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WEAK CONE-COMPLETENESS OF DIRECT SUMS IN
LOCALLY CONVEX CONES
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ABSTRACT. We consider the weak cone-completeness in locally convex cones
and prove that the direct sum of a family of weakly cone-complete separated
locally convex cones is weakly cone-complete. We conclude that a direct sum
cone topology is barreled whenever its components are weakly cone-complete
and separated with the countable bases.

1. INTRODUCTION

The notions of barreledness and weak cone completeness in locally convex cones
have been defined and investigated by W. Roth in [8]. Various topics of locally
convex cones have been studied from the direct sum point of view in [2-7]. In this
paper, we discuss the direct sum topology of weakly cone complete locally convex
cones and show that it is barreled if its components are separated and carry the
countable bases.

An ordered cone is a set P endowed with an addition (a,b) — a+b and a scalar
multiplication («,a) — «a for real numbers a > 0. The addition is supposed to
be associative and commutative, there is a neutral element 0 € P, and for the
scalar multiplication the usual associative and distributive properties hold, that is,
a(Ba) = (af)a, (o + Bla = aa + Ba, ala +b) = aa + ab, la = a, 0a = 0 for
all a,b € P and «, 8 > 0. In addition, the cone P carries a (partial) order, i.e., a
reflexive transitive relation < that is compatible with the algebraic operations, that
is a < bimplies a+c¢ < b+cand aa < ab for all a,b,c € P and o > 0. For example,
the extended scalar field R = R U {+o00} of real numbers is a preordered cone. We
consider the usual order and algebraic operations in R; in particular, a4+ oo = +o00
for all @ € R, - (+00) = 400 for all & > 0 and 0 - (+00) = 0. In any cone P,
equality is obviously such an order, hence all results about ordered cones apply to
cones without order structures as well.

A full locally convex cone (P,V) is an ordered cone P that contains an abstract
neighborhood system V), i.e., a subset of positive elements that is directed downward,
closed for addition and multiplication by (strictly) positive scalars. The elements
v of V define upper (lower) neighborhoods for the elements of P by v(a) = {be P :
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b < a+wv} (respectively, (a)v = {b € P : a < b+wv}), creating the upper, respectively
lower topologies on P. Their common refinement is called the symmetric topology.
We assume all elements of P to be bounded below, i.e., for every a € P and v € V
we have 0 < a+ pv for some p > 0. Finally, a locally convex cone (P, V) is a subcone
of a full locally convex cone, not necessarily containing the abstract neighborhood
system V. For a locally convex cone (P,)) the collection of all sets ¥ C P2, where
v = {(a,b) : a < b+ v} for all v € V, defines a convex quasi-uniform structure on
P. On the other hand, every convex quasi-uniform structure leads to a full locally
convex cone, including P as a subcone and induces the same convex quasi-uniform
structure. For details see [1, Ch I, 5.2]. For cones P and Q, amap t: P — Q is
called a linear operator, if t(a + b) = t(a) + t(b) and t(aa) = at(a) for all a,b € P
and o > 0. If V and W are abstract neighborhood systems on P and Q, a linear
operator t : P — Q is called uniformly continuous if for every w € W thereisv € V
such that t(a) < ¢(b)+w whenever @ < b+wv. Uniform continuity implies continuity
with respect to the upper, lower and symmetric topologies on P and Q. Endowed
with the neighborhood system € = {¢ € R : € > 0}, R is a full locally convex cone.
The set of all uniformly continuous linear functionals p : P — R is a cone called
the dual cone of P and denoted by P*.

A locally convex cone (P, V) is called weakly cone-complete if for all b € P and
v € V, every sequence (a;)nen in v(b) N (b)v that converges to b in the symmetric
topology of P and n; > 0 such that ;> n; = 1 there is a € v(b) N (b)v such that
pla) = >0 mip(a;) for all u € P* with u(b) < 400. A convex subset U of P? is
called barrel, if it satisfies the following properties:

(U;y) For every b € P there is a neighborhood v € V such that for every a €
v(b) N (b)v there is a A > 0 such that (a,b) € AU.
(Uy) If (a,b) & U, then there is a u € P* such that u(c) < u(d) + 1 for all
(¢,d) € U and p(a) > pu(b) + 1.
A locally convex cone (P, V) is called barreled if for every barrel U and every element
b € P there is a neighborhood v € V and a A > 0 such that (a,b) € AU for all
a € v(b) N (b)v. A subset Vy of V is a neighborhood base, if for every v € V there is
vy € Vp such that vy < v. Every weakly cone complete locally convex cone with a
countable neighborhood base is barreled [8, Theorem 2.3].

2. WEAK CONE-COMPLETENESS AND DIRECT SUMS

Let P,, v € I' be cones and put P = X ecrP,. For elements a,b € P, a =
Xyerly, b = X erby and a > 0 we set a+b = Xyer (a4 +by) and aa = X4 (Qay).
With these operations P is a cone which is called the product cone of P,. The
subcone of the product cone P spanned by UP, (more precisely, by Uj., (P,), where
Jy : Py — P is the injection mapping) is said to be the direct sum cone of P., and
denoted by Q@ = 3° . P,. If (Py,V,), v € I be a family of locally convex cones,
then W = X,¢crV, leads to the finest locally convex cone topology on Q such that
the all injection mappings j, are uniformly continuous:

Definition 2.1. For elements a,b € Q, a = . cray,b =3 gby and w €
W, w = Xyerv,, we set

a<rb+w

if ay <y by + vy for ally € AUO, where 3 Aoy < 1.
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The subsets {(a,b) € Q% : a <p b+ w} for all w € W describe the finest convex
quasi-uniform structure on @ which makes every injection mapping uniformly con-
tinuous. According to [1, Ch I, 5.4], there exists a full cone Q & W, with abstract
neighborhood system W = {0} @& W, whose neighborhoods yield the same quasi-
uniform structure on Q. The elements w € W, w = X,¢rv, form a basis for W in
the following sense: For every w € W there is w € W such that a <p b+ w for
a,b € Q implies that a <r bdw. The locally convex cone topology on Q induced by
W is called the locally convex direct sum cone of (P, V) and denoted by (Q, W).
For details see [3].

Proposition 2.1. If Q = Zwer P, is the locally convex direct sum cone, then

(a) if b € Q and (a;)ien C Q converges to b in the symmetric topology of
Q, then for each v € T', (py(ai))ien converges to ¢ (b) in the symmetric
topology of (P, V),

(b) Q" = x,erP;, where Q* is the dual cone of (Q, W).

Proof. (a) Fixy € I" and let vy, € V,,. If we set w = X¢cpve, where ve = vy for § =~
and ve € V, otherwise, then a <r b+w for a,b € Q implies that ¢, (a) < ¢, (b)+v,,
i.e., ¢ is uniformly continuous. For (b), see Theorem 3.10 in [7]. O

Let (P,V) be a locally convex cone. A subset A of P is bounded in the weak
topology o(P,P*) if, —oo < inf,cprea p(x) < SUp,cp e a p(x) < +oo for all finite
sets F C P* [5, 6. The cone P is separated if @ = b for a,b € P implies a = b,
where @ is the closure of a with respect to the lower topology of P; for example R
with the neighborhoods system ¢ = {¢ € R: e > 0} is separated [1, Ch I, 3.12]. A
locally convex cone direct sum cone is separated if and only if its components are
separated [7, Corollary 3,3].

Lemma 2.2. Suppose (Q,W) is the locally convex direct sum cone of (P, V),
b e Q and let Qf be the subcone of all p € Q* with p(b) < +oo. If (Py,V,) is
separated for all v € T and (a;)ien C Q converges to b in the symmetric topology
of Q, then there is a finite subset A of I' such that for each i € N, ¢, (a;) =0 for
allyeT\ A

Proof. Let i1, ..., pin € Q; and let w’ € W such that w’ < w and p; € w'* for all
i =1,2,...,n. By the assumption, there is ip € N such that a; € w'(b) N (b)w’ for
all ¢ > ig which yields

—oo < inf  pi(a;) £ sup pj(a;) < oo,

Isjsn,izio 1<j<n,i>ig
ie., {a; 1 i >4} is 0(Q, Q;)-bounded so, by [6, Theorem 2.6], there is a finite set
A C T'such that {a; : i >4} € >0 capylaiti >0} O

Theorem 2.3. The direct sum cone topology (Q,W) = (3, cr Py: XqerVy) is
weakly cone-complete, whenever for each v € T', (P, V,) is separated and weakly
cone-complete.

Proof. Suppose b € Q, b =3 \by, w € W, w = Xyervy and let (a;)ien C
w(b) N (b)w converges to b in the symmetric topology of @ and 7; > 0 such that
Yoy mi = 1. Using the Lemma 2.2, we may assume that a; = 3 x ¢4 (a;) for all
i € N. By Proposition 2.1 (a), the sequence (¢~ (a;))ien C (yvy)(by) N (by)(cyvy)
converges to b, in the symmetric topology of P, for all v € A, where ) qea @y S 1
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so from the weak cone-completeness of P, there exists a, € (ayv,)(by) N (by)(yvy)
such that

ey (ay) = Z Nitby (9~ (as))

for all p, € Py with iy (by) < 00. Then a =3 A ay € w(b) N (b)w and for every
p € QF with p(b) < 400, we have u = X, erpy by Proposition 2.1 (b), where
fy € P such that g, (by) < +oo for all v € A. Thus

pla) = DD misylpy(ai) =D m Y iyl (ai)
yEA i=1 =1 YEA
= Y omp(d ] ey(a)) =D mala),
i=1 YEA i=1
ie., (Q,W) is weakly cone-complete. O

By combining Theorem 2.3 and [8, Theorem 2.3], we have:

Corollary 2.4. A direct sum cone topology is barreled, whenever its components
are separated and weakly cone-complete with the countable bases.

Example 2.1. (i) If we consider (R,¢), e = {e e R: € > 0}, then R = R, U {0};
where 0(x) = 0 for all € R and 0(+00) = +oo [9, Example 2.2]. Let b € R, € > 0,
(a;)ien C €(b) N e(b) converges to b in the symmetric topology of (R,¢) and let
n; > 0 such that ;2 n; = 1. If b = +o0, then for a = +oo the assertion holds. If
beRthena:=3 ;- na; €e(b)N(b)eand for every u € R", = A for some A > 0,
hence p(a) = A0, aia;) =Y ooy aip(ai), ie., (R,e) is weakly cone-complete.

(ii) We consider Q = Y, R with the countable neighborhood system W =
Xnene. For elements a,b € Q, a =Y A Gn, b =) g by, the direct sum neigh-
borhood w € W, w = X,enén, on Q is defined by

a<ygb4+w if a, <b,+ane, ({foral neAUO)

where 32, oo @n < 1. Suppose b € Q, b =3 oA bn + 3, ca\a, (+00), where
A={neN:b, #0}, Ap ={n € A:b, € R} and let w € W, w = Xpenén.
Let (a;)ien C w(b) N (b)w, a; = ZneA& al, + ZneAi\A&(—&—oo) for all i € N such
that (a;);eny converges to b in the symmetric topology of Q and for n; > 0, let
ooy mi = 1. Without loss of generality we may assume that A; = A and A} = Ag
for all 2 € N. Then

a = Z Zma; + Z Zm(—i—oo) € w(b) N (b)w

neAg i=1 n€A\Ag i=1

and for every pu € Q* with p(b) < +o0, we have yu = Xp,enp, by Proposition 2.1
(b), where

An (some A, > 0) if b, €R,
Hn =
Og- if b= too.
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pa) = > MO ma)+ Y. 0@*(2771‘(4'00))

neAR i=1 ne€A\Ag
= D md( D] al)+ Ym0z ( > (+00))
i=1 neAg i=1 nEA\Ag

= Z mip(ai),
i=1

ie., (X ,en R, Xnene) is weakly cone-complete.
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