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Abstract

In this paper, by using convolution we generalize the class of analytic functions of bounded
Mocanu variation with respect to 2k-symmetric conjugate points and study some of its
basic properties. Our results generalize many research works in the literature.
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1. Introduction

Let A be the class of analytic functions f defined on the unit disc £ = {z € C: |z| < 1},
normalized by f(0) = f'(0) — 1 = 0 and of the form

f(2) :z+Zanz”, (z € E). (1.1)
n=2

Also, suppose that S, K, S*, and C denote the subclasses of A which are univalent, close-to-
convex, starlike, and convex in F respectively. We denote by P,,(7) the class of functions
p(2) analytic in the unit disc E satisfying the properties p(0) = 1 and, for z = re?, m > 2,

/2” ReP) =
0 L—v
The class Py, (7) for v = 0 and 0 < v < 1 has been introduced and investigated by Pinchuk
[13], and Padmanabhan and Parvatham [12] (see also [11]), respectively. We note that
P, (0) = Py, and Py(y) = P(v) is the class of analytic function with positive real part
greater than . For m = 2 and v = 0, we have the class P of functions with positive real
part.
We can rewrite (1.2) as

21 _ Ze—it
pe) =y [ ),

1—ze

’dﬁgmw, (0<~y<1). (1.2)
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where ((t) is a function with bounded variation on [0, 27] such that

2m 2m
du(t) =2  and / ()] < m.
0

Also, for p € P, (7), we can write from (1.2)

1 m 1

p(z) = (% + 5)1)1(2) - (Z - i)pz(z), p1,p2 € Po(7),z € E.

It is known [7] that P, (7) is a convex set. Also p € P,,,(y) is in Pa(vy) = P(v) for |z| < r1,
where

0

We say that f € A is subordinate to F' € A, and we write f(z) < F(z) (or simply f < F),
if there exists a function

weQ:={wed:|wz)|<l|z| (z€E)},

such that f(z) = F(w(z)). In particular, if F' is univalent in E, we have the following
equivalence

fz) < F(z) <= [f(0)=F()A[f(E) C F(E)].
Recently Mocanu introduced the class M(«) of functions f € A such that W # 0 for

z € ' and
2f'(2) (Zf’(Z))'}
Re {a +(1l-a >0 zel).
) T TG b
In particular, S* := M(1), K := M(0) are the well-known classes of starlike functions and
convex functions, respectively. Also, Wang et al. [17] (see also [18]) introduced the class

%) (a, @) of functions f € A such that
2f'(2) (2f'(2))
«@ + (1 — o) < p(2), z e b)),
far(2) (1=a) for(2) @« )
where p(z) € P, k > 2 is a fixed positive integer and fox(2) is defined by the following
equality

i, _ i
foar(z) = % D eV f(e%2) + €V f(eV)), (e = exp(T))-
v=0

Also, Noor et al. [5] (see also, [1], [6], [7], [8], [9]) introduced and investigated class R (7)
of analytic functions of bounded radius rotation of order v with respect to symmetrical
points if and only if
22f'(2)

f(z) = f(=2)
Motivated by the aforementioned classes, and [1], [2], [3], [15], [16], we now introduce and
investigate the following classes M’j\ u(@,&,h) and GMI)“\’ 4 (@, &, h) associated with functions
of bounded variation with respect to 2k- symmetric conjugate points.

€ Py(z), (z € E).

Let h be convex and symmetric with respect to the real axis with A(0) =1, p > 1, and
define

Ku(h) :=={pagr + (1 — p)g2 : q1, 92 < h}.
1
We note that the class P := X, <1 tz
It is easy to verify that
(i) K,(h) is convex set,
(ii) if 1 < p < A then K, (h) C Ki(h),

) is the well-known class of Carathéodory functions.
—z
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(iif) Let h/(0) # 0 and f(z) = 1+ 322 a,2" € K, (h) then for z = re®,

lan] < (2u = DIRO),  (n=1), (1.3)

;_;ﬂVwJ%&wg]*{@“_1f@ym2_uﬂ, (1.4)
2 . _ /

2;LA Uﬁ“fw”defg(zuyliU§;ON' (15)

Throughout this paper we assume that ¢, p, & € A and ¢, p, & are symmetric with respect
to the real axis.

Definition 1.1. Let A € R and ® = (¢,¢). We denote by M’;’M(Cb,g,h) the class of
functions f € A such that

€x0)f || 0]
(Exp)* far @ x for
where * denotes the Hadamard product (or convolution) and fo(z) is defined by

(1-)) € Ku(h), (1.6

21

k—1
far(z) = i DT+ (€D, (e= exp(—-))-
v=0

Moreover, let us define
Mﬁ,u((bv h) = M’;,,u(q)v &1, h)v Ml)c\,u(()pa h) = Mﬁ,u((@la 902)7 h)7
Wi (@,h) = M, (®,2,h),  Wilp,h) == Wy((z¢',0), h),
where

o .n
Gi)=z+> e o1 = 2¢'(2), P2 = 2¢], (z € E). (1.7)
n=2

Definition 1.2. Let m = (u, uo) with py, po > 1 and let hy, hy be convex analytic func-
tions that are symmetric with respect to the real axis so that hi(0) = he(0) = 1. Suppose
that h = (hi,h2). We say that a function f € A belongs to the class GM'/{#((I),{,h) if
there exists g € Wﬁ2(<p, hg) such that

L (Exd) xS | gxf
(1 )‘)(g*gp)*ngJ”\gp*g%Ex“l(hl)’ (1.8)

where gor(2) is defined by

1 =t ori
gor(2) = o > [e7g(e%z) + e¥g(evz)], (e = exp(7))'
v=0

Moreover, suppose that
GM])C\,u(q)7 h) s GM’;,M((I)? 517 h)? €M§7u(@, h) = GM];:\,M(((SO% 901)7 h))7

CW5(@,h) := CM] (@, 2,h),  CWji(p,h) == EM] ,((2¢, ), h),
where 1, 1 and ¢y are defined by (1.7).

These general classes of functions reduce to the well-known classes by judicious choices
of the parameters. In particular, the class M’}\}u(go, h) contains the functions f € A such

that
(1=2) (o * for)(2) +)\( (o * for)' (2) ) € Ku(h).
The classes

RE(h) =ME (®,6,h),  VF(h) =M, (®,.&N)
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are the general classes of bounded radius rotation functions with respect to 2k-symmetric
conjugate points and bounded boundary rotation functions with respect to 2k-symmetric
conjugate points, respectively.

In our investigation we need the following lemmas.

Lemma 1.3 (see [4]). Let q be a convex analytic function in E. Also suppose that p is an
analytic function in the unit disc and P : E — C be a function such that ReP(z) > 0 for
z€ E. Then

p(2) + P(2)zp'(2) < q(2) = p(2) < q(2).
Lemma 1.4 (see [4]). Let 8,y € C and h is convex (univalent) function in E with
h(0) =1 and Re(Bh(z) +v) > 0, (z € E).
If p is analytic in E with p(0) = 1, then subordination
zp'(2)
p(z) + ———— < h(z
T w1 <M
implies that
p(z) < h(z).
Lemma 1.5. Let p and ¢ be analytic functions in E with p(0) = 1 and Rey(z) > 0 for
ze E.If
p(2) +9(2)2p (2) € Kin(h),

then p(z) € K (h).

Proof. From the definition of K,,(h), there exist two analytic functions ¢, g2 with g1 < h
and g < h such that

p(2) +¥(2)2p'(2) = mau(2) + (1 — m)ga(2). (1.9)
Suppose that p; and ps are the solutions of the Cauchy problems
y(2) +¥(2)2y'(2) = qu(z),  y(0) =1, (1.10)
and
y(2) +v(2)2y (2) = g2(2),  y(0) =1, (1.11)
respectively. In the view of (1.10) and (1.11) we rewrite (1.9) as

p(2) + ¥(2)2p(2) = mlp1(2) + P(2)2p1 (2)] + (1 — m)[p2(2) + ¥(2)2pa(2)],
or equivalently,
[p(2) = mp1(2) = (1 = m)p2(2)] + 2(2)[p'(2) — mpy(2) — (L= m)ph(2)] = 0. (1.12)
Now if we define n(z) = p(z) — mp1(2) — (1 — m)pa(z), then n(0) = 0 and (1.12) yields

n(z) +1(2)zn'(2) =0, n(0) =0. (1.13)
But it is clear that Cauchy problem (1.13) has only the solution n(z) = 0. Hence p(z) =

mp1(z) + (1 — m)pa(z). For completing the proof we show that pi,ps < h. From the
equation (1.9) we can write

p1(2) + 1 (2)2ph(2) < h(2).
Since Rew(z) > 0, applying Lemma 1.3 we obtain p;1(z) < h(z). Similarly we have
p2(2) < h(z) and this means that p € K,,(y) and the proof is complete. O

Lemma 1.6. Letn, f € A with n(z) = z+ Y peoanz™ and f(z) = 2+ 3 ;2o by2™. Also
suppose that n is symmetric with respect to the real axis. Then

(% far)(2) = (0 % [)ax(2)-
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Proof. By the definition of fo, we have
1 k=l

foar(2) = o2 D [TV f(e¥2) + £V f(€77)

But 7 is symmetric with respect to the real axis, so @, = a, for all n > 2 and it yields

% Z (an ns“(” D 4 apbpet = ")) z"]

_Z+Z 2kz<a" B B m)z”]
_(n*f)Qk:( )-

Hence the proof is complete. ]

(1 * foar) (2 —Z+Z

For o < 1, we denote by R(«) the class of all analytic functions f € A such that
f(z) =

.
(1 — 2)2(-)

The class R(«) is the class of prestarlike functions of order « introduced and investigated
by Ruscheweyh [14].

Lemma 1.7 (see [14]). Let f € R(«), g € S*(a). Then

"?E(‘f)(E) < @ {a(B)).

€ 5%(a).

for q € A.

2. Basic properties of M (®,&,h) and @M];’u(cb,f,h)
Theorem 2.1. Let f € M’}\#(@,f,h). Then the function
¥(z) = fan(2) (2.1)
belongs to M§7M(<I>,§, h) in E.
Proof. Let [ € M’;\#(@,g, h). Then from Definition 1.1 we have

(Exo)x f ¢* f
(f*@)*f2k+/\60*f2k

oy Exoxf)(2) (¢ f)(=)
O Ve @ T Mo n )
Replacing z by ez (v =0,1,2,...,k — 1) in (2.2) leads to

(Exdx)E2) | (6% N)
=N eror @) Mlox fa) (@)
We note that

(Expx for)(e"2) = e¥(Expx far)(2), (@ * far)(€"2) = (@ * far)(2),
(§x o x for)(eVZ) = e "(§ * o * far)(2), (p* for)(eVZ) =7 (p * for)(2).  (2.4)

(1-=2Xx) € Ku(h), for z€el,

or

€ K,(h), for ze L. (2.2)

€ Ku(h), for z e F. (2.3)
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Thus, in the view of (2.3) and (2.4) we obtain

N
=N o )2 T e v o) ()

€ K, (h) (2.5)

and

(o= f)(evz) (¢ * f)(e"z)
R Ry N A= ry )
Since K, (h) is a convex set, summing (2.5) and (2.6) leads to

LU (€ %6+ [)(eV2) + e (€% 6+ [)(eV2)

€ K, (h). (2.6)

= € or a2 27
3[€(8 % [)(eV2) +e7"( * f)(eV2)]
2
+A o fn) ) € X, (h).
Putting v =0,1,2,....k — 1 in (2.7) and summing the resulting equations, yields
(1 - 3 T om0l (€ 2 6% )(72) e (Ex § x ()]
(€ * @ * far)(2)
35 Soemol” (@ * )(eV2) + eV (9 x [)(72)]
2k £~v=0
A (o5 Fa)2) © Sl
and hence 1 € M}, (®,¢, h) in E. O

Putting A = 0,1 on the Theorem 2.1 we have the following results for the classes Rﬁ(h)
and Vlf(h).
Corollary 2.2. Let f € Rﬁ(h). Then the function 1(z) = far(z) belongs to Rﬁ(h) in E.
Corollary 2.3. Let f € Vlf(h). Then the function ¥(z) = for(z) belongs to Vlf(h) in E.
Theorem 2.4. Let 0 < a <1, hy = @ and pua = 1. Then

M i, h) € MG (o, B).
Proof. Let f € GM'}\’M(% h). Then by Definition 1.2 there exists a function g € W¥ (i, ho)
such that , "
N (GO
(¢ * gar) (2) (¢ * ga1)' (2)

In the view of g € W¥(¢, he) and applying Theorem 2.1 we know that gor, € W¥(¢, ha),
i.e,

(1

_ e ga)(2)

q(z) ((p N ng)(z) € Kl(hz). (2.8)
Or, equivalently ¢(z) < ha(z).
By setting (ox ()
_ 2(px z
we get

(20 * [)) (2) (0 * gar) (2) — 2(p * gar)' (2) (¢ * [)'(2)
(¢ * gar)?(2)
_ L Glex N))(z) e x f)(2)

2p'(z) =2 (2.9)

= or (@ (eram(m)
Cler Y Her @)
= e 1Y oram0) 1)
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Therefore in the view of f € GM’;#(@, h) and (2.9) we conclude that

(1- )\)M A <(Z(‘p*f)/)/(z)> —p(2) + )\zp/(z) € Ky, (h).

(¢ * g2x) (2) (¢ * gar)' (2) q(z)
Now from the relation (2.8) it is clear that Req(z) > 0, so applying Lemma 1.5, we get
p(z) € Ky, (h1) and the proof is complete. O

Theorem 2.5. Let ¥ € R(a), 0 < a <1, ho(z) = LH=20)z 4pq w2 = 1. Then

11—z

k k
[ €CWi(p,h) = f € CW, (V¥ xp, h).
Proof. Let f € GWﬁ((p, h). Then by Definition 1.2 there exists a function g € W¥ (¢, ha)

such that
2(px f)(2)

(0 * g2r) (2)
where q1,q2 < hi. In the view of g € W]f(go, he) and applying Theorem 2.1 we know that
g2 € Wi(p, ha), iee,

= p1q1 + (1 — p1)ge, (2.10)

(¢ * gar)' ()
q(z) = ——" € K1(ha). (2.11)
(¢ * gar) (2)
Or, equivalently ¢ * go is starlike of order a. Set T'(2) = ¢ * go, then by using the
properties of convolution we can rewrite (2.10) as

(W f)(z) _ (Yxal)(z) (¥ * ¢2T)(2)

= + (1 - . 2.12

(Wrprgn)(s) ") T @) 212

Now applying Lemma 1.7 leads to % < q1(z) and % < ¢2(z). Hence from
(2.12) we conclude the result. O

By using similar argument in the proof of Theorem 2.4 we obtain the following result
and we omit its proof.

Theorem 2.6.
MK 1 (. h) € W (g, h). (2.13)
Theorem 2.7. Let0 < A< 1and f € J\/[’)“W(go, h). Then there exists a function k € K, (h)
such that \
17 1 1 [ h(t) -1
for(z) = [/ 5 exp (/ ht) dt) du] * W, (2.14)
AJo A Jo t
where ¥ x p = 17 and
1 k=l
h(z) = % Z[kz(a“z) + k(evz)). (2.15)
v=0

Proof. Since f € M§7“(¢, h), there exists a function k € X, (h) such that
o 2lexf)(z) Gl YN
-0 50+ (G ) = (216)
By using similar arguments given in the proof of Theorem 2.4 to (2.16) we obtain
W 2lex far)' (2) (z(p* far))'(2)) _ 1 = v, TS = hix
=2 (@ * for)(2) +>\< (@ * for)(2) ) 2k Uz:%[k(s )+ h(ER)] = hiz). (217)
Let us define F as
o 2le far)'(2) (z(p* far))'(2)\ _ 2F'(2)
iyl vy e e
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then
N CGILIAY
w*mmw=<A/ m>, (218)
0 t
and the function F' is analytic with F'(0) = 0 and from (2.18) we can write
2F'(2)
= h(z).

Now by solving the last equation and inserting the solution in the equality (2.16) we get
the desired result. O

Theorem 2.8. Let 0 < A< 1and f € Mi,u(% h). Then there exists a function k € K, (h)
such that

1 fFe exp(d PO g0y k(t)dt

2f'(2) = — v * W, (2.19)
M (o u= exp(d [ MU= )yt
where W x p = %= and h is given by (2.15).
Proof. Suppose that f € M’f\’u(go, h), we can get
2(p* f)'(2) ((Z(SO*f)’)’(Z))
1-N)—"F5= AN ——5—") € Ku(h),
Ve T ey ) €
so there exists a function k € X, (h) such that
2(px f)'(2) ((Z(so*f)’)’(Z))
1N —"F5 S+ AN 55— ) =k(2).
Ve T ety )
Taking F'(z) = z(¢ * f)'(2) and G(2) = (¢ * for)(2) in the above equation yields
F(z) |\ F'(2)
1 — =
or , ,
, 1-XG'(2) B k(z)G'(z)
F'(z)+ X Gl (2) = — (2.20)
Now solving the Cauchy problem (2.20) and considering (2.14) we get our result and the
proof is complete. ]

Let L(r, f) denote the length of the image of the circle |z| = r under f. We prove the
following.

Theorem 2.9. Let hi(0) # 0,p0 = 1,ho(2) = 122, and f € Gij(go,h). Then, for
0<r<l,
1

L(r,ox f) < 2m(2pn — )[R (0)|———3 - (2.21)
(1—7r)"
Proof. Using Theorem 2.1 and in the view of the definition of class GWZ(QO, h) there exists
a function g € W¥(p, 22) such that
2(p* ) (2) = ¥(2)p(2), Y=p*go €5, peXKi(h). (2.22)
Now for z = re?, we have

Liro= )= [ Ietos £)(:)la0
= [ 1w
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Hence, using the Hélder’s inequality, we obtain

l&r,wﬂ<f)f;2ﬂ-<£;lzfﬂl¢%zﬂ2d9); (;;{Af”|p<z»2de)5. (2.23)

For p € K, (h1), from (1.4) we have

1 e L+ (@ — DR — 1)
o /0 Ip(2)|2d6 < N . (2.24)

Also for k-fold symmetric function 1) it is known that [10]

2]

[Y(2)] € ———. (2.25)
(1 [zl¥)%
Using (2.24) and (2.25) in (2.23), it follows that
1
1 2 -1 2|4/ 2 _ 1 2\ 2
Lo ) < o [ L 1Ga= DO ~ 1 r
1—r (1 _ rk)g
1
<27(2u1 — 1)|R(0)|————.
< 2n(2p = DK O] — s
This completes the proof. O

Theorem 2.10. Let h}(0) # 0 and f € @Wﬁ(g@, h) with ps = 1,ho(z) = 2. Then, for
0<r<l,

lan| < 27(2p1 — 1)nt, (2.26)
where a,, are the coefficients of @ * f.
Proof. Since, with z = re??, Cauchy Theorem gives

1 27 .
na, = 7/ 2(p * f)’(z)e_m‘gdH,
0

then

2m 1
| e 1Y @)la0 = Lo ).

Using Theorem 2.9 and putting r =1 — %, (n — 00), we obtain the required result. [

Acknowledgment. The authors would like to express their thanks to the reviewers for
many valuable advices regarding a previous version of this paper.
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