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Abstract

The main purpose of the present paper is to study properties of vertical
infinitesimal affine transformation in the tangent bundle of a Riemann-
ian manifold with respect to the horizontal lift of an affine connection,
and to apply the results obtained to the study of fibre-preserving infin-
itesimal affine transformations in this setting.
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1. Introduction

Let M, be a Riemannian manifold with metric g whose components in a coordinate
neighborhood U are g;;, and denote by F?i the Christoffel symbols formed with gj;. If, in
the neighborhood =~ *(U) of the tangent bundle T'(M,,) over M,, U being a neighborhood
of M, then ¥ ¢ has components given by

Hg _ (F;gti + Fﬁgﬁ gji)

gji 0
h
Jis

with respect to the induced coordinates (z',y") in T'(M,), where T = y'T'};, I'}; being

the components of the affine connection in M,,.
Let g be a pseudo-Riemannian metric. Then the horizontal lift ¢ of g with respect
to V is a pseudo-Riemannian metric in T'(M,,). Since ¥ g is defined by #g =¢ g—~(Vyg),
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where v(Vg) is a tensor field of type (0, 2), which has components of the form v(Vg) =

(y ng 8), we have that ¥ g and ©g coincide if and only if Vg = 0 [1, p.105].

If we write ds®> = gjid.’lfjd.’lfi the pseudo-Riemannian metric in M, given by g, then

the pseudo-Riemannian metric in T'(M,,) given by the ¥ g of g to T(M,,) with respect to
an affine connection V in M, is
(1) ds® = 2g;:6y° da’,
where 6y7 = dy’ + f{kyldxk and f;-li = F?j are components of the connection V defined
by VxY = Vy X + [X,Y], VX,Y € Tg(M,), [1, p.67 ].

We shall now define the horizontal lift 7V of the affine connection V in M,, to T(My)
by the conditions

Ay VY =0, vy Yy =0,

2
) By = (VxY)Y, #Vuy Y = (VxY)¥,

for X,Y € S3(M,.). From (2), the horizontal lift 7V of V has components “T'%; such
that

Hk k Hpk _Hk _Hpnk _H Rk
Uiy =14, Ty =" Iy =7 Iy =7 I'y; =0,

(3) N _ _
Hrfj = ysasffj - ZJSR;‘J"H F?j =1 Ffj = F?j

with respect to the induced coordinates in T'(My), where Ffj are the components of V
in M,.

Let g and V be, respectively, a pseudo-Riemannian metric and an affine connection
such that Vg = 0. Then "V g = 0, where g is a pseudo-Riemannian metric. The
connection ¥V has nontrivial torsion even for the Riemannian connection V determined
by g, unless g is locally flat [1, p.111].

Let there be given an affine connection V and a vector field X € $¢(M,,). Then the
Lie derivative LxV with respect to X is, by definition, an element of %%(Mn) such that

(4) (LxV)(Y,Z2)=Lx(VyZ)—-Vy(LxZ)—Vixyv|Z
for any Y, Z € S4(M,,).

In a manifold M, with affine connection V, an infinitesimal affine transformation
’

" =" + X" (2, ... 2")At defined by a vector field X € S§(M,,) is called an infini-
tesimal affine transformation if LxV =0, [1, p.67 ].

The main purpose of the present paper is to study the infinitesimal affine transforma-
tion in T'(M,,) with affine connection Hyg .

2. Vertical infinitesimal affine transformations in a tangent
bundle with 7V

From (4) we see that, in terms of the components I'S; of V, X is an infinitesimal
affine transformation in the m-dimensional manifold M,, if and only if,

(5)  0,05X "+ X 05 —T500 X +T550, X  +T295X* =0, o, B,... = 1,...,m.

Let there be given in M, with metric g an affine connection V with Christoffel symbols
I‘fj. Let X = X'0; + X'0;, where 0; = % o = 2 = %, 7=n+1,...,2n be a

xt? Ayt N
vector field in T(M,). Then, taking account of (3), we can easily see from (5) that X
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is an infinitesimal affine transformations in T'(M,) with 2y if and only if the following
conditions (6)—(13) hold:
© 9;0; X" + X*o T — (Th,0, X" 4 0r%,05 X") + T30, X* 4+ 1.0, X"
+ leRfjial‘th =0,
(7) 9;0, X" —Thop X" + 1.8, X" =0,
Sh k o wh hoo wk
(8) 8361-X — Fjia,;X + Fkian =0,
(9) 8;0: X" =0,
0,0, X" + (X* 901" + X*9,Tl) — (Thou X" + oT%,0; X™) + (oT},0; X"

(10) + T80, XF) 4 (ar 0, X* + T0,XF) — XFRL, — " X 0L R,

+ Y RY0 X" — v R0, X* — y* RL0, X% = 0,
0;0:X" + X*o, Tl — Th0, X" 4+ T},0; X" + (7", 0, X" + 7,0, X%)

— ysRijagf(k = O,
(12) 050, X" + X*o0, Tl — %0, X" 4 (0T1,0: X* + Th,0: X") + Tl0, X"
- ySR?kiank =0,
(13) g0 X" —Tho: X" +Tha,X" = 0.
Let X be a vertical infinitesimal affine transformation in T(My). Then X has components
0 o

(XE) with respect to the induced coordinates. Thus, from (13), we have 8;85Xh =0,
ie.,
(19 X" =cly'+ D,
where CP and _Dh depend only on the variables z”. Since X is a vector field in T(M,),
C = Crop®@da’ and D = D"y, are defined elements of $1 (M) and S(l,(Mn), respectively.

2.1. Theorem. If X is a vertical infinitesimal affine transformation of T(M,,) with ¥V,
then

(a) LpV+C(D®R) =0, D=0"%, D e S4(My) and C(D ® R) = D*R};.

(b) C is parallel with respect to V, i.e., VC = 0.

(c) C(T(Y,Z)) =T(CY,Z) =T(Y,CZ), for any Y, Z € I4(M,), where T denotes
the torsion tensor of V, i.e. T is a pure tensor with respect to C.

(d) C(VzT)(Y, W)= (VezT)(Y,W), for any Y, Z,W € I4(My).

(e) Conwversely, if C and D satisfy the conditions (a), (b), (¢) and (d) then the vector
field
X =(Cly' + Dh)i

k2 8yh

is an infinitesimal affine transformation of T(My,) with connection #V, where

=~vC+"D

~C' is a vertical vector field which has components of the form vC = (yz(é'h)

Proof. (a). Substituting (14) and X" = 0 in (10), we have

(15) 9;0:08 +CEOT ;i —T5:01.0L = 0sT5:Cx +T5,0;C5 + 153, 0;05 — O3 Ry + Ry Oy = 0,
and

(16)  9;8,D" + D*o T — 1%, D" + T,8; D" + 7.8, D* — DR}, = 0,
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which means that LpV + C(D ® R) = 0.

(b). Substituting (14) and X”* = 0 in (12), we obtain
(17) 90} —ThCr +T3uCF =o0.
Substituting (14) and X" = 0 in (11), we obtain
(18)  9;0! —ThCr +Th.oF =0,
which means that C' is parallel in M,,.

(c). Interchanging ¢ and j in (18), we have

0;C} —T35Cr +T3.C5 =0,

and subtracting the resulting equation from (17), we have
(19)  T/Cp = THC)
that is,
(200  C(T(Y,2)) =T(CY, Z)

for any Y, Z € S§(M,). From (19), we obtain T(Y,CZ)) = ~T(CZ,X) = C(T(Z,Y)) =
C(T(Y,Z)) and hence

C(T(Y, 2)) = T(CY, Z) = T(Y,CZ),
which is the formula (c).

(d). Using (17) and (18), we eliminate all partial derivatives of C} from (15). Then
we obtain Cp'V; T} =V, T}CF, i.e. T is a ¢-tensor with respect to C [3].

(e). If we assume that the conditions (a), (b), (c) and (d) are established, then we see
that X, given in (e), is an infinitesimal affine transformation. Consequently, the proof is
complete. 0

2.2. Theorem. Let C be as in Theorem 2.1. If X is an infinitesimal affine transforma-
tion of M, with affine connection V, and R(X,Y, Z;£) is pure with respect to X and &,
then so is CX.

3. Fibre-preserving infinitesimal affine transformation with 7V

A transformation of T'(M,,) is said to be fibre-preserving if it sends each fibre of T'(M,,)
into a fibre. An infinitesimal transformation of T'(My) is said to be fibre-preserving

if it generates a local 1-parameter group of fibre-preserving transformations. An in-
h

finitesimal transformation X with components ( - B) is fibre-preserving if and only if
X

X" (h=1,2,...,n) depend only on the variables 2", ..., 2™ with respect to the induced
coordinates (z",y") in T(M,,). From
(21) =2 XMt A

" =P+ )Z'}_L(xl, L A ViV

h
we see that a fibre-preserving infinitesimal transformation X with components (X’B>

induces an infinitesimal transformation X with components X" in the base space M,,.
Since 8[‘;%8;;)2'1 =0 and ySR’jjia,;f(h = 0, then from (6) we have:
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3.1. Theorem. If X is a fibre-preserving infinitesimal transformation of T(My,) with
horizontal lift ®¥ of a affine connection V in M, to T(M,), then the infinitesimal
transformation X induced on M, by X is also affine with respect to V.

3.2. Theorem. Let V be an affine connection in M,,. Then,
(LEXV)(OY,C Z) = (LxV)(“Y, Z) + 4(LxR)( ,Y, Z)
for any X € SH(M,,).
Proof. Our proposition follows from the following computations:
(LEXV)Y, T 2) = Lox ("VEL Z) =1 Ve (LEx Z) =" Viex oy Z
= Lex (Vv Z) = y(R(,Y)2)] =" VEy [X, 2] =" VEx v Z
= [OX,TVxY] - [“X,7(R(,Y)2)] - (V¥ [X, Z])
+(R(,Y)[X,2]) = (Vixy)Z) +vR([ X,Y]2)]
=% (LxVxY) - (Vy(Lx2)) - (VixvZ)
—v(LxR(,Y)Z) +~v(R(,Y) X, Z]) +v(R( ,[X,Y])Z)
= (LxV)(°Y,C Z) + y(~LxR( ,Y)Z+R( ,Y)[X, Z]
+ R( ,[X,Y])Z)
= (LxV)(“Y,C 2) +4(LxR)( ,Y,Z),
where R( ,X)Y denotes a tensor field W of type (1,1) in M, such that W(Z) =
R(Z,X)Y for any Z € 3¢(M,,). O

Let X and X be as in Theorem 3.1. From Theorem 3.2 we see that, if X is an

infinitesimal automorphism with respect to W [3], then °X is an infinitesimal affine
h

X
ox"
that X —° X is a vertical infinitesimal affine transformation in T'(M,) with V. Thus
we have

transformation of T'(M,) with V. Since °X has the components ( ), it follows

3.3. Theorem. If X is a fibre-preserving infinitesimal affine transformation of T(M,)
with lift BV, and X is an infinitesimal automorphism with respect to W, then X =°
X +Y D + ~C, where D and C are tensor fields of type (1,0) and (1,1), respectively,

satisfying conditions (a), (b) and (¢) of Theorem 2.1
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