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Abstract

In this note we give an obstruction in terms of ImHk(X,Z) and the
Euler characteristic χ(X), to the harmonicity of products of harmonic
forms representing cohomology classes on XC, where X is a real alge-
braic variety.
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1. Introduction

In this work, by a real algebraic variety we mean a complex algebraic variety X with
an anti-holomorphic involution τ : X → X such that Xτ = {x ∈ X | τ(x) = x} is the set
of real points of X. We will denote Xτ by X(R) and the set of complex points by X(C).

All real algebraic varieties under consideration in this note are nonsingular. It is well
known that real projective varieties are affine ([1, Proposition 2.4.1] or [2, Theorem 3.4.4]).
Moreover, compact affine real algebraic varieties are projective [1, Corollary 2.5.14] and,
therefore, we will not distinguish between real compact affine varieties and real projective
varieties.

For real algebraic varieties X ⊆ Rr and Y ⊆ Rs, a map F : X → Y is said to be
entire rational if there exist fi, gi ∈ R[x1, . . . , xr], i = 1, . . . , s, such that each gi vanishes
nowhere on X and F = (f1/g1, . . . , fs/gs). We say X and Y are isomorphic if there are
entire rational maps F : X → Y and G : Y → X such that F ◦G = idY and G◦F = idX .
Isomorphic algebraic varieties will be regarded as being the same.

An algebraic homology group Halg
k (X,R) (R = Z or Z2) is defined as the subgroup of

Hk(X,R) generated by the classes represented by real algebraic cycles. For a compact
nonsingular real algebraic variety X of dimension n, let Hk

alg(X,R) be the Poincaré dual

of the group Halg
n−k(X,R).
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Let R be a commutative ring with unity. For an R-orientable nonsingular compact
real algebraic variety X, we define KH∗(X,R) to be the kernel of the induced map
i∗ : H∗(X,R)→ H∗(XC, R) on homology where i : X → XC is a projective non-singular
complexification map.

In [4], Y. Ozan has proved that KH∗(X,R) is independent of the choice of the pro-
jective complexification i : X → XC of X and thus it is an isomorphism invariant of X.
Dually, if we denote the image of the homomorphism

i∗ : H∗(XC, R)→ H∗(X,R)

by ImH∗(X,R) then this is also an isomorphism invariant. We refer the reader to [1, 2]
for the basic definitions and facts about real algebraic geometry.

2. Results

Let X be a n-dimensional compact oriented non-singular real algebraic variety and XC
a non-singular projective complexification of X. Theorem 2.6 describes an obstruction in
terms of ImHk(X,Z) and the Euler characteristic χ(X), to the harmonicity of products
of harmonic forms representing cohomology classes on XC.

2.1. Definition. Let M be an n-dimensional closed, oriented, Riemannian manifold.
Define Hp := {w ∈ Ep(M) | 4w = 0}, where Ep(M) is the vector space of all smooth
p-forms on M and 4 on Ep(M) is the Laplace-Beltrami operator. The elements of Hp

are called harmonic p-forms.

We know that there is a relation between harmonic forms and de Rham cohomology
classes. For this, we give the following classical theorem from [5].

2.2. Theorem. A de Rham cohomolgy class on a compact oriented Riemannian manifold

M contains a unique harmonic representative.

2.3. Remark. If µ 6= 0 is a harmonic form then [µ] 6= 0.

2.4. Definition. A Riemannian manifold is called (metrically) formal if all wedge prod-
ucts of harmonic forms are also harmonic on the manifold. A closed manifold is called
geometrically formal if it admits a formal Riemannian metric.

Compact globally symmetric spaces are metrically formal, as are Riemannian metrics
on a rational homology sphere. In [3], D. Kotschick proved the following theorem which
gives us the existence of a non-formal Riemannian metric globally.

2.5. Theorem. A closed oriented manifold admits a non-formal Riemannian metric if

and only if it is not a rational homology sphere.

We now state our result which is about harmonicity of real algebraic varieties.

2.6. Theorem. Let Xn be a non-singular compact oriented real algebraic variety with

χ(X) 6= 0. Let i : X → XC be a nonsingular projective complexification. Let i∗(a) 6= 0 ∈
ImHk(X,Z), 0 ≤ k ≤ 2n, for some a ∈ Hk(XC,Z) and x = D([X]) ∈ Hn(XC,Z) be the

Poincaré dual of [X]. If the product u ∧ v is a non-zero harmonic form, where u and v
are harmonic representatives for x ∈ Hn(XC,Z) and a ∈ Hk(XC,Z) respectively, then

i∗([µ]) 6= 0 in Hn−k(X,Z), where µ = ∗(u ∧ v) and ∗ is the Hodge star operator.

Proof. The Poincaré dual of i∗(a) is represented by Xn
t L2n−k where L = D(a) ∈

H2n−k(XC,Z). But Xn
t L2n−k is also D(x ∪ a). By assumption, u ∧ v is non-zero

harmonic and therefore so is µ = ∗(u ∧ v), and
∫

XC

µ ∧ u ∧ v =

∫

XC

∗(u ∧ v) ∧ (u ∧ v) = ‖u ∧ v‖ 6= 0.
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So, [µ ∧ u ∧ v]([XC]) = µ(D([u ∧ v])) is not zero. Finally, since D([u ∧ v]) is represented
by Xn

t L2n−k, a class in Hn−k(X,Z), we get i∗([µ]) 6= 0. ¤

2.7. Example. Let X be an algebraic model for CP3 with ImH2(X,Z) = 0. We can
construct such an algebraic model in the following way: Let T 2 ⊂ CP3 be a smoothly
embedded submanifold realizing the homology class of [CP1] ∈ H2(CP3,Z). Such a T 2

can be obtained by attaching a one-handle to CP1 in a disc neighbourhood of a point
p ∈ CP1 in CP3.

Embed CP3 smoothly into some Euclidian space Rn, so that the submanifold T 2 maps
diffeomorphically onto S1 × S1 ⊆ R2 × R2 × Rn−4, where S1 is the standard unit circle.
Now recall the following theorem:

Let L ⊆ M ⊆ Rk, where L is a nonsingular real algebraic variety
and M an embedded closed smooth manifold. Then there is a smooth
embedding g :M → Rk × Rl such that X = g(M) is a nonsingular real
algebraic variety with g(x) = x for all x ∈ L if and only if the normal
bundle NM (L) of L in M has a strongly algebraic structure.

For the proof of this fact we refer the reader to [1, Theorem 2.8.4]. By [2, Corollary 12.5.4
and Remark 12.6.8], if L is a nonsingular real algebraic variety of dimension less than
or equal to 3 such that L has totally algebraic homology then any smooth vector bundle
over L is strongly algebraic. In our case L = T 2 has totally algebraic homology. Hence
its normal bundle in CP3 has a strongly algebraic structure. Moreover, ImH2(X,Z) = 0
because S1 bounds in its complexification S1

C = CP1 = S2 and we have the following
commutative diagram:

S1 × S1
e

//

i

²²

X

i

²²

S1

C × S1

C
eC

// XC

It then follows that i∗ : H2(XC,Z)→ H2(X,Z) is the zero homomorphism. Thus we have
found an algebraic model X of CP3 such that ImH2(X,Z) = 0. Since χ(X) = 4 6= 0 and
p1(X) = 2c2−c

2
1 = −4 6= 0, we can find non-zero harmonic forms representing x = D([X])

such that a = p1(X) ∈ ImH4(X,Z). Let u and v be such representatives, respectively.
If the product of these harmonic forms were harmonic then µ = ∗(u ∧ v) ∈ H2(XC,Z)
would satisfy i∗([µ]) 6= 0 in H2(X,Z), which is a contradiction.
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