y ∈ Aj and z ∈ Ak for some i > j > k then
x, y, z ∈ Ai and so xαyβz ∈ Ai as Ai is a bi-Γ-ideal of M . Thus

λ(xαyβz) ≥ ti = min{ti, tk} = min{λ(x), λ(z)}.

Similarly,if x, y, z ∈ Aj \ Aj−1 and γ ∈ Γ, we get

λ(xαyβz) ≥ tj = min{tj , tj} = min{λ(x), λ(z)}.

Therefore λ is a fuzzy bi-Γ-ideal of M . If xγy ∈ M, γ ∈ Γ and µ(xγy) = ti, then
xγy ∈ Gi and so xγy ∈ Ai. But we now get λ(xγy) ≥ ti = µ(xγy). Also, if xαyβz ∈
M, α, β ∈ Γ and µ(xαyβz) = ti, then xαyβz ∈ Gi and so xαyβz ∈ Ai. But we then get
λ(xαyβz) ≥ ti = µ(xαyβz).

Consequently, µ ⊆ λ. Let δ be any fuzzy bi-Γ-ideal of M containing µ. Then,

j
⋃

i=1

Gi = U(µ; tj) ⊆ U(δ; tj),

and thus Aj ⊆ U(δ; tj). Hence λ ⊆ δ and so λ is generated by µ. Note that |Imµ| = n =
|Imλ|. This completes the proof. �

A Γ-semigroup M is said to Γ-Notherian if it satisfies the ascending chain condition
on Γ-ideals of M .

5.4. Theorem. If M is a Γ-Notherian, then every fuzzy bi-Γ-ideal of M is finite valued.

Proof. Let µ : M → [0, 1] be a fuzzy bi-Γ-ideal of M which is not finite-valued. Then,
there exists an infinite sequence of distinct numbers µ(0) = t1 > t2 > · · · > tn > · · · ,
where ti = µ(xi) for some xi ∈ M . This sequence induces an infinite sequence of distinct
bi-Γ-ideals of M :

U(µ; t1) ⊂ U(µ; t2) ⊂ · · · ⊂ U(µ; tn) ⊂ · · · .

This is a contradiction. �

Combining Theorems 5.3 & 5.4 we have the following corollary.

5.5. Corollary. If M is a Γ-Notherian, then every fuzzy bi-Γ-ideal of M is generated by

a fuzzy set in M .
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