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Abstract

Let F be a distribution in D’ and f a locally summable function. The
composition F(f(x)) of F and f is said to exist and be equal to the
distribution h(z) if the neutrix limit of the sequence {F’, (f(x))} is equal
to h(x), where F,(z) = F(x) * dp(x) for n = 1,2,... and {dn(z)} is a
certain regular sequence converging to the Dirac delta function. It is
proved that the neutrix composition §¢*)[In"(1 4 ||)] exists and that

SO ) = 3 3 (k) (1) 7L (Dl 7
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1. Introduction

In the theory of distributions, many arguments may be used to show that generally
no meaning can be given to expressions of the form F(f(z)), where F is a distribution
and f is a locally summable function.

Using the concepts of a neutrix and neutrix limit due to van der Corput [1], the
first author gave a general principle for the discarding of unwanted infinite quantities
from asymptotic expansions, and this has been exploited in the context of distributions,
particularly in connection with the composition of distributions, see [2, 3]. Using Fisher’s
definition, Koh and Li give a meaning to §” and (§')" for r = 2,3, ..., see [13], and the

*Department of Mathematics, University of Leicester, Leicester, LE1 7TRH, U.K.
E-mail : fbr@mcs.le.ac.uk

TThe author acknowledges support from TUBITAK

*Department of Mathematics, Mahidol University, Bangkok, Thailand.
E-mail : yong.33@hotmail.com

§(Corresponding author) Department of Mathematics, Hacettepe University, Ankara, Turkey.
E-mail : ozcagil@hacettepe.edu.tr



148 B. Fisher, T. Kraiweeradechachai, E C)zgag

more general form (5*)(z))" was considered by Kou and Fisher in [14]. Recently the rth
powers of the Dirac function é(z) and the Heaviside function H (z) for negative integers
have been defined in [15] and [16] respectively.

In the following, we let D be the space of infinitely differentiable functions with com-
pact support, D[a, b] the space of infinitely differentiable functions with support contained
in the interval [a,b] and D’ the space of distributions defined on D.

Now let p(z) be a function in D having the following properties:

(i) p(z) =0 for |z| > 1,
:E) Z 07
z) = p(—x), and
1

ol
Pl
/ p(z)de =1.

Putting d,(x) = np(nx) for n = 1,2,..., we have
1/n 1

lim (0n(x), ) = lim Oon(z)p(z)dr = lim p(t)p(t/n) dt

= #(0) = (6(), ¥ (1)),
for arbitrary ¢ in D. It follows that {d,(x)} is a regular sequence of infinitely differentiable
functions converging to the Dirac delta-function §(z). Further, if F' is an arbitrary
distribution in D’ and F,(z) = F(z)*6n(x) = (F(x —1),,(t)), then {F,(z)} is a regular
sequence converging to F(x).

If f is an infinitely differentiable function having a single simple zero at the point
& = x0, then the distribution 6" (f(x)) is defined by

. ) = (e ) T

forr=0,1,2,..., see [12].
In [2] the first author generalized Eq.(1) as follows:

1.1. Definition. Let f be a infinitely differentiable function. We say that the neutriz
composition 67 (f(x)) ewists and is equal to h on the open interval (a,b), with —co <
a <b< oo, if

N—tim [ 60 (F@)p(@)dz = (h(z), ¢(x))

n— oo — 0

for all ¢ in Dla,b], where N is the neutrix, see [1], having domain N’ the positive and
range N'' the real numbers, with negligible functions which are finite linear sums of the
functions

n*In" 'n, In"n: A>0,r=1,2,...,
and all functions which converge to zero in the usual sense as n tends to infinity.

Note that taking the neutrix limit of a function f(n) is equivalent to taking the usual
limit of Hadamard’s finite part of f(n).

Definition 1.1 was later generalized in [3] using the following definition, and was orig-
inally called the neutriz composition of distributions.

1.2. Definition. Let F be a distribution in D’ and f a locally summable function. We
say that the neutriz composition F(f(x)) exists and is equal to h on the open interval
(a,b), with —o00o < a < b < o0, if

oo

N—lim Fu(f(2)p(x)dz = (h(z), p(2))

n—o0 — 00
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for all ¢ in Dla,b], where F,,(x) = F(x) % dn(x) for n = 1,2,.... In particular, we say
that the composition F(f(x)) exists and is equal to h on the open interval (a,b) if
lm [ F(f@)el@)de = (h), o)

for all ¢ in DJa, ).
The following theorem was proved in [4].

1.3. Theorem. The neutriz composition §'°) (sgn z|z|*) exists and
5 (sgnalz|*) =0

fors=0,1,2,... and (s+1)A=1,3,... and

(,1)(s+1)(x+1)8! ((s+1)A—1)(x)

A(s+ 1A —1]!

fors=0,1,2,... and (s+1)A =2,4,....

6@ (sgnzlz|) =

The next two theorems were proved in [5].
1.4. Theorem. The compositions §**~ (sgnz|z|'/*) and 6~V (|z|"/*) exist and
57D (sgnafz|'/?) = L(25)10' (z),
56D ([a]*) = (—1)"5(a)
fors=1,2,....
1.5. Theorem. The neutriz composition §°)[In(1 + |x|)] exists and

s k S+z k i R
9 In(1 + |z|)) = Z( ) 1 2(k! D +1) 59 (),

k=0 i=0

fors=0,1,2,....

2. Main Results
We now prove the following generalization of Theorem 1.3.

2.1. Theorem. The neutriz composition §*)[In" (1 + |z|)] exists and

(2) 5 [In" (1 + |a])] STgfi( ) ) T4 ()]sl + 1)t lé(k( )

pr il 2r(rs+r—1)k!

fors=0,1,2,... andr=1,2,....
In particular, the composition 6[In(1 + |z|)] exists and
0[ln(1 + |z])] = d(x).
Proof. To prove equation (2), we will first of all evaluate
N—lim (6 [In" (1 + |a])], ¢(2)),
for an arbitrary function ¢(z) in D[-1,1].
By Taylor’s Theorem, we have
rs+r—1 rstr
eM0) 5 amt

— (rs+r)
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where 0 < £ < 1. Then if ¢(z) in D[—1, 1], we have

rs+r—1 (p(@ (O) 1 .
N—lim (35" (1 + [a])], ¢(2)) = N—lim 2 [0 @ fal))a" do
3 7 e
. 1 ! (s) r rs+r (rs+r)
+Nn:1;mm[16n " (1 + [2])]Ja" o™+ (¢2) da

For large enough n, we have

1 1
O™ (1 + |z)))2" do = ns+1/ pPnin"(1 + |z)))z" dx
(4) —1 —1

1

n°tt —1)F ) pin” 2)]z" dx.
[+ 1)]/0p I (1 + 2)]2* d

Making the substitution ¢ = nln" (1 + z), we have

1
n*tt / PP nin"(1 4 z))z" de =
0

ns+1fl/’r ! 1/r—1 1/r 1/r s
6 = [ el ) = 1 expl(t /) 1ot 1)
ns 1-1/r &k » 1 L L P
-y (k’) (0 [ e 1) 0

where

ns«&»lfl/'r

1
[0 e e/ 1 1) dt =
r 0
e 1)/r—
_ Z z+1 J¢G+1)/r=1 (S)(t) at
pa _rjnnurn/r o1 P :
It follows that

s+1—1/r 1
N_an/ /7 exepl(i + 1)(¢/n) 710 (¢) dt =
0

n—0o0
1 ra+r 1,s
LNE
t)dt
/0 rerrfl) s ” ®
( 1) sl(i4 1)t
2r(rs+r —1)!

fori=0,1,2,...k, and so

1 k _1\s+k—i (7 rs+r—1
(6) N—limn®"! / PP nin" (14 z))z" do = Z <k> (=1) sl(i+1) .
0

n—oo —~\i 2r(rs+r—1)!

It now follows from equations (4), (5) and (6) that

k s+k 7| rs+r—1
_ (s) _ sl(i+1)
(7) nﬁl;l)n _16 [In" (14 |z|)]z® dz = [14 (- g ( ) (s +r = 1)1 ;

for k=0,1,2,...,rs+r—1.
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When k = rs 4+ r, we have

1
/ 5 " (1 + )" | do
0

s+1—-1/r 1
<t / £ Hexp[(t/n) "] = 13 exp[(t/n) "] () dt
0
_ n5+171/7‘ 1t1/r71 t 1/r 1o} —2/r rs+7‘1 o) —1/r (s) 1) dt
r— [(t/n)"" + O~ ") 1+ 0 ") (1)
s+1-1/r 1
<t / £/ (/n) T 4+ O (1) dt
Jo
=0(n~'").
Thus, if ¢ is a continuous function, then
1
(8) lim / }5513) [In" (1 + |z|)]z"* "y ()| dz = 0.
n— o0 0

Now let ¢ be an arbitrary function in D[—1,1]. Then it follows from equations (3), (7)
and (8) that

N—1lim(6$[In" (1 + |z])], ¢(z)) =

sr4+r—1 k st+k—1 . rs+r—1 (k)
E\ (=1)5tFisl(i 4 1) »'¥(0)
= > 1+ 0
k=0 [ " ( ) ] =0 <l) 2T(TS tre 1)'k' ’
sr+r—1 k

_ 571‘8. i rs+r—1 i
> 1+ : <f)( 12)7"(7"5'-&Er+—1i)!k! (6% @), (@),

s
I
=}

proving equation (2) on the interval [—1,1]. However, it is clear that 65 [In” (14 |z|)] = 0
outside this interval and so equation (2) is proved.

Note that when » = 1 and s = 0, all the neutrix limits exist as ordinary limits and so
the composition 54 [In"(1 + |z|)] exists. This completes the proof of the theorem. O

2.2. Theorem. The neutriz composition 6 (In" |1 + z|) exists and

sr+r—1 k s—i . rsdr—1
(9) 6(5)(1nr |1 + $|) _ Z Z <l:) (—1) S!(Z + 1) + 5<k)(1‘)
k=0 =0

r(rs+r—1)k!
fors=0,1,2,... andr=1,2,....
In particular, the composition 6(In |1 + z|) exists and

o(In |1+ z|) = §(x).
Proof. To prove equation (9), we will now have to evaluate

N—1lim(6$ (In" |1 + z|), p()),

n— o0

for an arbitrary function ¢(z) in D[—1, 1]. By Taylor’s Theorem, we have

rs+r—1 rstr
M) 5 amt

— (rs+r)
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where 0 < £ < 1. Then if ¢ is in D[-1, 1], we have

rs+r—1

thm<5<s>[ln 11+ z))], ¢(z)) = N—lim Z 9” /5“[1 (1 + 2)]z* do
rs+r—1 (k)
SD (s)
(10) + N—lim Z / 6 In" (1 4 z))2" da

n—oo

. 1 (s) r rs+r (rs+r)
It follows as in the proof of Theorem 2.1 that

1 1
N—lim [ 6$[In"(1 + z)]z" dz = N—limn*** / pFnn"(1 + z)]z" do
0

n—oo 0 n— oo

11

( ) _Z s+k z8|(i+1)rs+r—l
2r(rs+r71)!

for k=0,1,2,...,rs+r—1.

Next, for large enough n, we have on making the substitution ¢ = nln" (1 — ),

0 1
58" (1 + 2))z" dz = (—1)*n°t? / PV nn"(1 — z))2" da

- nsw‘»lfl/v‘ 1 ’
= 0 [ el Y eple/] O 0

ns 1—-1/r k 1
7 Z() e el ) e 0

and it follows as above that

0 1
N-—lim §8In" (1 4 x))2"® do = N—lim(—1)"n°** / PP nin"(1 — z))z" da
0

n—oo 1 n—oo

€+k ZS'(’L + )rs+r—1
Z 2r(r8 +r—1)!
fork=0,1,2,...,rs+r — 1.
It follows as above that when k = rs + r, we have
1
I

and so if ¢ is a continuous function, then

(12)

" |1+ 2))]z" " | de = O(n~ V")

(13)  lim

n— oo

" |1 4 x|)]x”+’“¢(x)] dz = 0.
Now let ¢ be an arbitrary function in D[—1, 1]. Then it follows from equations (10), (11),
(12) and (13) that

N—1lim(6$) [In" |1 + z[)], ¢(z)) =

Sri71 i k (_1)s+lc—isl(i 4 1)rs+r—1@(k)(0) +0
, ] r(rs+r—1)k!

(0" (@), p(x)),

k) ( 1)5 18|(Z+1)rs+r 1
r(rs+r—1)k!
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so proving equation (9) on the interval [—1,1]. However, it is clear that 65" [In" [1+z|)] =
0 outside this interval and so equation (9) is proved.

Note that when » = 1 and s = 0, all the neutrix limits again exist as ordinary limits
and so the composition (In |1+ z|) exists. This completes the proof of the theorem. O

2.3. Theorem. The neutriz composition § ~V[In*/" (1 + |z|)] exists and

8 (1 + |z))] =

(14) ro-1 k E\ (=) i1 DR — 116 o
ol (e

fors=1,2,...andr=2,3,....
Proof. This time we must evaluate

N—lim (6" "™ (1 + |z])], ¢(z)),

n—0o0
for an arbitrary function p(z) in D[—1,1].
By Taylor’s Theorem, we have

-1 (k) s .
QO(ZC) = kZ_O L4 k_|(0)xk + (is)ﬁD(T >(ffb),

where 0 < £ < 1. Then, if p(z) in D[-1, 1], we have
N—lim(5{" " [In*/" (1 + |a])], (@) =

=1 (k) 1 .
15) —Nolim Y ¥ k,(o)/ 50 DI (1 + [e])]e* da
n—oo k=0 . 1
1 o s s
( sy/ 87 VI + [2)a” o (Ex) da
n—oo . 71

For large enough n, we have

1 1
/ §C I (1 + Jz)))2" de = n” / PP (1 4 [2)))a" de

(16) 1
o (_1)’“}/ P D [/ (1 + 2))" da.
0
Making the substitution ¢ = nIn'/"(1 4 z), we have
5 1 s
n" / P nn " (1 + 2))z" do =
0

:rnr§7T/O " Hexpl(t/n)"] — 1} exp[(t/n)"]p" V(1) dt

=m” Ty (@)(—1)“/0 " exp[(i + 1)(t/n)"1p" "V (1) dt,

; i
1=0
where

[ e+ D001 0 =

> Z_|_1)Jt’”(]+1) 1 1)
Z/ BT = A L
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It follows that

1
N—limrn™ " / " Lexp[(i 4 1)(t/n)"]p" TV (t) dt =
0

1 . el 1,01
:/ r(i+1) t P () dt
0

(re=t —=1)!
G ) Mt Gt ) ) M
2(rs—t = 1)!

fori=0,1,2,...,k, and so

5 1 s
N—limn" / P (1 + 2)]at do =
n—oo 0
17 e
an) B i k) (1) et - (i 1)
=\ 2(rs=1 —1)!

571_1

It now follows from equations (16) and (17) that

1 g
N—lim [ 6 V"™ (1 + |z|)]2" do =

k rSt+k—i—1 s . rs—1_q
=[1+(—1)k12(§> ()7 T - DI+ 1) |

vart 2(rs—1 — 1)!

(18)

fork=0,1,2,...,7° — 1.
When k = r°, it follows as above that

1
/ o VIt (14 J))a” | = O(n ),

1

and so if ¢ is a continuous function, then

n—oo

(19)  lim /1 ‘6&“”[16”(1 + |x|)]xrszp(x)‘ dz = 0.
—1

Now let ¢ be an arbitrary function in D[—1, 1]. Then it follows from equations (15), (18)
and (19) that
N—lim(3y" ™V [In'/" (1 + [2])]2", ¢ (x)) =

n— oo

st k rS4+k—i—1 s . rs—1_q k
= Z [1+ (_1)k}z <k> (=)™t r(r® =D+ 1) Lp( )(0) o

—\i 2(rs—1 — 1)1k!

s"—1 k ro—i—1,( s i rs—1l_1
eIy (’“) COT 7 rl 2 DD 509 03, (e,
k=0

—\i 2(rs—1 — 1)1K!

so proving equation (14) on the interval [—1, 1]. However, it is clear that 5% [In"(1+]|z|)] =
0 outside this interval, and so equation (14) is proved.

Finally we have:

2.4. Theorem. The neutriz composition 6 2 (In'/" |1 + x|) exists, and

-1 k rS—i—1 s . rsTl1
20) 5w ) = 3 (’“) CU s
k=0 i=0

fors=1,2,...andr =2,3,....
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Proof. As in the proof of Theorem 2.3 we must evaluate

N—lim (6"~ (In"/" 1 + z), o(x)),

for an arbitrary function ¢(z) in D[—1,1].
By Taylor’s Theorem, we have

-1 (k) 0 rs
plz) = LA O

X (rs)!WW)(fa:%

where 0 < £ < 1. Then if ¢ is in D[—1, 1], we have

N—1lim(s¢ "D (" |1 + z|), (z)) =

n—oo

-1 (k) 0 1 .
= N—lim Z Wk—'()/ S D" (1 + z)]a* da
k=0

n—oo 0
(21)
rel ) o
+ N—lim Z (pk—'(o)/ S VMY (1 + z)]a* da
k=0 ’ -1

n—o0

+ N—lim 1

n— oo (7"5)!

1

[ D (el ) o) o
-1

It follows that

"1
N—lim [ 60 "Y' (1 + 2)]a" do =

n—0o0 0

1
(22) = N-limn" / P V" (1 + 2)]a* da

n— oo 0

- L (1) =i (s — DG+ 1),,,5—171
_; <2> 2(rs=1 — 1)!

fork=0,1,2,...,7° — 1.

Next, for large enough n, we have on making the substitution ¢ = nln" (1 — x),

"0
N—lim [ 6 "V[n'"(1+ z))z" dz =
1

N 1 s
(23) = N—lim(=1)n" / P " (1 — 2)]a* da
n— 00 0
R L N S Gl V1T o S M
o4 i 2(rs—1t —1)!
i=0

fork=0,1,2,...,r° — 1.

When k = r°, it follows as above that

1
/ 65" W7 (11 + )| = 0™
—1

and so if ¢ is a continuous function, then

1 s s
(24) lim /71‘627“ D (1 + z)))z" w(x)‘ dx = 0.

n— oo
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Now let ¢ be an arbitrary function in D[—1,1]. Then it follows from equations (21) to
(24) that

N—Hm({¢ "V I (|1 + z|)]z*, o(z)) =

n—oo

rS—1 k k 1 TS«Hcfiflr P DG+ 1 1 (k) 0
- ;);(Z)( | ((rsfll(l)!k!) e
rS—1 k k (,l)rs—i—lr(rs o 1)'(Z+ 1)7,5—1_1 .
B k=0 i=0 (Z> (re=1 —1)IK! (6P (@), (),

so proving equation (20) on the interval [—1, 1]. However, it is clear that 6 [In” (|14x|)] =
0 outside this interval and so equation (20) is proved. O

For further results on the neutrix composition of distributions, see [7], [8], [9], [10] and
[11].
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