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Bu c¢alismada baslangi¢ degerleri Tg =a, Ty =b, T, =c¢, T3 =d olanven >4 igin,
Tn=0Tn-1+qT 2+ 1Ty 3+5Thy

rekiirans bagmtisi ile tanimlanan (7,,) ey Genellestirilmis Tetranacci Dizisi igin Binet formiilii elde edilerek, bu dizinin ilk n
teriminin toplami formiiliize edilmistir. Genellestirilmis Tetranacci say1 dizisi igin lirete¢ fonksiyonuna ulasilmistir. Ayrica
clemanlar1 genellestirilmis Tetranacci say1 dizisinin elemanlarindan olusan circulant matrisler i¢in bazi matris normlari
hesaplanmustir.
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On The Norm Of Circulant Matrices Via Generalized Tetranacci
Numbers

ABSTRACT

In this study, the sum of first n terms of this series is formulated by obtaining the Binet formula for the generalized
Tetranacci sequence (7', )nen, Whose initial valuesare 7o = a, Ty = b, T, = ¢, T3 = d and defined by the

To=PTn1+tqTn2+ 7Ty 3+ 5Ty 4
recurrence relation for n > 4. The generating function is obtained for generalized Tetranacci number sequence. In addition,

some matrix norms are calculated for the circulant matrices consisting of elements of the generalized Tetranacci number
sequence.

Keywords- Circulant Matrix, Tetranacci Sequence, Matrix Norm.
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I. INTRODUCTION

Fibonacci numbers have been one of research topics in mathematics in the past. In the studies on this
subject and every new research, it has been seen that this number series have new features. The Tetranacci
numbers sequence is a sequence of numbers that continues by summing up the four terms preceding each term.
This series is called “Quadranacci” in Latin and “Tetranacci” in Greek. Firstly, Feinberg described the
Tetranacci series in 1963 [1]. Also, Waddill studied the Tetranacci series more extensively in his work titled
“The Tetranacci Sequence and Generalizations” in 1992 [2].

Nowadays, the relationship between mathematics and other sciences has become a stubborn fact. We
see this relationship between engineering, science and mathematics. Circulant matrices, in particular, appear in
many scientific and engineering applications to model combinatorial problems. Circulant matrices play a
significant role in the solution of some differential equations, digital filters, communication, image processing,
signaling and Toeplitz matrices. Lind defined the circulant matrices which its elements consisting of Fibonacci
numbers and calculated the determinants of these matrices [3]. Davis, gave the properties of circulant matrices
[4]. Ocal, Tuglu and Altimsik examined the stability and continuity of generalized Fibonacci and Lucas
numbers and obtained the Binet formula for these series [5]. Alptekin calculated eigenvalues of circulant
matrices which elements of Pell, Pell-Lucas and Modified Pell numbers. Also she obtained the Euclidean norm
of semicirculant matrices whose elements are these numbers [6]. Solak obtained the upper and lower bounds of
Euclidean and spectral norms for circulant matrices which the elements of Fibonacci and Lucas numbers [7].
Alptekin, Mansour and Tuglu calculated the spectral norms and eigenvalues of circulant matrices which
elements consisting of Horadam numbers and also calculated the Euclidean norm of semicirculant matrices
consisting of these numbers [8].

Shen and Cen obtained bounds for spectral norms of circulant matrices whose elements are Fibonacci
and Lucas [9]. Bahsi and Solak calculated the spectral norms of circulant matrices with hyper-Fibonacci and
hyper-Lucas numbers [10]. Tuglu and Kizilates examined the upper and lower boundary problems for the
spectral norms of the geometric circulant matrix whose elements include generalized Horadam numbers, they
obtained the bounds for the spectral norms and also calculated the norms of the r —circulant matrix whose
elements are generalized with Horadam numbers [11 — 13]. Also they obtained some norms of special matrices
which include harmonic Fibonacci number and Quadra Lucas-Jacobsthal number [14,15]. Polatli calculated
bounds for the spectral norms of r —circulant matrices with a type of Catalan triangle numbers [16].

Bahsi calculated the matrix norms of circulant matrices consisting of elements of the Tribonacci
sequence by changing the initial conditions of the generalized Fibonacci and Lucas numbers [17].

Ozkog and Ardiyok calculated the spectral and Euclidean norms of the circulant and negacyclic
matrices consisting of Tetranacci sequence and its complement Tetranacci sequence [18]. Tas¢1 and Acar
defined Gaussian Tetranacci numbers with their initial values being Gaussian integers [19].

The aim of this study is to generalize the recurrence relation for Tetranacci numbers which is defined as
My =Mp_1+My_; +My_3+M,_,

for initial conditions which are My = M; = M, = 0, M; = 1 and to form a new generalized Tetranacci
sequence (7;,),en and obtain some properties of this sequence with using this generalization.

Il. PRELIMINARIES
Definition: Let (a;) be an array with real terms.
g(0) = Tpo ax”
is called the generating function of the sequence (ay).

Definition: Let a,b,p,q € Z and Hy = a , H; = b. Horadam sequence is defined as

564



I BSEU Fen Bilimleri Dergisi BSEU Journal of Science
I. 6 (2), 562-572, 2019 DOI: 10.35193/bseufbd.662239

BTLECIK SEYH EDEBALI e-ISSN: 2458-7575 (http://dergipark.gov.tr/bseufbd)

UNIVERSITESI

Hn+2 = pHn+1 + an-
The elements of this sequence are called Horadam numbers [20].
Definition: The Toeplitz matrix is of the type nxn, that satisfies the condition t, ; = t,_; for

T, = [ty;k,j = 0,1,..,n—1]. S0,

I t, t, t, t—(n—l)_

LET TR ) :
Tn =1 t 1

_tnfl t, i

expresses matrices in the form of Toeplitz matrices are used in the solution of differential and integral
oscillation functions, mathematics, physics and statistics equations. The C(c) circulant matrix is a special case of
the Toeplitz matrix and its definition is as follows.

Definition: Let ¢ = (cq, ¢y, ..., cp—1)T. The matrix C(c) of type nxn, which is j — i = k (modn), is called the
circulant matrix and is shown as

C,¢, C C .. C

C.y C € .. C.,
Cle)={Chs Coyx Co - Cpg
¢ C, C ... Gy

[4]. Karner, Schneid and Ueberhuber have defined the right and left circulant matrices [21]. Pollock
obtained the spectral decomposition of circulant matrices and defined symmetric circulant matrices and studied
Fourier transforms of this matrix [22]. These matrices have many applications in numerical analysis,
optimization, digital image processing, mathematical statistics and modern technology.

Definition: Let ¢ = (cy, ¢4, ., Cpy)” for i,j =1,2,... ,nand

C. = Cj—i ) ] >
Y T'Cn+j—i!j <I.

C.(c) = [Cy;] matrix is called r —circulant matrix and shown in the form as

C, c, C .. C.

rc,., € € .. C.
C,(c)={rc,, rc,, C, ... C,,
| rec, rc, re; ... Gy |

If r = 1 inr —circulant matrices, circulant matrices are obtained.
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Definition: The sequence (M,,),.en IS called the Tetranacci sequence as
Mn = Mn—l + Mn—z + Mn—3 + Mn—4 ( n= 4’)

where initial conditions for My = M; = M, =0, M; =1 .The elements of this sequence are called
Tetranacci numbers [2].

Definition: Binet formula for the Tetranacci sequence is

an + ﬂn + yn + 611
T (@-Ba-n@-8 = B-B-NBE-8)  G-a¥-Hy-8 = (6-a)E-F)(6-y)

M,
[23]. Here a, B,y, 6 are the roots of the characteristic equation.

a=>4+:R+= |2_pz4Ep
4 2 2 4 4

B=<+ R—= |=—R*+2R"!

y=iotpal[Bo g Bpa

s=1_1p_ 11 _p2_13p
4 2 4

where

1 1
3 3
R=\/E+<—§+ ,563) +<_§_ ’563)
12 54 108 54 108

Definition: The generating function for (M,,),cy Tetranacci sequence is

x3

M(x) = Snoo Mox™ =

1-x—x2-x3-x*

[4].
Definition: Let A be matrix of type nxn. The maximum column and row total norm of matrix A is defined as

respectively
i N4l = max Tifay]
i, lAllo = max X7y ]a;| .
I11. MAIN SECTION
Definition: The sequence (7;,) ey is defined as the Generalized Tetranacci sequence with recurrence relation as
T =0T+ qlh 1T 3+ 5Ty (n=4) (1)
where initial conditions for 7y =a, 7; =b, I, =¢, 3, =d and1 —p—q—r—s # 0.

Theorem: The generating function for (7;,),en generalized Tetranacci numbers is
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_ 20 3(d—cn—ba—
T(x) _ a+x(b—ap)+x“(c—bp—aq)+x°(d—cp—bq—ar)

1-px—qx2-rx3—-sx*
Proof: Let the generating function of generalized Tetranacci numbers is
T(x) = Yoo Tnx™.
Then
(1= px — qx® —rx® = sx*) X0 Tnx™ = Yinno TX™ — P Xips1 T X™ — @ Bz T pX™
=7 o3 Tnoax™ — s Xna Thogx™
=Ty + Tix + Tx% + Tyx® — p[Tyx + Tix? + Tx3]
—qlTx? + Tx%] - rTx’
— Yol T — DTt — QT — 7T — STy _y3x™
is obtained. From (1) and initial conditions,
A—px—qx?—1x3—sx )Y o Tx" =a+x(b—ap) +x*(c —bp —aq)—x3(d —cp — bq — ar)

is delivered. Then

a+x(b—ap)+x%(c—bp—-aq)+x3(d—cp-bq—ar)

oo Tnx™ =
n=0-n 1-px—qx?—rx3—sx*

Therefore, the generating function for (7;,) ey 1S

T(x) = a+x(b—ap)+x2(c—bp—aq)+x3(d—cp—bq—ar).

1-px—qx?—rx3—sx*

Following table is about of the obtained generating functions of series of numbers are given for some
special values in for initial conditions and coefficients.

Table 1. Generating Functions of Number Sequences

a b c d p q . s Generating Function of

Series
0 1 1 2 1 1 0 0 Fibonacci
0 1 1 2 1 1 0 0 Lucas
0 1 2 6 2 1 0 0 Pell
0 1 1 3 1 2 0 0 Jacobsthal
0 1 k k*+1 k 1 0 0 k —Fibonacci
0 0 0 1 1 1 1 1 Tetranacci

Theorem: Let a,B,y and § are roots of characteristic equation of 1 — px — qx? —rx3 —sx* = 0. Binet
formula for (7)) ey is Obtained as

- Aa™ B™ oy D&™
T = (a—p)(a-vy)(a-8) + (B-a)(B-7)(B-5) + - y-p)y-96) + 6-a)(6-P)(6-v)
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where
D=d—-cp—bq—ar
C=@-08)c—bp—aq]+D

_ b-ap)[y-B)¥-8)(6-B)(6-V)](y—5)

B= ¥-8)2
A = HE=B@N@-)E-NE=-D¥-0)+Ba-N@-5)y=0) | ~Cla=p)(a=8)E-0)+D@=F@a-PB-y)
(B-1)(B-8)(¥-5) B-Y)(B-8)(y—6)
Proof:

Let a, 5,y and & are roots of equation of 1 — px — qx? — rx3 — sx* = 0. Then, if simple fractionation
method is applied

K L M N
T =t Y o T aom T oo

can be written.

_ 20 3(d—cn—hg—
T(X) _ a+x(b—ap)+x“(c—bp—aq)+x>(d—cp—bqg—ar)

1-px—qx2-rx3-sx*

_ K@-Bx)(1-yx)(1-6x)+L(1-ax)(1-yx)(1-6x) , M(1—ax)(1-Bx)(1-6x)+N(1-ax)(1-Lx)(1-yx)
- (1-ax)(1-Bx)(1-yx)(1-6x) (1-ax)(1-Bx)(1-yx)(1-6x)

From above equality of terms of the same, we reach the system of linear equations as
{K+L+M+N}=a

{—K(ﬂ+y+6)—L(a+y+6)

—M(a+ﬁ+6)—1v(a+/3+y)}=b‘“p

KBy +yd +B6) + L(ay +y§ +ad) | _
{+M(a,8 +as +B8) + N + ay +/3y)} =c—br-aq
{—KByS — Lay§ — MaBs — Nafy}=d —cp — bq — ar

Then we obtain

1 1 1 1 K a
~(B+y+8) -(a+y+5) —(a+p+5) —(a+p+y)||L|_| D-ap
By+r5+ PS5 ay+yS+ad af+ad+B5 af+ay+pr| | M c—bp-aq

— pyo —ays —afs —apfy N d-cp-bg-ar
This system is reduced to following system
1 1 1 1 K a
0 -« y—a o-a L] b-ap
0 0 p+af-ay-py S +af-as-ps M| | c-bp-aq
0 O 0 5% —ad? - o’ —afy+afs+ays+pyd | N d-cp—bg-ar
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and from there

— d—cp-bq—-ar
N (6-a)(6-B)(6-v)

is delivered. Let D =d — cp — bq — ar and N can be rewritten as

D
N= (6-a)(6-B)(8-Y)

Similarly, after necessary corrections using N value

_ =8)lc-bp-aq]+D
r—a)(y-B)(y—6)

is obtained. Using M and after similar regulations, L is obtained as

L _ B
T (B-a)(B-y)(B-5)

where

B=— b-ap)(y-B)¥—-8)(6-B)(6-y) _ C(6-B)(-y)+D(y-B)(¥-8)
(r-8)? (r-6)2

and
C=@—-08)c—bp—aq]+D

Because of K =a—L—M — N and if L,M,N values are written and necessary corrections are made, K is
obtained as

K= a(a=B)(a-y)(a=8)(B-y)(B-8)(y=8)+B(a-y)(@=8)(¥y=§) | —C(a-B)(a=5)(B-8)+D(a—B)(a-y)(B-Y)

B-V)(B-8)y-8)(a-p) a-y)(a=5) B-V(B-8)(y-8)(a-p)(a-y)(a=5)
where
A= a(a—pB)(a-y)(a=8)(B-y)(B-8)(y—8)+B(a-y)(a—=5)(y-§) + —C(a=pB)(a=8)(B-6)+D(a—p)(a-y)(-y)
B-V)(B-8)(y-96) B-)(B-8)(y-6) )
Then K is rewritten as
A
K=—oW £
(a-B)(a-y)(a—8)
Therefore;
A 1 B 1 c 1 D 1
T = (a-B)(a-y)(a-8) (1-ax) + (B-a)(B-y)(B—8) (1-Bx) + ¥-a)(y-B)(¥y-38) (1~yx) + (6-a)(6-B)(6~-y) (1-6x)

is delivered. So,

-y Aa™ BB™ oyt Ds™ n
- Z”ZO{(a—ﬁ)(a—y)(a—«S) + B-a)(B-)(B-5) + y-a)(y-B)(y—5) + (6—a)(6—ﬁ)(s—y)}x

T(x)

can be written. From equality of coefficients

Aa™ BBp™ cym™ D™

Tn = (a-pB)(a-y)(a—b) + (B-a)(B-y)(B—8) + y-a¥-py-8) + 6-a)(6-p)(6-v)

is obtained. This formula is the Binet Formula of the Generalized Tetranacci Sequence.
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In the function 7;, in equation (1), if some specific values are selected for initial conditions and coefficients, the
Binet formulas of the number sequences available in the literature are reached. Following table is about to these
special values.

Table 2. Binet Formulas of Number Sequences

To T, T, T3 p q r s Recurrence Relation Binet Formula

o o o 1 1 1 1 1 M, =M, ,+M,, M, = B)(an)( 5)
a-B)(a-y)(a—

+My 3+ M,y n B"
(B-a)(B-7)(B-8)
o
- y-p)r-9)
sn

+ (6-a)(6-B)(6-V) (18]

0 0 il 1 il il 0 Ty =Ty 1 +Thy+Tyhs T, = ,;n+1 + . En+;
(@=B)(a-y)  (B-a)(B-V)

ynl [24]
¥-a¥-8) '

0 1 1 il 0 0 E,=F, 1+F,_, E, = a-pn
a-p

Theorem: Letd = p+qg+r+sand 1 -6 #0,
ST = 0T — O = P)ooa — (+ )Ty = STas + Ty + (r+ )T+ (0 — )T + 0T} (2)
Proof:
From (1),
Tn =P Th-1 =902 + 1T 3+ 5Ty
is obtained. After some operations and necessary regulations, following equation is delivered.

.A-p—q-r=-)+TGA-p—q-r-5)+ -+ L ,(Q-p-—q-r-5)+T 3(1-p—q-
N+hA-p-)+7% 1 A-p+Th=Tp+q+r+s)+L@q+r+s)+ [ +s)+sT

Then, above equation is formulated by
ieal=p—q -1 =95 = =T 3=+ )2 —(@+7+8)Thy —(@+qg+7+9)7T,
+sTy+(r+s)+ (q+r+s)Lh+(p+q+r+s)7T;.
Therefore
1
LyTi= (=0T = (0 = )Ty — 4+ )Ty = sTg + 5Ty + (r + )T + (8 = p)T; + 6T3)

is obtained.
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Theorem: Let A = circ(J;,) be defined as

To B T Ta

and 1 — 0 # 0 The maximum column total norm of matrix A4 is

1Al = 5 {=0Ts = (0 —pP)Ty = C+)Tys =Ty + (1 —p—q—1Tp + (1 —p— T +
(1-p)T; + T} ®)

Proof: From definition of maximum total column norm, we write
141l = max ¥yfay| = XI5 %

and
YT =T+ R+ T+ T+ XI5 T

From (2),

- 6—
SE T = 1 0Ty = (6 =)oy =~ (4 )Ty = 5T} + (5 + 1) B+ (Fh +1) %

0
+(Z+1)%.
Thus we obtain as
14l = (=0T = (0 =PV Ty = (r + )Tns = sTus + A —p—q =Ty + (1 —p— )
+(1 =p)7; + T}
Theorem: Let A = circ(7;,) . The maximum row total norm of matrix A is
1Alles = = {=0Ts = (0 =)oz = (" + )Tz = Ty + (L —p — g —1)T;
+A-p-7 +(1-p)T; + T}
Proof:
From (2) and (3),
14lles = 1Ally = 755 {=0%-1 = (0 = P)Trnz = ( + )Tz = sTos

+A-p-q-nNH+A-p—q7 + (1 —p)T; + T3}
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