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Abstract

The notion of difunction between textures has proved to be of consid-
erable interest and importance. In this paper the authors consider real
difunctions, that is difunctions from a given texture (S,8) to the real
texture (R, R), and seek representations of such difunctions in terms of
ordinary point functions. It is shown that in general real difunctions
cannot be represented in terms of real-valued point functions on S, but
that they can be represented by real-valued point functions on the core
S° of S. Equivalently, it is shown that instead of restricting to the core
of S, the real texture (R, R) may be replaced by the extended real tex-
ture (RT, R") and representations obtained in terms of point functions
from S to RT.
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1. Introduction

There is now a considerable literature on the theory of ditopological texture spaces,
and an adequate introduction to this theory and the motivation for its study may be
obtained from [2, 3, 4, 5, 6, 7].

For a texture (.5,8), most properties are conveniently defined in terms of the p-sets
Ps=N{A€8]|se A} and the g-sets, Qs = \/{A € 8§ | s ¢ A}. However, as noted in [1]
we may associate with (S, 8) the C-space (core-space) [9, 10, 11, 13, 14] (S, 8¢), and then
the frequently occurring relationship Py € Qs, s, € S, is equivalent to swg s’, where
wg is the interior relation for (S,8°). In this paper we will use whichever notation seems
to be the more convenient in each particular instance.

We will be especially interested in the real texture (R, R), where R denotes the set of
real numbers and R is the texturing {(—oo,7] | r € R} U {(—o0,7) | r € R} U {R, 0}.
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The natural ditopology on (R, R) is (7r, k&), where T = {(—o0,7) | r € R} U{R, 0} and
kr = {(—o0,7] | 7 € R}U{R, 0}. Clearly for r € R we have P, = (—oo, 7], Qr = (—00,1),
0P Q. < 7" <r < r'wrr.

The notion of difunction [5, Definition 2.22] is of particular importance, and one of
the main categories of textures considered to date is the category dfTex of textures
and difunctions. Likewise, dfDitop denotes the category of ditopological texture spaces
and bicontinuous difunctions. dfDitop is known to be topological over dfTex [6, The-
orem 3.6]. However, we will not be considering categorical aspects of our work in this
paper.

Our main object of study in this paper will be the family DF(S) of real difunctions
on a texture (5, 8), that is the family of difunctions (f, F') : (S,8) — (R, R). This family
was first studied in [8], where it was shown that the operations of meet, join and sum on
R extend to corresponding operations on DF(.S), the result being an additive lattice. In
the case where (S, 8) has a ditopology, (7, %), and (R,R) is given its natural ditopology,
it is also shown in [8] that the above operations on DF(S) restrict naturally to the family
BDF(S) of bicontinuous real difuctions on (S,8,7, k). We will interested in the way
that the representations we obtain for the elements of DF(S), and more particularly of
BDF(S), relate with the operations defined in [8].

In general difunctions are not directly related to ordinary (point) functions between
the base sets, but we recall from [5, Lemma 3.4] that if (S,8), (T,7T) are textures and
@ : S — T a point function satisfying the compatibility condition

(a) P« Z Qs = Py(s) € Quisr)s
then the formulae

fo=\/{Pey | 3u e S with P, € Qu and Pyy € Qu},

Fo=({Qy | 3v € S with P, Qs and P, € Quu)},

define a difunction (f,, F,) from (S, 8) to (T, T). Moreover, it is easy to verify that for
each B € T we have f; B = ¢~ B = F, B, where

(1.2) ¢ B=\/{Pu| o) e B} =[|{Qu ] ¢(v) ¢ B}.

It will be noted that the compatibility condition (a) merely expresses the fact that ¢
preserves the interior relation, so a point function satisfying this condition could be
referred to as w-preserving, although for compatibility with [8] we will continue to say
that it satisfies condition (a) throughout this paper.

(1.1)

Conversely, if (S,8) is plain or (T, 7) is simple, then each difunction may be repre-

sented as in (1.1) by a unique point function ¢ satisfying (a) and the additional condition

(b) Pgo(S) B, BeT = 35’ € S with P, Z Q4 for which PAP(S/) ¢ B
of [5, Propositions 3.6,3.7]). In the general case, however, it is known that there may be
no function ¢ : S — T satisfying (a) for which (f, F') = (fe, Fy,) (see [6, Example 2.14]).
Example 2.1 below shows that even for real difunctions (f,F) : (5,8) — (R,R) we
may again have no such function ¢ : S — R. On the other hand we do show that we
may represent such difunctions in terms of suitable point functions ¢ : S b _ R, where
S = {s € 8] Qs # S} is the core of S, and the study of representations based on this
fact occupy § 2.

The representations of real difunctions based on real point functions on the core
of S have the potential disadvantage that in general the core of S need not belong
to the texturing 8, and is therefore external to the texture (S,8). For this reason,
alternative characterizations based on extended-real point functions ¢ : S — R™, where
R* = RU {cc}, are considered in § 3.
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The reader is referred to [12] for terms from lattice theory not defined here.

2. Characterization of real difunctions

In the present paper we will be interested in difunctions between an arbitrary texture
(S, 8) and the real texture (R, R). Since we are not assuming that (.5, 8) is plain, and since
(R, R) is plain but not simple, the results mentioned in the introduction do not guarantee
the existence of a point function ¢ : S — R satisfying (a) for which (f, F) = (fs, Fy)-
The following example shows that indeed such a function may not exist.

2.1. Example. Consider the texture (L, L) of [5, Examples 1.1 (3)] and define
F=Aan0<i<lr< Ly Ui |rer),

F={0n]0<I<1r< -t} U{(n)|reRr).

It is straightforward to check that f is a relation and F a corelation from (L,L) to
(R,R). To show that (f, F) is a difunction we must verify conditions DF1 and DF2 of
[5, Definition 2.22].

Take ,I' € L with P, € Q. Then I’ < [ and we may take u € L with I’ < u < [. If
it is easy to verify that f & @(l,t) and ﬁ(l’,t) ¢ F', which establishes

we set t =
DF1.

For DF2 take l € L and r,r’ € R with f & @(lﬂ‘)’ I_D(l,r') Z F. By the definition of F’
the second condition gives [ # 1,50 0 <! < 1 and r’ > ﬁ On the other hand the first
condition now gives 7 < 1%, and we deduce r < 7/, that is v Z Q. as required.

Suppose now that the difunction (f,F) : (L,L) — (R,R) can be obtained from a
function ¢ : L — R as in [5, Lemma 3.4]. Then

F=F,=({Qu, | 3u € L satisfying P, £ Qi, Pr £ Quu},

and we obtain F' C @U,w(l)) = (L X (—00,9(1))) U ((0,1] x R) for any I < 1. However
(Lp(1) +1) € F\ Q. (1), Which is a contradiction.

—Uu

The difficulty in the above example occurs at a point which is not in the core S° of the
base set S, and this suggests that we should consider instead functions ¢ : §* — R. We
shall also need to weaken the condition (b), and in the following definition we also give
a corresponding weakening of the condition (c) of [6, Lemma 3.8] for functions satisfying
(a), as well as restating (a) in a form suitable for our current investigation.

2.2. Definition. Let (5,8) be a texture. The conditions (a), (b*) and (c*) for a point
function ¢ : S* — R are defined as follows:
(a) s,5' €8, s'wss = o(s') < p(s).
(b*) s€ 8" reR, r<p(s) = 35 €8” with s’ ws s, © < @(s').
(c*) s€ 8", reR, p(s) <r = Is' € 5" with sws s, p(s') <.

It will be noted that if ¢ : § — R satisfies (b), and 7 < ¢(s) for s € S°, then
Py € P and so we have s' € S with s’ wg s, P,sy € Pr. This gives r < ¢(s’), while
clearly Qy # S so s’ € 8°. Hence (b*) is indeed a weakening of (b), and likewise, in the
presence of (a), (c*) is a weakening of (c).

In order to present our basic characterization of real difunctions in terms of real-valued
point functions we will make essential use of the following result, which is closely related
to [5, Lemma 3.4].
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2.3. Lemma. Let ¢ :S” — R be a point function. Then:
(1) The equalities

fo = V{Pepun | s€S, uwss, ue s},

FSD = n{@(s,gp(u)) | s € Sv Swsu, u€ Sb}a
define a difunction from (S,8) to (R,R) if and only if ¢ satisfies (a).
(2) If ¢ satisfies condition (a) then f, B = Fy B = ¢~ B for all B € R, where

¢ B=\{P:|s€o ' [B]} =N{Q: | s ¢ ¢ '[B]}.
(3) If ¢ satisfies (a) and (b) then (o~ P.)NS" = ¢ *[P,] for all r € R.

Proof. (1) Let ¢ : 5” — R be a point function, and define fo, Fy as above. It is trivial
to verify that (f,, F,) is a direlation. Moreover, if P; € Q4 for s,s" € S and we take
wws s, s' wg u, then u € §” and setting ¢ = o(u) leads easily to f, € @(S,t), P(sr’t) Z Fo,,
0 (fs, Fy) satisfies DF1. It remains to prove that (f,, F,,) satisfies DF2 if and only if ¢
satisfies (a).

First let (f,, F,) satisfy DF2 and take s,s" € S” with s’ ws s. Let 7 = ¢(s), ' = ¢(s')
and take uws s, s’ wgu. Then f, @(uw,y FW,«) Z F,, so by DF2 we have P. Z Q,,
that is p(s’) = 7' < r = p(s). Hence ¢ satisfies (a).

Now let ¢ satisfy (a), and take s € S, t,t' € R with f, € @@’t), F(s,t/) Z F,. Then
for some u,u’ € S* with uws s, swsu’ we have P,(,) € Q¢ and Py € Qu(u). On the
other hand, by (a), Py(s) € Qu(u) and Puuy € Qus), so Py € Q¢ which verifies DF2.

(2) The equality of the two expressions is straightforward, and is omitted. Since
fo B =F; B it will be sufficient to show that f; B C ¢~ B C F; B. We establish the
first inclusion, leaving the dual proof of the second inclusion to the interested reader.
Suppose f, B € ¢~ B and take s € S with f, B € Qs, Ps £ ¢~ B. By the definition of
fo B we have s’ € S with swg s’ and

21) [, ZQu4y = PLCSBVteR

Since clearly s € 5" we deduce from the definition of fo that f, £ Q(s/,w(s)w whence
P,y € B by implication (2.1). But now s € ©~'[B], which gives the contradiction
P C o™ B.

(3) Let ¢ satisfy (a) and (b*). Since we clearly have ¢ '[P,] C ¢~ P, it remains to
show that (¢~ P,)NS* C o~ '[P.]. Suppose this is not so and take s € (¢~ P.)NS” with
5 ¢ @ '[P:]. Then ¢(s) > r, so by condition (b%) there exists u € S* with Ps Z Q,, and
©(u) > r. On the other hand Ps C o P, gives ¢~ P € Q. and hence ¢(u) € P,, which
gives the contradiction p(u) < r. O

The interested reader may easily verify that the difunction defined in Example 2.1
may be represented by the function ¢ : L° = (0,1) — R given by
l
[ —.
e
The following example illustrates some of the results in Lemma 2.3.

2.4. Example. Take (S,8) = (L, L) and for 0 < a < 1 consider the function 9, : L” =
(0,1) — R defined by
0 O0<s<y,
Ya(s) =qa s=1,

1 1<s<l.
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It is clear that ¥, satisfies (a) for each a. Moreover, it is straightforward to verify that
Yo satisfies (bx) if and only if @ = 0, and it satisfies (cx) if and only if & = 1 (see also
Example 2.10 below). Since s € 95 [Pr] <= ¥a(s) < r we have

0 for r <0,
9P = (0,3) for0<r<a,
(0,3] fora<r<l,
(0,1) for1<r.
On the other hand 95 P- = \/{Ps | s € 95*[P:]}, so by the above
0 for r < 0,
Yo Pr=4(0,1 for0<r<1,
L for 1 <r.

We note that 9;*[P,] = (95 P.)N L’ for any o if » > 1. On the other hand, if we restrict
our attention to a satisfying 0 < a < 1 we have 95 '[P,] # (05 P,)N L’ for all r € R with
0 <r < a. This shows that condition (b*) cannot be removed from (3). In particular 91
shows that in (3) one cannot replace (bx) by (cx).

In just the same way we have:

0 for r <0,

(0,1) for0<r< 0 for r <0,
_ , 1) for <a,
9NQ] =4\ 2 "= 9 =401 foro<r<t,
0,1] fora<r<l1,
L for 1 <r.
(0,1) forl<r,

Again 93'[Q,] = (95 Q,) N L’ for any « if r > 1. On the other hand if we consider
0 <7 <a<1wehave 9;[Q,] # (95 Q) N L°. This shows that ¥, is an example of a
function satisfying (a) and (cx) for which these sets are unequal.

If ¢ : S” — R satisfies (a) then for s € S”, uws s we have u € S and p(u) < p(s) so
sup{p(u) | uws s} € R. Likewise, inf{p(v) | v € §*, swsv} € R and we may make the
following definition.

2.5. Definition. Let ¢ : S” — R satisfy (a). Then the point functions ¢., ¢*: S* — R
are given by

@u(s) = sup{p(u) |u e 8", uws s}, s €S,
©*(s) = inf{p(v) |v e S, swsv}, s€ S
2.6. Lemma. Let p: S° — R satisfy (a). Then
(i) u(s) < p(s) < " (s) for all s € 5",
(ii) Fors,s' € S* with Ps € Q. we have ¢(s') < p.(s) and ¢*(s') < ©(s).
Proof. Clear from the definitions. g

2.7. Proposition. Let ¢ : S° — R satisfy (a). Then:
(1) @« satisfies (a) and (bx). In particular, ¢ satisfies (bx) if and only if ¢ = .
(2) " satisfies (a) and (cx). In particular, ¢ satisfies (cx) if and only if ¢ = ™.
Proof. We prove (1), leaving the dual proof of (2) to the reader.

Firstly take s,s’ € S° with s’ws s and suppose that ©.(s") > ¢.(s). Then we have
uws s’ with . (s) < ¢(u). However, Lemma 2.6 (ii) now gives ¢(u) < ¢.(s), which leads
to a contradiction. Hence ¢« (s") < @4 (s), so o, satisfies (a).
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Now take s € S* and r € R with 7 < ¢.(s). As above we have uws s with r < @(u).
Take s’ € S satisfying s’ ws s and uwgs s’. By Lemma 2.6 (ii) we have r < ¢o(u) < ¢.(s'),
whence @, satisfies (bx).

Finally, it remains to show that if ¢ satisfies (bx) then ¢ = .. By Lemma 2.6 (i) we
have . < ¢, so assume ¢ satisfies (bx) but that p.(s) < o(s) for some s € S*. We now
have s’ ws s with ¢.(s) < ¢(s’). On the other hand, ¢(s") < ¢.(s) by Lemma 2.6 (ii),
and this is a contradiction. a

We now prove a result which implies, in particular, that when ¢ : S” — R satisfies
(a), the point-functions ¢., ¢ and ¢* all give rise to the same difunction in the sense of
Lemma 2.3. We begin with the following definition.

2.8. Definition. Let (S,8) be a texture. We denote by A(S”) the set of point-functions
¢ : 5" — R satisfying condition (a), and by ~ the equivalence relation on A(S”) defined
by o~ = (.ﬂPaF&P) = (f¢7FIU)'

Note that by [5, Proposition 2.27] we have ¢ ~ ¢ <= f, = fy <= F, = F.

2.9. Theorem. Fory € A(Sb) the equivalence class @ of ¢ under the equivalence relation
~ is given by

F=lpw 1= (¥ |Y €A(S"), pu <P <o},
where the ordering < in A(Sb) is defined pointwise.

Proof. Take ¢ € ¢. We show that ¢. < 1 < ¢*. Suppose the first inequality is false.
Then for some s € S” we have (s) < @.(s). By the definition of . we have uws s with
P(s) < p(u), whence Ps o)) C fo = fy. Since the texture (S x R, P(S) @ R) is plain
this gives fy € Qs u(uy)> 50 We have vws s With P(s y(v)) € Qs p(u))- NoW ¢(u) < ¢(v),
and 9 (v) < 9(s) since 1) satisfies (a), so we obtain the contradiction ¢(u) < (s). This
gives . < 1, and the proof of ¥ < ¢* is dual and in omitted. Hence

(22) &C[ps, ¥
Conversely, take ¢ € [p«, ©*]. We must show ¥ ~ ¢, and as noted above it will be
sufficient to prove f, = fy.

To prove that f, C fy it will be sufficient to show that for s € S* and uws s we
have P o)) C fy. However, if we take s’ € S with s'ws s, uws s’ and note that
¢(u) < @.(s") by Lemma 2.6 (ii), and ¢.(s") < ¥(s') as . < 1, we obtain P, o)) C
ﬁ(s,w(s/)) C fy, as required. Hence f, C fy, and the proof of fy, C f, is dual to this,
and is omitted. Hence

(2.3)  lpw ¥71C O
The result now follows from the inclusions (2.2) and (2.3). O

2.10. Example. Consider again the function ¥, € A(Lb) defined in Example 2.4.
Clearly

(Fa)«(s) = sup{da(u) | u < s} = { (1) 1{2; S%ii } =Yo(s)

for all s € L. Hence (¥a)« = Yo, and likewise (¥4)* = 91, for 0 < a < 1. We now see
that the statements in Example 2.4 about which of the functions ¥, satisfy (bx), (cx) are
just a special case of Proposition 2.7. Moreover, by Theorem 2.9 we deduce easily that
in A(L") we have

Vo = [Jo, 0] ={Jp |0 < B <1}
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for all a, 0 < a < 1. In particular, the difunction corresponding to this equivalence class
is independent of a.

Our next aim is to show that every difunction (f, F) : (S,8) — (R, R) has the form
(fo, Fp) for some ¢ € A(S®). Firstly, however, it will be convenient to give a direct
characterization of ¢, ¢* in terms of (f,, F).

2.11. Proposition. For ¢ € A(S®) and s € S* we have @.(s) = sup fo Ps and o™ (s) =
inf(F, Qs)°.

Proof. Clearly r € fPs <= f, Ps L Qr <= [, ¢ @@M by [5, Lemma 2.6 (1)].
Hence r € f;Ps <= Juwss with r < ¢(u) < ¢.(s), from which the equality
@« (s) = sup f, Ps follows immediately. The proof of the second equality is dual to this,
and is omitted. O

Since by Theorem 2.9 the point functions ., ¢* also generate the difunction (f,, F,),
the above proposition suggests the following:

2.12. Theorem. Let (f,F):(S,8) — (R,R) be a difunction.
(1) Fors € S° let A(s) = sup f~ Ps. Then the point function X : S° — R satisfies
the conditions (a) and (bx), and the equalities (f, F) = (fx, F\) and A = A..
(2) Fors € S let &(s) = inf(F~Qs)°. Then the point function € : S° — R satisfies
the conditions (a) and (cx), and the equalities (f, F) = (fe, Fe) and € =&~

Proof. We prove (1), leaving the essentially dual proof of (2) to the interested reader.

We must first show that the set f~ Ps C R is bounded above. Since s € S° we
have Qs # S and so we may choose s’ € S with swss’. By DFI there exists t € R
satisfying f € Q) and Py € F. As in the proof of Proposition 2.11 we have
ref7P < f¢ @(Sﬂ")’ and in this case DF2 gives rwrt, that is r < ¢, so f~ Ps is
bounded above by t. Hence A is well defined.

To establish (a) take s,s” € S”. Then

swss = Py C Py = fTP,Cf P, = As') < A(s),

as required. For (b), take s € S” and r € R with 7 < A(s). Then there exists 7’ € f~ P;
with 7 < 7', and as noted above f € Q(s,y- Since f is a relation, by R2 we have ses
with s'ws s and f Z Qy ). Then s’ € S 1’ e f7 Py, sor <1 < As') which proves
(bx).

Since A = A, follows from Proposition 2.7 (1), it remains to prove that (f, F) =

(fx, Fx). As X satisfies (a), we know by Lemma 2.3 (1) that (fx, Fi) is a difunction, so
by [5, Proposition 2.27] it will be sufficient to show that f = fx.

Suppose that fy € f and take s € S, r € R with f\ & @@’T), ﬁ(sm) Z f. Now from
the definition of f\ we have u € S, uws s with F(s,)\(u)) g @(s,r)v and so
(2.4) < A(u).
Applying condition DF1 for (f, F) to Ps € Q. gives t € R satisfying

(25)  fZ Q. and Py Z F.

Now for € > 0 we have r — e < A(u) by (2.4), so by the definition of X\ there exists
re € fT P, with r — e < r.. As noted earlier, r. € f~ P, is equivalent to f & @ww
and this together with the second result in (7) gives P € Q.. by DF2 for (f, F)). Hence
re < t, and we obtain r < t 4 € for all ¢ > 0. Hence » < t and from the first result in
(2.57) we have the contradiction ﬁ(sm - P(s,t) C f. Hence fx C f.
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Finally suppose f Z fx and take s € S, r € R with f & @@T), P(sm) & f. Since
[ is a relation we have u € S with uws s and f € @, ). But now r € f7 Py, and so
r < A(u). This gives P(s,ry C Ps a(u)) € fr, which is a contradiction. Hence f C f,
and the proof is complete. O

Where necessary we denote A, & by Ay r),{(s,F), respectively. Then for ¢ € A(Sb),
the above theorem implies that Ay, r,) = ¢x, &(s,.F,) = ¢*, whence the mapping

90 = (fﬁlh <P)7
which is injective by definition, is also a surjective mapping from the quotient set A (S b) [~
to the set DF(S) of real difunctions on (5, 8).
In [8] a partial order is defined on BDF(S) by setting (f, F) < (g,G) if and only if
(F.F) = (F.F)(ns A9, G), where (£, F)(n, A)(9,G) = (£ g, FAG) s given by
Frg=\A{Prirry | Fuws s with f Z Q(,, .., and g £ Q(,, )}
FAG= H{Q(SﬂMz) | Isws u with P, ) € F and Py .,y € G}.
First we note the following result.
2.13. Lemma. The following are equivalent for difunctions (f,F),(g,G) : (S,8) —
(R, R):
(1) (f,F) <
2 fcy.
(3) FCG.
Proof. The equivalence of (2) and (3) is just [5, Proposition 2.27], so we prove (1) <= (2).
Suppose (1) holds but that f € g. Then we have s € S, t € R with f € @(S’t)
and ﬁst Z g. Since f = fag we have farg € @(”), so for some 71,72 € R with

Psminrs) € Q(s ¢y we have u € § with uwss, f & Q(u my and g & Q(u ry)- Now
t<riArz <ra, s0 Q(u o S Q(u r) and hence g € Q(u 4~ Since g is a relation we may

(9, G).

apply condition R1 to give the contradiction g & Q(S’w.

The converse is proved in a similar way, and the details are omitted. O

2.14. Theorem. The following are equivalent for difunctions (f,F),(g,G) : (S,8) —
(R, R):
(1) (f7F) <(9,G).
(2) AMpr) S A0
@) &um) < &0
Proof. To prove (1) <= (2) it is sufficient, in view of Lemma 2.13, to prove that Ay, ) <
A(g,G) — fCug.
If f C g then for s € S” we have f~P, C g~ P, by [6, Lemma 2.7 (1)], and so
Ar,r)(s) =sup f7Ps <supg™ Ps = A(g,)(s). Hence, Ay 7y < Ag,6)-
Now let A(sr) < Ag,q)- Then for s, u € Sb, uws s, we have p(s,k(f,m(u)) -
P(s,/\(g’c)(u)) and so f = fA(f,ﬂ - fA(g,G) = g by Theorem 2.12 (1) and the first equality
in Lemma 2.3 (1).

(1) <= (3) is proved likewise by establishing & py < £(5,¢) <= F C G. The details
are left to the interested reader. g

By using the bijection between A(S”)/~ and DF(S) given above we may transfer the
partial ordering on DF(S) to A(S”)/~, and Theorem 2.14 now takes the following form:
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2.15. Corollary. For ¢, € A(S”) the following are equivalent:
1) <.

Since DF(S) is a distributive lattice [8], the same is true of A(S”)/~.

Clearly if ,9 € A(S") then @ A, o V1 € A(S?) so A(S”) is a lattice under the
pointwise ordering. Let us relate the lattice structure on A(S”)/~ with that of A(S”) by
noting that:

PAY=FAY and V=GV
IndeedapAwggoandgo/\wSwgivemgﬁ/\i, so take p € A(S®) with i < &
and & < 9. Then p. < @. < ¢, pe < 9 < 9 by Corollary 2.15 and Lemma 2.6 (i), so

s < @ At which gives 1 = px < ¢ At by Theorem 2.9 and Corollary 2.15. This proves
the first equality, and the proof of the second is dual and is omitted.

We deduce from Theorem 2.9 and the equalities above that
GAD=[(pA)ss (P A)],

where

(@A) = (P Ah ) S P AP SPAY < P NPT < (" APT)" = (p A)™.
Likewise

GV = V)., (pV)],
where

(V) = (9u Vi )e 0 Vb SV < " VYT < (97 V)T = (pV o).

We now turn to the operation (+, +) of addition on DF(S), which is compatible with
the lattice structure in the sense that meet and join distribute over addition [8]. We
recall from [8] that

F+9=\{Plitr | 35 € 8" uws s with £ € Q)19 L Quura )
with a dual formula for '+ G. Then:
2.16. Theorem. For the real difunction (f, F) we have

AGE)Y (4, 4)(9,6) S A )+ Mo,0) S € m) T €0,0) S &5+, +)(0,6)-

Proof. To prove the first inequality suppose there exists s € S” with Ar, ) (8)FA(g,0)(5) <
A4, F)(+,+)(9.0)(s). Then we have t € R with A(s,r)(s) + A, (s) <t € (f +9g)7 P,
whence (f +g)"Ps € Q¢ and so f+g € Q. Now we have 7,72 € R with

Plsryiry) & @@’07 and v € S” with uwss and f & Q(uﬂ), g Z Qwrz). Now
TP, ZQry, g Py Z Qr, so we obtain the contradiction

t<ri+r2 A (W) + Ag,e)(u) S A (s) + Ag,e)(s)

since A(s,ry, A(g,6) satisfy (a). The middle inequality is clear, and the third inequality
dual to the above, so the proof is complete. O

In terms of the corresponding sum on A(S”)/~ we note that A(S”) is closed under
pointwise addition and that from the above

GHo=p+v=1[p+0) (p+¥)7],
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where

(P41 =(0x +9Pe)e SO+ SP+P <" +4" < (9" +97)" = (0 +9)".

Now let (7, k) be a ditopology on (.5, 8), and (7, xr) the usual ditopology on (R, R}. It is
shown in [8] that the subset BDF(S) = {(f, F) € DF(S) | (f, F') bicontinuous} of DF(S)
is closed under meet, join and addition. We consider briefly the situation regarding the
representation of elements of BDF(S) described above.

We call ¢ € A(S”) bicontinuous if ¢~ B € 7 for all B € 1z and ¢~ B € & for all
B € kr. By Lemma 2.3 (1), ¢ is bicontinuous if and only if (f,, Fi,) is bicontinuous. We
denote by BA(S”) the set of bicontinuous elements of A(S”). For ¢,v € BA(S’) we have

(pAY)"B=(¢"B)U[W™B), (¢V¥) " B=(p"B)N (Y™ B)
for all B € R. It follows that @ A, @ V4 € BA(S?). The first result may also be
obtained by noting that ¢ A w @At leads to (fo, Fo)(ny A)(fis F) = (Fonws Fong),
whence for B € R,

(fornfu)” B = fornyB=(pAY)"B=F;\yB=(Fo\NFy)" B.
The bicontinuity of ¢ A ¢ now follows from that of (f,, Fy)( A, A)(fy, Fy), and a similar
argument gives the bicontinuity of ¢V ¢, and also that of ¢ + 1. These results show that

when considering the representation of elements of BDF(.S) it suffices to restrict ones
attention to the point functions in BA(S”).

3. An alternative characterization

In this section we show that we may obtain an alternative characterization of real
difunctions on an arbitrary texture (S, 8) by extending (R, R) rather than restricting the
domain of the functions to the core S°.

Denote by RT the real numbers extended by adding a point at infinity co, where we
define r < oo for all » € R. The family RT = {(—o0,7],(—00,7) | 7 € R} U {RT, 0}
is easily seen to a texturing of Rt for which P., Q, are the same as for (R,R) when
r € R, and P = Qo = RT. We note for future reference that for p, u € R we have
pwp+ p <= P, Z Q, < p € Rand p < p. The texture (RT,RT) is neither plain
nor simple.

The inclusion € : R < R is easily seen to satisfy the conditions (a), (b) and (c) of [6,
Lemma 3.8], so the corresponding difunction (e, F) is given by

e=f. = \/{F&,’S |r€R}, E=F.=( Q.. | R},

where P< , Q( ) * denote the p-sets and q-sets for the texture (R x RT, P(R) ® R1).
Moreover, by [5, Lemma 3.9],

B, B#R*

3.1 “B=E"B=¢"'[B]=
( ) e € [ ] {R, B =R"
for all B € RT. We have:

3.1. Lemma. (e, E) : (R,R) — (R",R") is a bijective difunction with inverse (e, E)™ =
(E=,e7): (RY,RT) — (R,R) given by

:\/{ﬁ(;’; |peRY, reR, r <p},
- -
e = ﬂ{Q(p,’r‘) |p € R+7 re R7 P < ’f‘}.

Here, ﬁ&’f, @(Jr)f denote the p-sets and g-sets for the testure (RT x R,P(RT) ® R).
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Proof. The formulae for E and e~ follow at once from [5, Definition 2.3], while by [5,
Theorem 2.31] bijectivity is equivalent to showing that (e, E)~ is a difunction. However
for pi,p2 € RT with P,, € Q,, we have Q,, # R" and so p2 € R, while clearly
E- ¢ Q(J;’;pz) and ﬁ<+p;p2) ¢ e~ which verifies DF1. On the other hand, take 71,72 € R
and p € R" satisfying E~ ¢ @;:;) and P(J;:;z) Z e~. Then r1 < p < ro which gives
P, € Qr, and so DF2 is valid also.

This shows that (e, F) is bijective, and hence by [5, Proposition 3.14] an isomorphism
in the category dfTex of textures and difunctions between them. Moreover, (e, E)™ is
the morphism inverse to (e, F), that is (e, )~ o(e, E) = (i,I), (e, E)o(e, )™ = (i*,17),
(i, I) being the identity difunction on (R, R) and (i*,I") that on (RT,R™). O

3.2. Lemma. For a given texture (S,8) the mapping

(f, F) = (e, E) o (f, F)

is an bijection between the set DF(S) of real difunctions on (S, 8) and the set DF1(S) of
extended real difunctions on (S, 8).

(f,F) (e, E)

Proof. Since (S,8) (R, R) (R*,R*), certainly (e, E) o (f,F) € DF1(S)
when (f, F) € DF(S). The fact that this mapping is bijective is an immediate conse-
quence of Lemma 3.1. ]

We may obtain operations on DF*(S) from operations on (R*,R") in the same way
that the operations on DF(S) were obtained from those on (R,R). Specifically, the
mappings ¢ : (Rt x RT, RT @ RT) — (R*, R") defined by

(p1, p2) — min{p1, p2}, (p1,p2) — max{p1, p2} and (p1,p2) — p1 + p2

satisfy (a) (and indeed, (b) and (c)) and so induce operations of meet, join and sum on
(R*,RT). Indeed, for p(p1,p2) = min{pi, p2} suppose that Py ps) € Qurpzy- Then
pi,p2 € R and pue < pr for kK = 1,2. To establish (a) we must show that P,y 0 Z
Q1 ,1z)- However, certainly @(p1,p2) = min{ui, po} € R, and clearly ¢(p1, p2) <
©(p1, p2), so the result follows by the comment above.

The same proof holds for the other mappings, and (b), (c) may be established likewise.
By [8] we obtain

-+ . =+ =+

Frg=\{Plrinr | Fuws s with f Z Q) and g Z Q(yypy
=+ o Bt =+

FAG= ﬂ{Q(smMz) | Iswsu with P, .y € F and Py, ,,) € G}.

Here, F(T), @:—) denote the p-sets and g-sets for the texture (S x R*, P(S) ® R"). Sim-
ilar formulae hold for (f, F)(v, V)(g,G) and (f, F)(+, +)(g,G). As for DF(S), these
operations make DFT(S) an additive lattice.

3.3. Proposition. The bijection (f, F) — (e, E) o (f,F) from DF(S) to DF*(S) pre-
serves the lattice operations and the sum.

Proof. The proof of Lemma 2.13 may easily be adapted to show that for (f, F), (g,G)
in DF(S) we have (f,F) < (9,G) <= f Cg <= F C G. On the other hand, for
(f,F),(g9,G) € DF(S) we have eo f Ceog <= (eog) " BC (eo f)"BVB € R" [5,
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Lemmas 2.4, 2.7]. It is clearly sufficient to consider only B € R, so
eofCeog < (eog)"BC(eof)" BYBeR
<~ g " (e"B)C fT(e"B)VBe®R
< g BC f"BVBeR
~— fCy
by (3.1). This shows that the bijection preserves the ordering, and hence the lattice
structure.

To see that the sum is preserved we must show that eo(f+g) = eo f+eog. Suppose
that eo (f+g) Zeof+eog, and take s € S, p € RT with eo (f + g) Z@?;p) and
F(t’p) Z eof+eog. Now we have p' € R" with F(ty‘,/) Z Qs and 7 € R with
f+g9¢< a(s,'r) and e Z @(;,’;). The latter gives p’ < r and from the former we have
1,72 € R With P(s i 4r) € Qs and u € S satisfying uws s for which f Z @, ,.,, and
g @(H7T2)' We deduce that eof & @(J;,n)’ eog & Q(t,rl), whence F(t,m-»-m) C eof+eog,
which gives a contradiction since p < p’ < ry + ra.

This establishes eo (f + g) C eo f + e o g, and the reverse inclusion may be proved
similarly. O

In view of Proposition 3.3, a representation of the elements of DF*(S) involving point
functions from S to R* will also provide a representation of the additive lattice of real
difunctions on (S,8). We may obtain such a representation by following much the same
steps as in the last section. We begin by noting that for (f, F) € DFT(S) the functions
/\&F), 5(7,1,) : S — RT given by

)\?},F)(S) = sup f_jjsa é-&yF)(S) = inf(F_'Qs)Cv

are well defined and satisfy condition (a). We denote by A™(S) the set of all point
functions from S to R* satisfying (a). For ¢ € A*(S) the functions p., ¢* may be
defined as in Definition 2.5 but without the restriction of s to S”, and taking the sup and
inf in RT. It is easy to verify that these functions are well defined and belong to AT (S).
We may also define conditions (b+), (c+) corresponding to (bx), (cx) as follows:
(b+) s€S,peR, p<p(s) = Is' € Swith s'wss, p < p(s).
(c+) s€S,peRT, p(s) <p = I’ € S with sws s, ¢(s') < p.
3.4. Theorem. Let (f,F): (S,8) — (RT,R") be a difunction. Then,
(1) For p € A1(9), (f, F) = (fo, Fy) if and only z'f)\:rf’F) <ep< {:}’F).
(2) For ¢ € A1(S) with )\(+f’F) <p< €(+f7F) we have:
(i) = )\&F) = ¢ = . < o salisfies (b+).
(il) p= 5?},17) = p =" < o satisfies (c+).

Proof. Tt is straightforward to verify that ¢ : S — R™T satisfies (a) if and only if the
equalities

S+ —+
f‘P = V{P(S,Lp<u)) | s,u € S,uws S}, F, = D{Q(s,ap(u)) | s,u € S, sws u}:

define a difunction (f,, F,) : (S,8) — (RT,R"), and we omit the details which are
similar to the proof of Lemma 2.3 (1).

(1) Take » € AT(S). Clearly for s € S, )‘?},F)(S) = su+p{?“ €ER| foPs £ Qr}, while
R

fo & @(-;T) — Ju € S with uwg s and P&Mu)) 4 @(-:J). This gives r < p(u) < (s)
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by condition (a), so A,

(7.7 (8) < @(s) as required. A dual argument shows that ¢(s) <

+
&5y
(2) Take ¢ € AT(S) with )‘?},F) Se= 5(4}’F)'

(i) Let ¢ = A?},F)' Since . < ¢, suppose we have s € S with ¢.(s) < ¢(s). Since

¢(s) = N (s) = )‘(t‘wa)(S) by (1) we have r € R with ¢.(s) < r and f,"Ps € Qr.
Now f, £ @(J;T), and f, is a relation so applying the condition R2 we have u € S with

uwg s and f, Z @(t,r). However this gives r < )\?}WFw(u) = p(u) < p«(s), which is a

contradiction.

Now suppose that ¢ = ¢. and take s € S, p € RT with p < ¢(s). Then p < . (s) so
there exists u € S with uws s and p < ¢(u), which establishes (b+).

Finally suppose that ¢ satisfies (b+). By hypothesis A?}’F) < ¢ so assume there
exists s € S with )\?}’F)(S) < ¢(s). By (b+) there exists u € S with uwg s for which
Az}nga)(s) = )\&F)(S) < ¢(u). Choose v’ € S with uws v’ and v’ wg s. Now ﬁ(t#,(u/)) -
fo, and Puwy € Quu) by (a), so f = f, € ngw(u)) and we obtain the contradiction
o) < Ny (5).

(ii) The proof is dual to (i), and is omitted. O

If we define an equivalence relation ~ on A1 (S) by setting p ~ ¢ <= (fp, F,) =
(fu, Fy) the above theorem states that @ = [p., ¢*] for each ¢ € A1 (S). This means
that the elements of AT (S)/~ may be represented as interval valued functions

s [pa(s), ¢ (5)]

on S, equivalently (f,F) € DFT(S) is represented by s — [)‘?},G)(S% 5(4}’17)(5)}. As
mentioned above, (f, F') € DF(S) may be represented by applying the above to (e, E) o
(f, F).

It will be seen that the representation in terms of extended real valued functions is
formally very similar to that using real valued functions on S°, but has the advantage of
not involving the set S” which in general does not belong to 8. A similar relation also
holds between the order and addition on R and that on AT (S)/~ as does between the
order and addition on R and that on A(S”)/~, as the interested reader may easily verify.
Finally, to consider bicontinuous difunctions we need only note that

Totr = {(—oco,r) | r € R}U{B,R"}, ks = {(—oc0,r] | r € RYU {0, R}

is the natural ditopology on (R*,R™), and that under this ditopology (e, E) and its
inverse are bicontinuous. Hence the additive lattice isomorphism (f, F) — (e, E) o (f, F)
of DF(S) with DF*(S) restricts to a isomorphism of BDF(S) with the additive lattice
BDF*(S) of bicontinuous extended real difunctions on (5,8, 7, x). Moreover, it is easy
to verify that the elements of BDF'(S) may be represented by restricting ones attention
to the elements of BA1(S), the bicontinuous extended real point functions on (S, 8,7, k)
satisfying (a), and hence the same is true for the elements of BDF(S).
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