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Abstract

A multidimensional mixed problem with Neuman type periodic bound-
ary condition is studied for the quasilinear parabolic equation % —

2/ . . . .
ngg = f(t,z,u). The existence, uniqueness and also continuity of

the weak generalized solution is proved.
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1. Introduction

In this study we consider the following mixed problem

2
(1) g—?—az%:f(t,@u), (t,x)eD:={0<t<T, 0<z <7}
(2) u(t,0) =wu(t,m), te€l0,7T]
(3) Uz (t7 O) = Ug (t7 ﬂ—)v te [07 T]
(4) u(0,z) = (), x€0,7]
for a quasilinear parabolic equation with nonlinear source term f = f(¢,z,u). Here
a? = C—kp, where k denotes the heat conduction coefficient, p denotes density and ¢ specific
heat.

The functions o(x) and f(t,z,u) are given functions on [0,7] and D x (—o0,00),
respectively.
Denote by u = u(t,x) a solution of problem (1)-(4).
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In this study we consider the initial-boundary value problem (1)-(4) with periodic
Dirichlet and Neumann conditions (2)-(3), respectively.

We will use the weak solution approach from [5] for the considered problem (1)-(4).

We assume the following definitions as in [2, 9].

1.1. Definition. The function v(t,z) € C*(D) is called a test function if it satisfies the
following conditions:

v(T,x) =0, v(t,0) = v(t,7), vz(t,0) =ve(t, ), Vte[0,T]and Va € [0,7].

1.2. Definition. A function u(t,x) € C(D) satisfying the integral identity

™ 2 ™
(5) // 28 >u+f(t @, u)v ]d:cdt+ /@(x)v(07x)dx:0

0 0
for an arbitrary test function v = v(t,z), is called a generalized (weak) solution of the
problem (1)-(4)

We will use the Fourier series representation of the weak solution to transform the
initial-boundary value problem to an infinite set of nonlinear integral equations. For this
aim we introduce an appropriate norm.

1.3. Definition. We denote by B the set of continuous functions @ on [0,7] whose
Fourier coefficients

{u02(t)7m1(t),u51(t), e en (), s (), - .. }

satisfy the condition

0<t<

|U0 -
i g+ 3 (s, 01+ gma, (01 < oo

These functions are denoted by 4 = ““2('5) et (), us1(t), -« s Uen (t), Usn (E } for short.

The norm on B is given by

la)] = ogl&XT + Z (Olgltax [wer ()] + Jmax |USk(t)|>.

It can be shown that B is a Banach space [10].

2. Reducing the problem to a countable system of integral
equations

Let us look for a generalized solution of (1)-(4) in the form
wolt) | & .
(6) u(t,z) = —5 + Z (uer (t) cos 2kz + usk(t) sin 2kx) ,
k=1
where ¢(z) in (4) has to be of the type

ole) =3

oo
2 + Z(npck cos 2k + g sin 2kx), x € [0, 7.

First taking the derivative of (6) with respect to ¢ once and with respect to x twice, and
substituting this in equation (1), we obtain
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ug (¢ - ’ ’ .

% + Z:[uck (t) cos 2kx + ugy (t) sin 2kx]
Z [tek (t) cos 2kx + usk () sin 2kx]
k=1

=f [t, ) cos 2kx + us (t) sin 2kx) } .

k:l
Now integrating the last equation over the closed interval [0, 7] we obtain the following

/uo (t)d¢ = /f + > (ter () cos 2k + uk (7) sin 2kE) d.
k=1
Integrating the above equation once over the closed interval [0, 7] we have
=0+ — //f -I- Z (ter (7) cos 2kE€ + usk (7) sin 2k€) d€ dr.
k=1

In a similar way, we can obtain ucx(t) and usx(t). Hence, we get the following infinite
system of integral equations for the unknown functions uo(t), wer(t), usk(t), (k =1, 00).

t m 00
t) = wo + % //)‘(7'757 (7) + Z (tek (T) cos 2k€ + uer (7) sin 2k€)) d€ dr
2 k=1

67(2ak)2(t77—)

\:1

_ 2
uck(t) = pere (2ak)2 _/
ﬂ'
0

q
MSO

@) % £ € (M) S (e (7) cos 2K6 + i (7) sin 2K€) cos 2kEdedr
k=1
Usk(t) = @sk€7(2ak)2t 4 % / /ef(2ak:)2(t77')
00
x f(r, (r) + Z (er (7) cos 2k€ + usk (7) sin 2k€)) sin 2k€ d€ dr.

We denote the solution of the nonhnear system (7) by

alt) = {“02“), Uer (8), ust(£), -, tien(t), usn(t), ... }-

2.1. Theorem. .
a) Let the function f(t,z,u) be continous with respect to all arguments in D x
(—00,00) and satisfy the following condition:
(8) Lf(t,z,u) = f(t, 2, @) < b(t,x) |u—al,
where b(t,x) € La2(D), b(t,z) > 0,
b) f(t,x,0) € L2(D),

c) ¢(z) € C([0,n]) is of the type p(x) = 2 +

8

(@ck cos 2kx + @i sin 2kx), with

k=1

> (lpek| + |@skl) < +oo.

=1

bl
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Then the system (7) has a unique solution in B.

Proof. Let us define an iteration N = 0,1,... of the system (7) by the equalities:

T <N>T
u§ Y (1) = / [ (e (452
0

+ Z (uig) (7) cos 2kE + ugg) (1) sin 2k§)>) dé dr,

k=1

(N)
ef(Zak)Q(tfﬂ')f<7_7£7 <u0 2(7)

(u(g)( ) cos 2k€ +7.L(N)( ) sin 2k£)>> cos 2k€ d€ dr,
k=1
t .
N
WO =)+ 2 [ [ (g (450
00

+ Z (ug,j) (1) cos 2kE + ugg) (1) sin 2k§))) sin 2k€ d€ dr.
For simplicity, letting

Au™ (7,6) = 20

LR <u£1kv) (1) cos 2k€ + ugl,j) (1) sin 2k£>
we obtain

u§N (1) = ul (1) + % F(r,6 AuN(7,)) de dr

L o—
5 O3

10) w1 = Qe +% /e*@“k)%*”f(ﬂg,Au(N>(T,§))cos2k§dng
0
o

uly () = ) +

/
/,

67(2ak)2(t*7)f(7-7 &, Au™) (7, €)) sin 2k d¢ dr,

>\|l\3

\

where
—(2a —(2ak)?
u(()o)(t) = o, ul® )( t) = pere” 2 K% , and U(O)( t) = ope” 2RE

From the condition of the theorem we have @*)(t) € B. We prove that the other
approximations in the sequence satisfy this condition.

Let N = 0 in equality (9). Then:

0 =0+ 2 [ [ 7.6 0005, dear
00
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Adding and subtracting %//f(T,f,O) d¢ dr to both sides of the last equation, we

obtain

W (1) = u (¢ +%// (7.6, Au® (,€)) — f(r.£,0)] dé dr

0 0

12

\

/f (1,€,0)d¢ dr.

Applying Cauchy’s inequality to the last equation, we have

™

|ué”(t)|<|sao|+(./t ) (/{%/ F(r.6,Au (1,€)) - f(nw)]df}zdr)
0

0

(] ) ([ frososo)

Applying Lipschitzs’ condition to the last equation, we have

[l ()] < |0 +\/5(/t{%/Trb(Tyg)‘Au(O)(ﬂg)’dé}sz)5
+\/E(O/{%O/f(ﬂ£,0)d§} dr)2

Let ’AU(O) (18| < ’u(o) ()| Then taking the maximum of both side of the last inequality
yields the following:

T _ T
mas [ 0] < ool + 2/ L0009, 0 [58°0] + 24/ T 11002, 0],

t
Uek(t) = <Pck67(2ak)2t +2 //e*zak)%f*ﬂ

Xf( (uom +§1 e (7) 08 2KE + ugk (T )sin2k§)))cos2k§d§d7’.

[N

[N

Now,

t m

Adding and subtracting %// ~(20k)%(t= ™) f(1,€,0) cos 2kE dé dr to both sides of the
00

last equation, we obtain

uD () = pepe R 4 2 / / e~ ¢ ¢ AW (7, €))
0

— f(1,¢&, 0)] cos 2kE dé dr + % / / 67(2ak)2(75—7')f(7_7 £,0) cos 2k d¢ dr.
0 0
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Applying Cauchy’s inequality to the last equation, we have

t 1
2
|U£}€)(t)| < |per| + (/e*(ZGk)Q(tff) dT)
0

t ki

X (/{% / [f(r, €& A (1,€)) — f(7,£,0)] c052k§d§}2d7')%

0 0

. 1 t ™ 2 3
N ( o~ (2a0)2(t=7) dr) ( {% J(7,€,0) cos 2k€ df} dT)
/ [

Taking the sum of both sides with respect to k£ and using Holder’s inequality yields the
following;:

Z|u<1> <§|¢Ck|+ f( )(/Z{/ [, 4 (7, £))

2 2
— F(r,€,0)] cos 2k¢ dg} dT)

[e'e] % t o0 B 2 %
+ﬁ(2%) (%/kzl{/f(7'7§70)cos2k§d§} dT)
0 = 0

k=1

Applying Bessel’s inequality to the last inequality, we obtain

oo ! e T
> ol < X leal+ i ([ 33 [ s ane)
k=1 0 k=179

2 1
— £(r,€,0)] cos 2k dg} dT)

t 0o ™ 2 1
T (]2 r )
+4\/§a(0/”kz—1{o/f( ,g,o)coszkgdg} d)

Applying Lipschitz’s condition to the last equation, and taking the maximum of both
side of the resulting inequality yields the following:

oo

oo
> i [0 (O] < 3 |en [+ 2 Dt o [0 O +2ZE 172,00,

In a similar way, we can obtain

oo

kZﬂorngTlu“ |<leskl+lf§’;|\b<w||L2<D>||u“” O+ £t 2.0, )

Finally we have the following:

u ) >
Hu(l) O, = O<t<T‘ o +k21 (OlzlafTch |+0121t3<XT|usk t)|)
ais Z (‘Sock’ + "Psk‘ \/ -t 2\/§a Hb (t,x HL2(D)H“(O) )HB
k=1

+ ||f(t7$70)||L2(D))'
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Hence a'")(t) € B.

In the same way, for a general value of N we have

W) >
[0l = gz =7+ 3 (o 01+ g 0]
< 2 -I-Z (‘SOCIC‘ + ’@sk‘ \/>+ 2\/§a Hb (t,x HL2(D)Hu(N 1) )HB

k=1
+ 52,0, ))-

Making the induction hypothesis that ™Y ¢ B we deduce that 2™V € B, so by the
principle of mathematical induction we obtain

(N)
_ U t
i) = {00 WD), V)l 0,800, } B

Now we prove that the iterations @V V) (t) converge in B, as N — oo.

Applying Cauchy inequality, Holder Inequality, Lipshitz’s condition and Bessel’s in-
equality, respectively, to the right side of (9) we obtain after some calculations:

u(l) _u(U) © L o L o
a0 - a® (] = Lo L= OLL S (D)~ uQ 0] + [ D 0) w2 )]

2
k=1

_(Wﬁﬂ) O/T

v(r.e)dedr | |a @)

N

T 7w

+( fz(nf,mdfchf
/]
7AT,
(2) (1) o0
3@ () — a0 )| = MO O 5™ (1@ @) w0+ 1 @) - 2P )
k=1
aV/3T + 7 o, :
§( e )AT O/O/b(T,f)dde

Proceeding in the same way, for general IV we obtain:
N N
Jug™ "V (1) — ug™ (1)
2
oo
N N N+1 N
+ 3 (w0 = ui O] + [l (1) = ui” @)

k=1

1 a\/3T—|—7r N
Nl

|a™ () —a™M (@1)] =

(N)

ATHb(t’x)’ Ly(D)’

or,

v|Z

™

(11) Hu(N“)(t)—a(N)(t)HBf%(a\/ﬁﬂr) //b2 (r,€) de dr
0 0
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By the comparison test we deduce from (11) that the series > \_, [ﬂ(NH)(t) — E(N)(t)]
is uniformly convergent to an element of B. However, the general term of the sequence
{@N*TY (1)} may be written as

N
av D () = + 37 @ @) — @™ o)

n=0

so the sequence {E(N“) (t)} is uniformly convergent to an element of B because the sum
on the right is the N th partial sum of the aforementioned uniformly convergent series.

Let lim a™*Y(t) = a(t). Noting that

— 00

’// flr &, Aulr )]—f[T,ﬁ,Au(N)(T,g)]} de dr

' / / e L € Au(r, )] ~ 117, Au™(7,6)]} con 20€ d o
0o t

X / 2 / e D L flr €, Au(r, )] - fl7,€, Aut™ (r,€)] | sin 2K¢ d€ dr
=10 0

< % 60ty o || 57) = @)

B

it follows that if we prove 1\;im "E(T) — E(N)(T)HB = 0 then we may deduce that @(t)
satisfies (7).

With this aim we estimate the difference Hﬂ(t) — H(NH)(t)H . After some transfor-
B

mations we obtain:

‘ﬂ(t) _ —(N+1)( )‘

(N+1) oo
- o004 5 () =0+ )~ 0)
k=1
= / {1m.6, Au(r, )] - flr.€, At (7,€)]} de dr
0 0

™

[ 2 [ an2e-m (N)
+ - € f[7—7 §7 AU(’T7 f)] - f[7—7 §7 Au (T7 6)] cos 2k§ d§ dr
SYEVREY )
< | 2 —(2ak)2(t—7) (~)
+ = [e flm & Au(r, &)] — flr, &, Aur™ (7, €)] ¢ sin 2k€ dE dr
5[ feereoy }

0
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<1 / / {116 Au(r, )] - fir, &, 4™ 7,01} dear

= 2 —(2ak)2(t—7) (N+1)
HX / 2 / {11€ Au(r, )] — flr, € 4w (7,)) ) cos ke de dr
T kz / 2 / ~CeR* 0 {6 Au(r, €)] — flr, &, Au™ (r,€)]} sin2k¢ de dr

[ 2 [ —an-n) (N+1) )
+ kZ_l/;/ ot {f[T & AU (r,8)] = flr, &, Aut( f)]}cos2k£d§d7—
-0 0
+ Z/% /e—(zak) (t—7) {f[r@ Au(, )] [, € Au(N)(T &)]}smzkgdng
0

B8 [a(r) — sV ()| dear

IS
19
5
S+

3

— o

o Y— .

oY~
IS

=

FRLAALSh sl a\/_J”r //b2 7, €) d€ dr Ha<N“)(t)—a(N>(t)H

B

Applying Gronwall’s inequality to the last inequality and using the inequality (11) we

have:

o 2 V3T + 7\ "
» ) =m0, < (BEE) et
12

X e avsT +m 2 ||b(t )||2
Xp N )| 1,0y
This completes the proof that u(t) satisfies (7).

For the uniqueness, we assume that the problem (1)-(4) has two solutions. Applying
Cauchy’s inequality, Holder’s Inequality, Lipshitzs’ condition and Bessel’s inequality to
|a(t) — v(t)| on the right side, after some calculations we obtain

ja(t) — o(0)" < <\/§ - Q*f?) | [P@otam - o) dear.

0 0

Applying Gronwall’s inequality to the last inequality we have @(t) = 9(¢). The theorem
is thus proved. (]
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3. Solution of Problem (1)—(4)

Using the solution of the system (7) we form the series
uo(t) + i (uer (t) cos 2kz + usi (t) sin 2kx)
2 - ck sk .
It is evident that this series convergence uniformly on D. Therefore the sum

u(r,

) cos 2k€ + usk (7) sin 2k€)
is continuous on D. Let
l
(13) w(r,§) = + Z (wer (T) cos 2k€ + sk (7) sin 2kE) .
k=1

From the conditions of Theorem 2.1 and from llim wi(7,€) = u(r,§) it follows that

lliglof(T7 §7 Ul(7-7 f)) = f(7-7 57 u(7—7 f))

We denote by J; the result of substituting for w;(7,&) and ¢;(x) = 4 + kz_:l(gock cos 2kx +

sk sin 2kx) on the left hand of (5). Hence,

J = // { )u(l)(t x) + f(t, z,uq(t, ac))v(tw)} dx dt
(14)

—+ / e (2)v(0,z) d.
0
Applying the integration by part formula to the right hand side of the last equation and

using the conditions of Theorem 2.1, we can show that

lim J; = 0.
l—o0
This shows that the function u(t,z) is a generalized (weak) solution of the problem
(1)-(4)-
The following existence and uniqueness result for generalized solutions to Problem
(1)-(4) is thus achieved.

3.1. Theorem. Under the assumptions of Theorem 2.1, Problem (1)-(4) possesses a

unique generalized solution u = u(t,x) € C(D) of type u(t,z) = “‘)T(t) + > (uek(t) cos 2kx
k=1

+usk () sin 2kx).
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