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Abstract

In this paper, we give some properties of the modified Pell, Jacobsthal
and Jacobsthal-Lucas numbers. We then define the circulant, nega-
cyclic and semicirculant matrices with these numbers and investigate
the norms, eigenvalues and determinants of these matrices.
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1. Introduction

In this section, we introduce the main notation used throughout the paper, and briefly
review some of the work on circulant, negacyclic and semicirculant matrices.

Let z € C*, =z = (x0,21,..., a:nfl)T. The n X n circulant matrix C (x) = ¢;; is given
by ¢ij = Tj_i( mod n)- That is, a circulant matrix of order n is a square matrix of the
form:

Zo T1 T2 T3 cee Tp—1]
Tn—1 Zo 1 ) Tn—2
Tn—2 In—1 Zo 1
C(z) =
X1
L 1 Tn—1 o J

The elements of each row of C (x) are identical to those of the previous row, but are
moved one position to the right and wrapped around. The whole circulant matrix is
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evidently determined by the first row (or column). A skew circulant matrix is a circulant
by a change in sign to all elements below the main diagonal. Skew circulant matrices have
also been called negacyclic matrices or (—1) — factor matrices. Hence, a n X n negacyclic
matrix N (z) is given by

X0 1 T2 xs3 ce. Tp—1]]
—Tn—1 o T T2 Tn—2
—Tn—-2 —Tn-1 Zo 1
N(z) =
1
L —T1 —Tn—1 To

where © = (z0,21,...,%n_1)", € C". Note that C(z) and N(z) are special types of
Toeplitz matrix.

Let € C", 2 = (x1,%2,...,%,)" . The n X n semicirculant matrix S(x) = (s;;) is
given by
6. Tt if i <47,
h 0 otherwise.

We will have occasion to use the n X n Fourier matrix F' = (f;;) given by

i = LG

NG

where w = e2™/™ is the n'® primitive root of unity. The unitary matrix G = (g,,) defined
by
L o)

gpq:ﬁ

is related to the Fourier matrix by the equality
G = diag (1, w2 w<"71>/2) F.

Circulant and negacyclic matrices are an especially tractable class of matrices since their
inverses, conjugate transposes, products, and sums are also, respectively, circulant, ne-
gacyclic matrices, and hence both straightforward to construct and normal [1].

1.1. Theorem. [7] Let C (x) be a general n X n circulant matriz. Then

(1.1)  C(z) = F*diag (Mo (z), M (T),..., A1 (2)) F,
n—1 X

where \j(z) = 3. zw™F, §=0,1,...,n— 1 and w is the n'™ primitive root of unity.
k=0

1.2. Theorem. [7] Let N (z) be an n X n negacyclic matriz. Then
(1.2)  N(z) = Gdiag (po(2), p (2),..., pn-1(z)) G,

2j+1)k/2
b

n—1
where pj (z) = 3. zpw j=0,1,...,n—1.

k=0
1.3. Theorem. [6, Section 3.1, Exercise 19, page 157] Let A be an n X n matriz with
eigenvalues A1, A2, ..., An. Then, A is a normal matriz if and only if the eigenvalues of
AA"are |)\1|2 , |)\2|2 R |)\n|2, where A* is the conjugate transpose of the matriz A.
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Let A = (ai;) be an n x n matrix. The Euclidean (or Frobenius) norm of the matrix

Als
" 1/2
1Al = (Z |aij|2) ;

i,j=1

and the spectral norm of the matrix A is

1/2
4l = (max i ama))

where \; (A*A) is the i*" eigenvalue of the matrix A*A.

The maximum column sum matrix norm of the n x n matrix A is

n
4l = e 3 o,
=

and the maximum row sum matrix norm of the n X n matrix A is

n
Ao = max > |ai] .
j=1

1<i<n

The Pell and Pell-Lucas sequences are defined by the recurrences

(13) Pn_~_2:2]3n_‘_1+Pn;F’():O7 P1:1

and
(1.4) Qnt2 =2Qnt1 +Qn ;5 Qo =2, Q1 =2,
respectively.

Define the sequence {g.} for all integers n > 0 by the recurrence
(15)  gnt2=2qnt1+qn; Qo =1, ¢t =1L
Clearly, the characteristic equation of (1.3, 1.4, 1.5) is
(1.6) 2°—2x—1=0.

Horadam [4] has called the sequence {g,} the modified Pell sequence. It is closely related
to the Pell {P,} and Pell-Lucas {Q.} sequences. In fact the relationship between ¢, and
Qn is Qn = 2¢». Consequently, the known properties of {Q,} are easily transferable to
{gn}.

Binet’s formula for the modified Pell numbers is
(1.7) qn = Wa
where «, (3 are the roots of the equation (1.6).

In [4] the following properties of the modified Pell numbers are given:

(1.8) P, = gnF dn-1
2
19) Y, = Lo m T2
2 i
n—1
(1.10) Qe = gnFan-1
k=0 2

Define the sequences {J,} and {j,} for all integers n > 0 by the recurrences
(1.11) IJnt2 =Jny1+2J, 5 Jo=0, J1 =1
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and
(1-12) jn+2 = jn+1 + 2jn ; jO =2, j1 =1.

These sequences are to called the Jacobsthal and Jacobsthal-Lucas sequences, respec-
tively. The characteristic equation of (1.11) and (1.12) is

(1.13) 2* —2z—2=0.
Binet’s formula for the Jacobsthal and Jacobsthal-Lucas sequences are
3

Hordam [3, 5] gives some properties of J, and j,. Cassini’s identities for the Jacobsthal
and Jacobsthal-Lucas numbers are

JIn = ) ]n:2”+(71)n

Jni1Jn_1 —Jo = (=1)" 2" !
and
Jnt1fn—1 — ja =9 (1" t2" !

respectively. The summation formulae for the Jacobsthal and Jacobsthal-Lucas numbers
are given by:

(1.14) zn: Ji = % (Jnt2 = 1),
=
(1.15) f:g = % (n+2 = 5),
i=1
(1.16) i}]ﬁ = % (2" T + 1),
(1.17) ig‘? = % (2" %5, +3n —8).

~
Il
=

The values of the modified Pell, Jacobsthal and Jacobsthal-Lucas numbers for n =
0,1,2,... are given in the following table.

n o 1 2 3 4 5 6 7 8 9

w |1 1 3 7 17 41 99 239 577 1393
Jo o 1 1 3 5 11 21 43 8 171
jo 2 1 5 7 17 31 6 127 257 511

2. Main results

2.1. Theorem. Let C(q) = (ci;) be the n X n circulant matriz with the modified Pell
numbers, that is cij = qj_i ( mod n), where qn s the nth modified Pell number. Then the
Euclidean norm of C(q) is

T (g2n—1+1) ifn is even,

IC @)z =
" T (q2n—1+3) ifn is odd.
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Proof. From the definition of the Euclidean norm, we obtain
IC @I =nY g
k=1

Using (1.9), we have

—(-)"+2
q .

Therefore, the Euclidean norm of C (g) is

V5 (@2n—1+1) ifniseven,

IC@lp=4" "

VI (an_l + 3) if n is odd.

IC ()| = n®n=

O

It should be noted that the Euclidean norms of circulant and negacyclic matrices are
the same. So, the Euclidean norm of the negacyclic matrices with the modified Pell
numbers is also

4 (g2n—1+1) if nis even,

IN (D=
B 4 (g2n—1+3) ifnis odd.

2.2. Corollary. The mazimum column (or row) sum matriz norms of C (q) and N (q)
are

I1C (@, = IC (Dl = Pn

and
IN (@I =[N (@ = Pn-

2.3. Theorem. Let C (q) be an n x n circulant matriz with the modified Pell numbers.
Then the eigenvalues of C (q) are

(1+gn-1) wl — (1—gn)
Aj = : -
J (C (q)) w_QJ + 207 — 1 )
where ¢n is the n'" modified Pell number, w is the n*™™ primitive root of unity and j =
0,1,...,n—1.

Proof. Using Theorem 1.1 and Binet’s formula for the modified Pell numbers, we have

n—1 n—1 k ke
qw F = (L +5 )w*j’“
2o =2 Uass

1 n—1 i k n—1 ~; k
a_'_B(Z(aw ) +Z(ﬁw ))

k=0 k=0
1 ozu.fj)n—l (ﬁwij)n—l
T a+p aw™Ii —1 + Bw=i —1
2@ +0") - ((e+B)+ (@ )
- (@+B) (—w% — 2073 +1)
(1+ qnfl)“rj = (1 —qn)
w™2 +2w=I — 1 ’

A (C(q)

As applications of the above theorem, we obtain the following results.
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2.4. Corollary. Let C (q) be an n X n circulant matriz with the modified Pell numbers.
The spectral norm of C (q) is

1C(Dly = Pa,

where P, is the n*™™ Pell number.

Proof. Using Theorem 1.1 and Theorem 1.3, we have
1/2 1/2
€@l = (,unex N(C@O@)) = ( max WC@IF) -

If j = 0, then the eigenvalue is maximum. Therefore,

1/2

1€ @)l = (Do (€ @) = ro (C ()] = LT

From (1.8), we obtain ||C (¢)||, = Pa. O

2.5. Corollary. Let C (q) be an n X n circulant matriz with the modified Pell numbers.
Then
(1-¢2)" = (1 +gn-1)"

det (Cla) = = 5~y

where qn is the n'® modified Pell number.

Proof. Using the fact that the determinant of a matrix is the product of the eigenvalues,
we have

det (C'(q)) = | | N (C(9))

(1 - qn) -1+ qnfl)w_j
(aw= —1) (7 — 1)

k=0

For all z and y we can write [[}_) (z — ywx) = 2™ — y™. Then

3
|
—

(I=g)—(I+g1)w? =10-g)" = (L+gn1)"

b
Il
o

and
11 (aw_J - 1) (ﬁw‘J - 1) —(1—a™(1-B")=1—2gn +(~1)",
k=0
where Q., = 2¢,,. Thus the proof is completed. a

2.6. Theorem. Let N (q) be an n X n negacyclic matriz with the modified Pell numbers.
Then the eigenvalues of N (q) are
(2j+1)/2
.(N()),(l_qnfl)w ' —(gn +1)
Hj q)) = w2+l 1 9y(25+1)/2 _q ’

where w is the n'" primitive root of unity and j =0,1,...,n — 1.
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Proof. Using Theorem 1.2 and Binet’s formula for the modified Pell numbers, we have

n—1

1 (N () =Y grw Ok

i
- o

- (ak + ﬁk) LIk

o\ ath

n—1 n—1
1 ( <2j+1>/2)k @2i11)/2\F
= 5 (5 (o) 5 (o)
a+ﬁ <k_0 k=0
! —a" -1 A" -1
T a+ 8 \aw®ith/z 1 + Bw@ith/2 _ 1

(1 _ qn—1) w@it/2 _ (1 4 qn)
w2i+1 + 2w(2j+1)/2 —1 ’

2.7. Corollary. The spectral norm of N (q) is

2\ 1/2
IN (D)l = (Og]nggl ) :

2.8. Corollary. Let N (q) be an n X n negacyclic matriz with the modified Pell numbers.
Then

(1= gn-) @D — (14 gn)
w2i+1 + 2w<2j+1)/2 —1

dot (V g)) = (0D (0 2L

2.9. Theorem. Let C (J) = (cij), where cij = Jj_i( mod n), be the nxn circulant matric
with the Jacobsthal numbers. The Euclidean norm of C (J) is

IC ()l =/ @t 40— 1),
where J,, is the n'™ Jacobsthal number.

Proof. From the definition of the Euclidean norm, we obtain
n—1
ICDIE =nY 2.
k=0

Using (1.16), we have

oty i+ n—1

IC (Nl = 5

2.10. Corollary. The mazimum column (or row) sum matriz norm of C (J) is
1
IC (DI =1C (Dllee = 5 (Jatr = 1)

Also, the Euclidean norm and the maximum column (or row) sum matrix norm of
negacyclic matrices with the Jacobsthal numbers are respectively

IN (D) = \/g (271, 1 +n—1)
and

IN (DIl = [IN (Nl = % (Jnt1 —1).

oo}
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2.11. Theorem. Let C (j) = (csk), where csk = jr—s( mod n), be the n x n circulant
matriz with the Jacobsthal-Lucas numbers. The FEuclidean norm of C (j) is

IC Gl = /2 @+ +3n+ ),
where j, is the n'" Jacobsthal-Lucas number. 0O

2.12. Corollary. The mazimum column (or row) sum matriz norm of C (j) is

IC @I =10 (Dl = 5 Gnsr — 1)

Also, the Euclidean norm and the maximum column (or row) sum matrix norm of
negacyclic matrices with the Jacobsthal-Lucas numbers are respectively

. n ]
ING)ls =/ @ 15ms +30+1)
and

1.

loo = 5 (ns1 = 1).

Now, we give the Euclidean norms of semicirculant matrices with the modified Pell,
Jacobsthal and Jacobsthal-Lucas numbers.

NGy = [NV ()

2.13. Theorem. The Euclidean norm of an n X n semicirculant matriz S (q) with the
modified Pell numbers is

\/é (¢2n+2 —4n —3) if n even,
\/é (g2n+2 —4n —5) if n odd.

1S (D)llg =

Proof. For the n x n semicirculant matrix S (q) = (si;) with the modified Pell numbers
we have

qj—i+1 if 4 < j7
Sij = .
0 otherwise.

The Euclidean norm of S (q) is

HS HE ZZ q; z+1

11:=1
Using Qn = 2¢,, we have

n

J
HS ”E_izz Q] 1+12-

j=1i=1

From the properties of the Pell-Lucas numbers, we obtain

1S (g)]2 Qanya —2(—1)""' —8—8n _ Pnt2 — (~1)" —4—4n
E = 1 S .
Thus,
% Gont2 — 4n —3) if n even,
1S (Dlx =

\/é (¢2n+2 —4n —5) if n odd.
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2.14. Theorem. The Euclidean norm of an n X n semicirculant matriz S (J) = (sij)
with the Jacobsthal numbers is

(8 n(n+1)\"
15 (lle = (g @dnia =)+ 2L
where jy s n™® Jacobsthal-Lucas number.

Proof. For the semicirculant matrix S (J) = (s;;) with the Jacobsthal numbers we have

o i i<
7 0 otherwise.

From the definition of the Euclidean norm , we obtain

1S (I3 = ZZ T Z(ZJ)

Jj=1

Using (1.16), we have

1S (DI = Z (2”—“)
%

=1 j=1
1 n+1 gntl | n+1 8 n(n+1)
= — 1 _2 AT
27 +(=1) ) 3 + 18
8 on. n(n+1)
=— (2"jp41 — 1 —_—
31 (2"Jn+1 — 1) + 18
Thus, the proof is complete. O

2.15. Theorem. The Euclidean norm of an n X n semicirculant matriz S (j) with the
Jacobsthal-Lucas numbers is

ot T 4+ 3n2 — 13n — 16\ /2
S, = ,
15 G)lle = ( & )

th

where J, is n** Jacobsthal number.

Proof. For the semicirculant matrix S (j) = (si) with the Jacobsthal-Lucas numbers we
have

ek
S(j)z{“ notisk

0 otherwise.

From the definition of the Euclidean norm, we have

IS =373 Geiny Z (ZQ .

k=1 1i=1 k
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Using (1.17), we obtain

. "1 .
1S GIE=>" 3 (2'”2% + 3k — 8)

k=1

1 (<& 2 1) 8
P

k=1 k=1
2" 1 +3n% — 13n — 16
- 6 )
O
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