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Abstract

The purpose of this study is to examine *-Abel and *-Dirichlet tests, *-power series, § —summability in the Cesaro and Abel sense. *-Calculus
can be used instead of non-Newtonian calculus.

Keywords: *-Abel and *-Dirichlet tests; *-Power Series; B—Summability In The Cesaro and Abel Sense.
2010 Mathematics Subject Classification: 40A30; 40A99; 40C15.

1. Introduction and Preliminaries

Non-Newtonian calculus was firstly introduced and worked by Michael Grossman and Robert Katz between the years 1967 and 1970 [10].
Grossman worked some properties of derivatives and integrals in non-Newtonian calculus [12]. Kadak studied on some sequence spaces
in the non-Newtonian complex field [13]. Duyar et al. [6] obtained some basic topologic properties on non-Newtonian real line. Later,
Duyar and Erdogan examined the non-Newtonian real series and their convergence conditions [7]. Duyar and Ogur studied some topologic
properties on non-Newtonian real numbers [8]. In [5], Cakmak and Bagar have introduced the classical sequence spaces with respect to
non-Newtonian calculus over the non-Newtonian real field. Later, Tekin and Bagar have studied the spaces ©*, I, ¢*, c(’g and l;; over the
non-Newtonian complex field C* and obtained the corresponding results for these spaces in [15], where 5>1. As a continuation of Cakmak
and Basar [5], Tiirkmen and Bagar [16] and Tekin and Basar [15]; Cakir has studied the space C,(Q) of *-continuous functions and state
that it forms a vector space with respect to the non-Newtonian addition and scalar multiplication, and proved that C,(Q) is a Banach space
with some characteristic features of complex numbers and functions in terms of non-Newtonian calculus together with the basic properties of
*_-boundedness and *-continuity, in [4]. Erdogan and Duyar examined the non-Newtonian improper integrals [9]. Unliiyol and Salas studied
convexity respect to the non-Newtonian calculus [18]. In this article, Dirichlet’s and Abel’s Tests are obtained in the sense of non-Newtonian
(*-Dirichlet’s and *-Abel’s Tests), *-power series were introduced, 3 —summability and its properties were obtained in the sense of Cesaro
and Abel being an application of this approach.

It can be easily observed for the basic principles of Multiplicative Calculus (in short MC) is given in [11]. Plenty of advance studies in (MC)
could be found in several articles such as [1, 2, 3, 13, 16] and [17].

A generator is defined as an injective function with domain R and the range of generator is a subset of R. Let us take any generator & with
range A = R(N)q and define oc—addition, @—subtraction, @ —multiplication, —division and ct—order as follows;

o—addition xhy=oa(a t(x)+a(y)

o—subtraction xry=oa(a () —a(y)

a—multiplication  xxy=a (o~ (x) x @~ 1 (y))

a—division xfy=a(at(x) /a" ()

o—order <y (xy) e a @) <al(y) (a7 tx) <al(y)

forx,y € R(N)q [10].

(R(N)g,+, x,<) is totally ordered field.

The numbers x>0 are o—positive numbers and the numbers x<0 are o—negative numbers in R(N)¢. ot—integers are obtained by successive
a—addition of 1 to 0 and successive a—subtraction of i from 0. Hence oc—integers are as follows:

w0 (=2),0(=1),a(0),a(l),ax(2),....
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For each integer 1, we set 72 = o (n). If 71 is an ot—positive integer, then it is z times sum of 1 [7, 10].
o—absolute value of a number x € R(N)g is defined by

x if x>0
wamete)-{ 5

Forx € R(N)g, ¢/x%* =« ({’/OFI (x)> and xP« = o { [a! (x)}p} [10].
Grossman and Katz described the *-calculus with the help of two arbitrary selected generators. In this study, we employ *-calculus. Let o
and f3 be any generators, and let * (star””) denotes the ordered pair of arithmetics (o—arithmetic, B —arithmetic). The following notations

will be used [10].

oa—arithmetic B — arithmetic

Realm A(=R(N)e) B(=R(N)p)
Addition + +
Subtraction = =
Multiplication X X
Division / (or -ax) / (or -B)
Ordering < <

In the *—calculus, a—arithmetic is used for arguments and § —arithmetic is used for values.

The isomorphism from a—arithmetic to § —arithmetic is the unique function ¢ (iota) that possesses the following three properties.
1. 1 is one-to-one.

2. 1is on A and onto B.

3. For any numbers « and v in A,

(
(
(
) = oo o)

u<v <= 1(u)<r(v).

It turns out that t (x) = B {a~! (x)} for every number x in A, and that 1 (1) = ji for every integer n [10].

Let X C R(N)g,a €X', b€ R(N)g and let f : X — R(N)g be a function. If for every €30 there exists a number § = & (¢) >0 such that
|f (x) =b|g <¢ for all x € X which holds condition 0< |x—al, <8, then it is said that the *-limit of the function f (in the sense of Cauchy)
at the point a is b and this is denoted by

*— lim f (x) = .

xX—a

If a sequence (f (x,)) is B—convergent to the number b for all sequences (x,) C X — {a} which are a—convergent to a point a, then it is
said that the *-limit of the function f (*-sequential limit of the function f) at the point a is b and this is denoted by

*— lim f (x) = b.

xX—a
The equivalence of *-sequential limit and *-limit in the sense of Cauchy of a function at a point is given in [14].
*
If the following *-limit exists, we denote it by [D f] (a) and call it the *-derivative of f at a, and say that f is *-differentiable at a:

w=Tim {[£ ()= f (@) [t (6) “1 ()]}

x—a
X
If it exists, {Df} (a) is necessarily in B [10].

* *
The derivative of f, denoted by Df, is the function that assigns each number ¢ in A to the number {D f} (¢), if it exists.
. . * §
The *-average of a *-continuous function f on [r,s] is denoted by M,.f and defined to be $—limit of the 8 —convergent sequence whose n th
term is 3 —average of f(ay),..., f (an), where ay, ..., a, is the n—fold o.—partition of [r, s].

. . s * 8
The *-integral of a *-continuous function f on [r,s], denoted by * [ f (x)d*x, is the number [t (s) =1 (r)] XM ,.f in B [10].
r

Let S be a nonempty subset of R(N)¢ and let k € N. The sequence (fx) = (f1, f2, -, fk,---) is called sequence (f;) of *-functions (or non-
Newtonian function sequence) for functions fi : § C R(N)a — R(N)g. Let a sequence (f;) of *-functions with fi : S CR(N)g — R(N)g be
given. If the sequence (f (xg)) is B-convergent for xq € S, then the sequence (i) of *-functions is called *-convergent (or non-Newtonian
convergent). The sequence (f;) of *-functions is said *-pointwise convergent or *-convergent to a function f, if the sequence (f (x)) is
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B-convergent for each x € S and B }{im Ji (x) = f(x). In this case, the function f is called *-limit of the sequence () of *-functions and it
—%00

is written as follows;

*— ]l(im fi = f (x— pointwise) or fi 2 f (* — pointwise) .
—300

Let take the sequence (f;) of *-functions, where fj : S C R(N)q — R(N)g. The sequence (f;) of *-functions *-uniform convergent to the
function f on set S, if for any given £30, there exists at least a natural number ko depends on number & but not depend on variable x such
that | fi (x) = f (x)|g <€ for all k > ko and each x € . It is denoted by * — lim fi = f (s — uniform) or f — f (% — uniform).

—3o0

Let take sequence (f;) of *-functions with f; : A CR(N)¢ — R(N)g. The infinite §—sum

g Y fi = h+ft. Fht.
=1

n
is called series of *-functions (or non-Newtonian function series). The f—sum S = g X Ji is called n th partial B—sum of the series
k=1
g L fi forn € N. Let the series of *-functions g Y. f; with f; : A CR(N)g — R(N)p and the function f: A CR(N)q — R(N)g be given.
k=1 k=1

n n
If the B —partial sums sequence (S, ), where S, = g L Ji is *-pointwise converges to the function f, then series of *-functions g ¥ fx
k= k=1

*-pointwise converges to the function f on the set A and is written as
B Z fix = f(x — pointwise).
k=1
In this situation, the function f is called §—sum (or non-Newtonian sum) of *-series g X Ji [14].
k=1

Definition 1.1. IfS; N f (x —uniform), then the series of *-functions g X Ji is called *-uniform convergent to the function f on the set
k=1

Aand iswrittenas g Y, fi = f (x —uniform) [14].
k=1

2. Results and Discussion

2.1. *-Dirichlet’s and *-Abel’s Tests

The sequence of *-functions and series of *-functions are examined in [14]. As an application of these *-Abel and *-Dirichlet tests will
be given. There are some tests to determine *-uniform convergence in the case of *-Weierstrass M-criterion is not sufficient to determine
*-uniform convergence. These statements in *-calculus of two theorems which known as Abel’s and Dirichlet’s tests in classic calculus are
given below. These tests are useful for applications and especially *-power series.

Now, the formula which is named ”a—Abel’s partial sum” is obtained.

Proposition 2.1. If {aj,ay,...,an, ...} and {by,bs, ...,by, ...} are two non-Newtonian real number sequences (0t—real number sequences)
and if s, = ay+ay+...+ay, then the equalities

n n
Z (akka) = Sn>‘<bn+1— Z Sk>< bk+l bk)] 2.1)
k=1 k=1
. . 1 . . .
= saXbi= o Y [(sn—si) X (bxy1—by)] (2.2)
k=1
hold.
Proof. Since a, = sp—s,_| with sg = 0, we have
n n n n
o Z akxhk Z Yk—Yk 1 ka = Ythk Z Sk— thk . (23)
k=1 k=1 k=1 k=1

On the other hand, since

M:

(Sk—1Xxby) = az (st Xbry1) = (S Xbnt1)

k 1

if we consider this sum in the equality (2.3), then
n n
Z agxby) = (spXbpy1) — Z sk X (bry1—by)]

is obtained. Again, if we write

n

b1 = a Y, (bip1=bi) +b1
k=1

instead of b, 1 in the equality (2.1), then we obtain the equality (2.2). O
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Definition 2.2. If the sequence (@) of *-functions with @, : A — R(N)g, where A C R(N)q, satisfies the condition @, (x)<@1(x)
(@ur1(x)L@u(x)) for all n € N and all x € A, then the sequence (@) is called *-monotone increasing (*-monotone decreasing). If the
sequence (@) of *-functions is *-monotone increasing or *-monotone decreasing, then the sequence (@) is called *-monotone.

Theorem 2.3. Let sequence (¢,) of *-functions with ¢, : A — R(N)g where A C R(N)q and let (@) possess the following properties.
1. (@) is *-monotone decreasing and
2. There exists a number M>0 such that |, (x x)|p <M forallx €A andalln € N.

In this case, if the *-series g Z S Us *-uniform convergent on the set A, then the *-series g Z (faX @) is also *-uniform convergent on the
n=1 n=1
set A.
n n
Proof. Letsy(x) = g ¥ fi(x) and hy(x) = g ¥ (¢r(x) % fi(x)). By virtue of the equality (2.2) in Proposition 2.1,
k=1 k=1

B (x) =hyn (x) = [sp(x) =sm (x)] X @1 (x)+ g Z [ () =81 ()] X [@r41 (%) = @i ()]
k=
m+1

for n > m. From here,

[P () =P (%) g < I () =5 (x) | X |01 ()| + g i [ (X) =8k ()| g X | P+-1 (x) = x (%) |

k=m+1
is written. (@1 (X) =@k (x)|g = Pr(x) = Ppr1 (x) since @y <¢. Since g ¥ f is *-uniform convergent, there exists a natural number N
n=1

corresponds to an arbitrary number €30 such that |s, (x) = s, (x)| B <3—M B for all n,m > N. Thus,
X

- . E,.( E - o -
)= mls < 58+ (558) 5 B 1069 gt
€ .. € - .
= 58+ (55578 ) ¥ w10 91 (0]
. € .. € - .
¢ 585 (5P ) om0l Flora ()]
. E€,.E,.€
< & _
= 3 B+3 3 B+x sP=¢
is found for all x € A. Then, in accordance with *-Cauchy criterion [14], g ): (fn(x)X @, (x)) is *-uniform convergent. O

n=1

Remark 2.4. Particularly, by choosing the functions ¢, and f, as constant, useful tests are also obtained for non-Newtonian real number
series.

Remark 2.5. In the case of the sequence (@,) of *-functions is *-monotone increasing, similar test can be obtained. For this, if (ﬁl(pn) is

taken instead of ¢, above, then the proof is completed.

n
Theorem 2.6. (*-Dirichlet’s Test) Let s,(x) = g ¥ f(x) for a sequence of *-functions fy : A C R(N)q — R(N)g. Suppose that
m=1
there is a constant M such that |s,(x)| B <M for all x € A and all n € N. If a sequence (g,) of *-functions satisfies the conditions
gn:ACR(N)q = R(N)g, gn — 0(x — uniform), g,>0 and g1 (x)<gn(x), then the *-series g L (fuXgn) is *-uniform convergent on
n=1

the set A.

Proof. In the light of Theorem 2.3, by taking ¢, = g, if the equality (2.1) is considered in Proposition 2.1 for n > m, then

n

hin (%)= (%) = 5 () X @1 () 5 () X @1 () g Y 88 (0) % (@1 (1)~ @u(x))

k=m+1

is written. Since @;>0 and @ <@y, we have

() “hm(x)|g < MK (@1 (X)F @1 (X)) FMX g Z )= Qi1 (%))
k=m+1

= MX (@1 () F @i 1 () F 1 () = Qnp1 (1))

= 2EMXQua1(x).
Since @, = g, is *-uniform convergent to the number 0, a natural number N which corresponds an arbitrary £30 can be chosen such that the
inequality @, (x)<ﬁ B holds for all x € A when m > N. Therefore, |hy(x)=hn(x)|g <€ is obtained for all x € A since n,m > N. This
completes the proof. O
Remark 2.7. Theorems 2.3 and 2.6 are similar to each other, but they are not same. The conditions which are wanted for (@) in Theorem

2.3 does not require that the sequence of *-functions is *-uniform convergent. Furthermore, the condition ¢,>0 is not wanted for the
sequence (@) of *-functions in Theorem 2.3.
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For example, consider the *-alternating series g Z (0-1)" Xgn (x). Let g (x) 20, gy — 0 (x —uniform) and g,.1<g, here. If
=0

falx)= ( —1) # is taken, by virtue of the *-Dirichlet’s test, the series B ): ( —1) P % gn (x) is *-uniform convergent. According to this,
*-alternating series is *-convergent whose general term f3—absolutely converges to the point 0.

(0- nl)"“ pizalne')

Example 2.8. The *-series g Z B is *-uniform convergent on [0,—5—001.'

S(—n.al(x))

By virtue of Theorem 2.6, if @, (x) = &

o] . .
’( na”(x)), <1 for x>0. Otherwise,

# is taken, then @, 11 (x) <@, (x) and [, (x)|g = |&

B

since we know that the *-series g Z (O 1) Fx= [3 is *-convergent, in view of *-Dirichlet’s test, given series is *-uniform convergent.
n=1

w (57)
Example 2.9. The function f defined by f (x) = g 21 u
n=

0-1)"
a7

ol
B §'<é'( nat () is *- continuous:

_ -1
The functions f, (x) = ( B ><e( e m)ﬁ forn=1,2,3,... are *-continuous. By Example 2.8, the *-series g ): Jfn 18 *-uniform

n=1
convergent. By virtue of Corollary 3 in [14], *-limit function f is *-continuous.

2.2. *-Power Series

Definition 2.10. The general statement of *-power series of 1 (x—xp) = 1 (x) =1 (xq) is formed
g Z ar% (1 (x) 21 (x0)) = ao - Jar % (1 (x) 21 (x0))] & [azﬁi (1(x) 21 (xo))zﬁ] i 2.4)
where ag,ay, ..., a, ... € R(N)g are constants and x,xy € R(N)a. If xo = 0, then the *-power series is

B i a1 ()% = agt[a) %1 (x)] + [azﬁil (x)zﬁ} +o...
k=0

© . " i i
Theorem 2.11. Let the *-power series g ¥, apx (1 (x) 1 (x0))* be given and let —B = P lim sup ¢/ \ak|ﬁﬁ (or —B = B lim Gt ‘
k=0 r k—»oo r k—oo | Ay B
if B lim kﬂﬁ exist). Then,
k—roo k B

1. the series is *-absolute convergent if [t (x) =1 (xo) g <r,
2. the series is *-divergent if [t (x) =1 (xo)|g >,
3. the series is *-uniform convergent for |1 (x) =1 (xg) \ﬁ <pifo<p<r.

Proof. 1f *-Cauchy’s root test [7] is applied to the series g Y. axx (1(x) =1 (x0))*#, then we have

k=0
Bim sup \k/

@ (1) 1 (o) |

B
ﬁnlgg (5 sup / |ag x (l(x);l(xo))kﬁlﬁ >

k>n
= [ﬁ,}gr;o (ﬁ sup {/le g )} (%) <1 (x0)lg
_ el
= ———B.
- L) =txo)lg o . . . o Lt =txo)lp o .
Therefore, the series is *-convergent if ———————— B <1, namely if |t (x) =1 (xg)] p <r, and the series is *-divergentif ————f>1
r r

namely if |1 (x) —1 (x9)|g >r. Here, if Blim sup /|ar|g =0, then the series is *-convergent for all x. Hence r = +oo. If |1 (x) —1 (x0)|5 <P,
B B B

then |a; % (1 (x) <1 (x0))** 8 <laxlg % p*s. If *-Cauchy’s root test [7] is applied to the series gL a % pks, since
k=1

B B .
By N aw 5 o — | Btim (B sp—Pge
klgrolosup |ak><pﬁ|ﬁ - [ y}ﬂ( gg VIelg )} = rﬁ<1’

itis seen that the series g ¥, a; P8 is convergent. Thus, in accordance with *-Weierstrass M-Criterion [14], the series gL apx(1(x)-t (xo))kﬁ
k=1 k=0

is *-uniform convergent.
If the B —limit

. . k+1
1% (1(x) “1 (x0)) * s

B lim . __ .
agx (1 (x) =t (x0))™”

k—roo

“"“ﬁ\ 5110 21 (o) g

k—>o0

B' = P 1im
B
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exists which is obtained by applying 8 —rate test [7] to the series g ¥, axX (1 (x) =1 (xo))k/’, then
k=0

B lim “k—“ﬁ‘ 1(0) 71 (%)l g 21,
k—yoo
namely
, i
1(x) —1 (x < = 7 lim =r
) 2 o)l = i | \B
k—oo | ay B

is written. The *-power series is *-convergent if |t (x) =1 (xo)|g <r, and *-divergent if [t (x) = (x0)[g >r. If [t (x) =1 (x0) g <p, then

arX (1(x) =1 (xo))kﬁ 8 < lak|g % p*8 . If the B—rate test [7] is applied to the series B k):l ai % p*s, then

(k+1)g
B lim 7“"““’ Bl =B lim a"“ﬁ ip="Lpei.
k—oo ay X P kp k—o0 r
Therefore the series is *-convergent. Hence, by *-Weierstrass M-Criterion [14], the *-power series is *-uniform convergent. O

Definition 2.12. The number 1! (r) is called radius of non-Newtonian convergence (radius of *-convergence) of the *-power series in the
equality (2.4) for the number r in Theorem 2.11. (xg—1"1 (r),xo4+171 (r)) is called the interval of non-Newtonian convergence (or interval
of *-convergence). By checking the end points, we decide whether or not to include them to interval of *-convergence.

o kg . o kg
Example 2.13. The radius of *-convergence of the series g }. % B is 1 and the interval of *-convergence of the series B X ! ()2 B
k=1 k=1
is 101,15 -
Since
.1.
P 23
r= P lim ‘ :Blim{fiﬁzﬁlimiﬁ—l
k—veo | Af41 B k—oo 1 k—roo
k1

radius of *-convergence is 1~! (r) = 17! () = i. The interval of *-convergence is found as (01, 1) since xo = 0. For the end point

o (0;'0’%
k

. | o
x = 1, B—harmonic series g Y. %B is *-divergent, for the initial point x = 01, S —alternating series [7] g ¥
k=1 k=1

k
o 1 B
Therefore, the set of *-convergence of the series g Z %

B is convergent.

B is the interval [0-1,1).

8

Let the interval of *-convergence of the series g Y. a;x (1 (x) =1 (x0))* be (xo—17' (r),xo+17" (r)). Let define f(x) = by, if x| €
k=0

(xo=171(r) ,x04+17" (r)) and if by, = B E‘, ar% (1 (x) 21 (x0))*# . According to this, the function f : (xo—17" () ,.xo+17' (r) ) — R(N)g
k=0
is defined by

=B Zakx —l )C()))k/3

Remark 2.14. Domain of the function f can be bigger than the interval of *-convergence of the *-power series. For example, the interval of

*-convergence of g Y. 1 ()% is (0-1,1) and f (x) = B=p5X% 1(x)" on this interval. This function f is defined and *-continuous
k=0 k=0

1
1=t (x)
for all x € R(N) g except for x = 1.

By Theorem 2.11, the following corollaries are obtained.
Corollary 2.15. (1) The function f is *-continuous on (xo—1~" (r) ,xo-+1 =" (r) ). Because there exist a number p € R(N)q such that
xo—1"! (r) <xo—p<x <xp+p<xot+1! (r)

foreach x| € (o171 (r) ,x04+17" (r)). In this case, by third item of Theorem 2.11, *-power series is *-uniform convergent on [xo—p, xo--p] C
(xo=1=" (r),x04+17 1 (r) ), and by virtue of Corollary 3 in [14], the function f is *-continuous.

(2) By *-uniform convergence and Corollary 4 in [14], *-power series is term by term *-integrable.

(3) By third item of Theorem 2.11 again and Corollary 5 in [14], *-derivation

{ } Z"XW () 1 (x0)) <

is found through term by term *-differentiating.
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This new series (*-derivative series) has same radius of *-convergence with the original series, it is *-uniform convergent for 0< p<r and

*
[D f} (x) is *-continuous. If this process keeps on, then every order *-derivative of the function f exist and nth order *-derivative

5] = 5 F b 00) st G2051) 5 )0 )

{l;”f } (x0)

ilg B is obtained for x = x.

is found for x € (xo—1=" (r),xo4+17" (r)). {D*"f] (x0) = an xiilg or ay =

Therefore, we can give the following theorem without proof.

oo

Theorem 2.16. Let the radius of *-convergence of *-power series g ¥, ajx (1(x) =1 (xo))kﬁ be1™ ! (r) >0 andlet f (x) = g L apx(1(x)=t (xo))kﬁ,
k=0 k=1

{B”f ] (x0)

kg b

Then the function f is every order *-differentiable and a; =

Corollary 2.17. Sum of a *-power series is a *-continuous function and its every order *-derivative exists. Such a series is term by term
*-differentiable, and the radius of *-convergence of *-derivative series with first series are equal.

Proof. The proof is trivial for xo = 0. For the *-power series g ¥ a; X1 (x)*8, terms gy (x) = a; X1 (x)*# are *-differentiable. The *-derivative
k=0

functions {ng} (x) = kXap X1 (x)(k s is *-continuous and

i . e B
Eﬁ = B/};rgosup,k/‘kxak|ﬁ

where R is the radius of *-convergence of *-derivative power series g 3, [kiiak X1 (x) <k71)ﬁ} . But, since \]/IEB L i,
k=1

i g —p i

—B="F1 VALE =-B.

gP =l s /[y =B
Namely R = r is obtained. Hence, 1! (R) =1~ (r). Then, this *-series of *-derivatives is *-uniform convergent on a closed ct—interval
whose radius smaller than :~!(r). Therefore, by Corollary 5 in [14], the B—sum of *-derivative series is *-derivative of f—sum of the
*-geries in beginning. O
Now, the concept § —summability in the sense of Cesaro will be given which is an application for *-power series.

Definition 2.18. Let
n 1 . n
Sp = B ZakandO'n:j[)’X B ZSk
k=1 n k=1

be defined for *-series g3 ay. From the definition of Oy, Oy is B—average of first n partial B—sums. Additionally, ©, can be written in the
form

Op = B Z (1_Eﬁ) >.&ak-
k=1 n

Ik lijn On = A, then it is said that the series g Y ay is B—Cesaro summable of order one (or (C,1) B—summable) and (C,1) B—sum of
n—seo
this series is A. If (C, 1) B—sum of *-series g Y ay is A, then

pY a=A (C1)
k=1

is written.

The idea here has arisen from need of give a meaning to *-divergent series. For example,
5/3 =1214121415.00 (C)1).
Indeed, here (S,,) = (1,0,1,0,...) and
L we ee se as oae ae
Ti=pY Sk=112233, ..
k=1

i1

it 1
= = B 1 =_
Then 65, anﬁ and Gy, 1 B, hence nlgg o 2[3
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New summability method can be defined by taking B —average of ;,’s which is stronger than (C, 1) f—summability. The value

B tim ﬁﬁx (o1F02F...F0n)

n—soo

is called (C,2) B—sum of the *-series g ¥ ay.
k=1

(C,r) can be defined in a similar way for r = 1,2,3, ... . Some properties of (C,1) B—summability are given below.

Proposition 2.19. (1)If 3 ¥, ay=A (C,1)and 5 ¥, by =B (C,1), then 5 ¥ [(vkay) ¥ (z5by)] = (y%A) T (z%B) (C,1).
k=1 k=1 k=1
(Z)Ifﬁk);]ak:A (C,l), thenﬁkglakH:Alal (C,l),

(3) (*-Regularity) If B—sum of the series g ¥, ayis A, then g ¥ ap=A (C,1).
k=1 k=1
Proof. (3) g Y. ap=A, then S, 3 A. Let BZA. Then, there exists a number no € N such that S,>B for all n > ny.
k=1

On = =B K (S Sy F Syt o F80) 22 B (S,+...+sn0)+"hﬂﬁ %B.

Therefore P liminf 0,>B. Since B<A is taken arbitrary, B liminf 0,>A. Similarly, it is seen that B 1im sup 0, <A. Hence, B lim o, =Alis
n—soo
obtained. O

Another 8 —summability method is named ”Abel f—sum”.
Definition 2.20. [f * fxlini{ (ﬁ kgo ay §'<z(x)k5> = A for the series g kgoak’ then it is said that this series is B—summable in the sense of
Abel and its Abel B—sum is A. In this case, g kgoak = A (Abel) is written.
For example,
%B SRR (Abel).

Indeed, for |x|, <1, it is seen that

1) = T = = g ¥ (021) % (1) = B

= i+u(x)

and

f— lim f(x) = 2B.

x—1- 2

Abel f—sum and (C, 1) f—sum gives the same result which always holds. Firstly, *-regularity of 8 —summability in the sense of Abel will
be shown.

Theorem 2.21. If g kgo ay = A, then *-series g kgo ag% (1(x))* *-convergent for x| <1 and x — Xlinj{ (ﬁ kgoak X (l(x))k”) =A.

Proof. Suppose that A = 0 by changing the number ag properly. Since ag is bounded, by virtue of Theorem 2.11, *-series B X ag X (z(x))kﬁ
k=0
is *-convergent for |x|, <1.

n .
IfS,= g kZO ay is taken, since S, is f—bounded as n — oo, series g ). S; X (1(x))* is *-convergent for x| <1 similarly. On the other hand,

when A =0, S, = 0 as n — oo. Therefore,

f0) = ot ]; (Sk=S1) % (1))

(i20@) % 5 ¥ Se (1))
k=0

is written. Since S,, — 0, for given €30, a ng € N can be found such that |5, | B <& when n > ng. Then

@l £ (17ux) % ﬁfsk%(t(x))"‘* F(151(x) % | i S (1(x))*
k=0 B k=np+1 B
< (T5) % ﬁnZOSk%(t(x))kﬁ 4('1‘1()6))ie%l(x)““”ﬁ%—..“i B
= 5 1=1(x)
< (Iiz(x))iﬁnzoski(l(x))kﬂ fe
k=0 B
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is obtained. Hence, * —limsup|f(x)|g <& and * — 11m f(x) = 0is found since £30 arbitrary. O

x—1- —i-

According to this, if a *-power series is *-convergent on an @—closed interval, then §—sum of that series is also *-continuous on end
points.
Indeed, Abel 3 —sum method is stronger than (C, 1) 8 —sum method.

Remark 2.22. [f sequence a,—fl B is B—bounded for n is sufficiently large, then it is written that a, = O(n) and if — dn ﬁ 50, then it is written
ii

that a, = o(n).

Theorem 2.23. If 3 ¥ a; =A (C,1), then § ¥. ax = A (Abel).
k=0 k=0

o n n
Proof. Suppose that A = 0 as in the proof of Theorem 2.21. Let define S, = g ¥ ayand T, = g ¥ Si. By hypothesis, T;, = o(n). From
k=0 k=0

here, S, = T,~T,—1 = O(n) and a, = S,—S,—1 = O(n) can be written. Then all of three *-series g ¥ a; % (1(x))%s B LSk X (1(x))* and
g LTix (1(x))*# are *-convergent for || o <1. Therefore

p Y ak (1(x) = (151(x)% g Y Sk (u(x
(150(x)% % 5 Y T (1(x) )kﬁ

fx)

is written. Since 7, = O(n), there exists n € N such that [T,[g <e%ii for n > ng which corresponds every given £3>0. According to this,

@l £ ((F@)*%|p Y Tk (il (i 25X< Y Tk >
k<n0 ﬁ k>ny
2 ()5 |p Y Tk ()| (1 0(x)) % sescaa) % (1 20(x)) s
k<n0 B
is found. Whence,
*— lim sup|f(x)|g <e
x—1-
is obtained. Then, * — lim f(x) = 0 as in Theorem 2.21. O
x—1-

Example 2.24. The *-series g i (0:1')](5 %k is not (C,1) B—summable:
k=1

Since
w o (071).2,(073).4,(0°3) ...
So o (021).0,(623).3, (623) 3,
T,oc (021).0,(023).0,(623) ...
" 0= 0=
Tp = 0,T1 = (0%4i),00, =0and 65,1 = (2(Xnn)])ﬁ LA Tﬁ

are obtained. Then, B lim o, does not exist.

—o0

Example 2.25. Show that ¥, (0-1)* 5k % (1(x)) = 1B (Aber).
k=1

i 0=1)% e () = z(x)iz*)(ﬁ;(ﬁli)"ﬂi(z(x))kﬁ>
05D (g BT) (D)

_ 0 1(x)

(T—T—l(x))zﬁ

mﬁ and*—xljf{f( xX) = :Iﬁ’ B kog'] (01)" 5k 5 (o))" =

5
Since f(x) = 0— Abel) is obtained.
4
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