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1. Introduction

Nonlinear model arising from the field of mathematical physics is a popular topic since it is widely applied in many natural science such as
chemistry, biology, mathematics, communication and particularly in almost all branches of physics like the fluid dynamics, plasma physics,
field theory, nonlinear optics and condensed matter physics. Exact solutions of nonlinear models have extensively been investigated by
different methods. For example, solutions of the (1 + 1)-dimensional KdV-type model by means of the modified tanh-function method with
three different ansatz has been obtained [1]. Non-linear differential-difference sine-Gordon equation has been solved by using Jacobian
elliptic function method [2]. Hierarchies of Peregrine solution and breather solution have been derived in a (2+1)-dimensional variable-
coefficient nonlinear Schrodinger equation with partial nonlocality [3]. Extended tanh-function method based on the mapping method has
been applied to the (2+1)-dimensional asymmetric Nizhnik-Novikov-Veselov system [4].

Nizhnik-Novikov-Veselov (NNV) equations have an important place in many fields of physics including condense matter physics, optics, fluid
mechanics and plasma physics [5]-[7]. Solutions of the NNV equations have been investigated by many researchers. Extended tanh-function
method, exp-function method, generalized auxiliary equation method have been applied to (2+1)-dimensional ANNV equations [8]-[10].
Generalized Nizhnik-Novikov-Veselov (GNNV) equations have been solved by using exp-function method, the extended hyperbolic function
method, the tanh method, generalized F-expansion method and auxiliary ordinary differential equation method [11]-[15]. Combining the
generalized direct method with the classical Lie method, solutions of the GNNV equations have been investigated [16]. The generalized,
asymmetric and the modified NNV equations have been studied by using Hirota’s bilinear method [17].

Fractional NNV equations have been studied in [18]-[22]. In these works, fractional derivatives are described in modified Riemann-Liouville
sense (see, for example, [18]-[20]) and conformable sense (see, for example, [21, 22]). Generalized exp-function method has been applied to
the space-time fractional ANNV equations [18]. Solitary-wave ansatz method, the (G’ /G) expansion method and sub equation method have
been used to obtain exact solutions of the space-time fractional GNNV equations [19, 20]. Exp-function method, (G’ /G) expansion method
and homotopy analysis method have been applied to the time fractional GNNV [21, 22].

Recently, the improved tan(@)—expansion method (ITEM) has been applied by many authors [23]-[25]. In [26], ITEM has been simplified
and called simplified ITEM (SITEM). SITEM has been applied to the Kundu-Eckhaus equation and Konopelchenko- Dubrovsky equations
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in [26, 27], respectively. In this paper, we obtain new analytical solutions of the space-time fractional (2+1)-dimensional ANNYV equations
by using SITEM.

2. Description of the conformable fractional derivative and its properties

For a function f : (0,00) — R, the conformable fractional derivative of f of order 0 < & < 1 is defined as (see, for example, [28])

19 (1) = tim LUHED 2SO

e—0 £

Some important properties of the the conformable fractional derivative are as given follows:
T,a(af—i-bg)(t) = aTtaf(t)'i'thag(t)v Va,b € R,
TA) = e,

LA (fet)) = 1'% (0)f (s(1)).
3. Analytic solutions to the conformable space-time fractional ANNYV equations

Conformable space-time fractional ANNV equations are given in the following form [8, 9]
1% — TP TP 1P u — 318 (w) = 0, (3.1)
TPu=T 0<a<1,0<p<1,0<0<1. (3.2)

Eqgs.(3.1)-(3.2) were first derived by Boiti et al. [29] which may be considered as a model for an incompressible fluid.
Let us consider the following transformation

% B e
”()ﬂ%l) = U(é)v V(X»)’J) = V(§)7 g = ka +mf +n§7 (33)
where k, m, n are constants. Substituting (3.3) into Eqs.(3.1)-(3.2) we obtain the following differential equations
kU —mU" —3mUv) =0, (3.4)
mU’ = nV’ 3.5)
Integrating of Eqs.(3.4)-(3.5) with zero constant of integration and eliminating V, we have
3 2
kU —mU" - 22y =0, (3.6)
n
Let us suppose that the solution of Eq.(3.6) can be expressed in the form
N N
#(S)\1¥ #(S)\17*F
Uuiég)=)») A [ —Han( )] +) B [ tan( )} . 3.7
(€) kgb k(P 5 kg k|P+ > (3.7

Here ¢ (&) satisfies the following ordinary differential equation

¢'(§) = asin(9(&)) +beos(9(§)) +c, (3.8)

a, b, ¢, A;(0 <k <N) and By(1 <k <N) are constants to be determined. The solution of Eq. (3.8) has been given in[27].
Substituting Eq.(3.7) into Eq.(3.6) for p = 0 and then by balancing the highest order derivative term and nonlinear term in result equation,
the value of N can be determined as 2. Therefore, Eq.(3.7) reduces to

0610+ (9 o (4 on ()]

+ B [tan (%@)] - (3.9)

Substituting Eq.(3.9) into Eq.(3.6) and collecting all the terms with the same power of tan(%), we can obtain a set of algebraic equations for
the unknowns A, Ay, Aa, By, By, k, m, n:

—6A%m2 — 3nA2b2m3 + 6nA2bcm3 — 3nA2c2m3 =0,

—Alnbzm3 + 2A1nbcm3 + 1OaA2nbm3 —A1n02m3 - 10aA2ncm3 - 12A1A2m2 =0,

—8Aona®m® + 3naA | bm® — 3naA cm® — 6ATm* + 4Aynb>m> — 4Aanctm® — 12A0Aym* +2A2kn = 0,
2A 1 kn— 12A0A1m2 — 12A231m2 — 2a2A1m3n +A1b2m3n —A1c2m3n - 6aA2bm3n - 6aAzcm3n =0,

2A0kn — 6A%m2 - 12A131m2 — 12A232m2 —A2b2m3n —A262m3n — b232m3n — Bzc2m3n - aAlbm3n — aAlcm3n + abBlm3n - aBlcmSn

—2A2bcm3n + 2szcm3n =0,

2B1kn — 12AoBlm2 - 12Alem2 - 2a2B1m3n + b231m3n — Blc2m3n + 6angm3n - 6u320m3n =0,
78B2na2m3 - 3nabB1m3 - 3naBlcm3 + 4anb2 3 6B%m2 — 4anc2m3 — 12A()Bzm2 +2Bkn =0,
fB]nbz 3 ZBlnbcm3 — IOaanbm3 fBlnczmS — IOaancm3 — 123132m2 =0,

f3nb232m3 — 6anzcm3 — GB%m2 — 3n8202m3 =0.
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Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:
Case 1: Ap = %(b2 —c2)mn,A| =0,Ay =0,B; = —amn(b+c),By = —%(b—i—c)zmmk =Am? :
For b = ¢ and a = 0, we have

2 -2
Uy (&) =-2b mn{b§+cl} .
For b = ¢ and a # 0, we have
b1-1 b2
Uy (&) = —amn2b [cl exp(a&) — 7] —2b*mn {cl exp(a) — f] .
a a
For A > 0 and b # ¢, we obtain

Us(E) = 5 (8 — Ay

2 6171€XP(V1§)+02728XP(72§)]’1

b—c crexp(rné)+crexp(rnd)

o2 2 crriexp(r &)+ corpexp(r§) -2
3 (bt e T asenplng) )

— amn(b+c) [

(3.10)

For A < 0 and b # ¢, we have

a VoA —cysin(Y5AE) + cpcos(LAE) -1
- amn(b—l—c)[ + l ég) 2 T\/TZA@}

b—c b
B a8 e 559)
VA VA '
7 ¢) 7-6)

—C¢ ¢rcos( + ¢y sin(

1 2 a
—=(b+¢) mn[ +
2 b—c  b—c ¢ cos( + ¢y sin(

Case 2: Ay = %(b2 —)mn,A| = a(b—c)mn,Ay = —%(b—c)zmmBl =0,By=0,k=Am’:
For A > 0 and b # ¢, we have

crriexp(r§) +caryexp(r) ]
crexp(r &) +crexp(ré)
—omn [Clrl exp(r1§) +caraexp(r2§) } 2
crexp(ri§) +caexp(rg) 1

Us(§) = %(b2 —cz)mn-i-Zamn[

For A < 0 and b # ¢, we have

Us(8) = 5 (B —)mn

(YA€) + 5 cos
YAE) 4 opsin(YFAE

)
@5)—0—@0%(@6

Ve

—cj sin
+ amn[a+v—A !
cq cos(

)

)]2. G.11)

1 —cy sin(
— —mnla+vV-A
2 [ cwos(@é)—i—czsin(@é)

Case 3: Ap = %(72a2mn+b2mnf c?mn),A; =0,Ar =0,B) = —amn(b+c),B, = f%(bJrc)zmn,k =—Am3:
For b = ¢ and a = 0, we obtain

Uy (&) = —2b*mn {bé +c1} -

For b = ¢ and a # 0, we have

1 -1

Us(&) = —5( 2mn) — amn(2b) [cl exp(a&) — S
26%mn|cy exp(al) — S} 72.

For A > 0 and b # ¢, we have

1
Uy(€) = 3 (=2d%mn + b*mn — 2mn)

2 CmeXp(r1§)+CzrzeXP(r2§)]"

b—c crexp(ri&)+crexp(né)

L 2] 2 ciriexp(ri8) +earaexp(r) -2
2(b+) [b—c crexp(r &) +crexp(raé) } ‘

— amn(b+c) [
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For A < 0 and b # ¢, we have

1
Upo(§) = 3 (—2a2mn +b*mn— c2mn)

a ﬂ—clsin(@@-ﬁ-czcos(@@ -1
— amn(b+c
(b+ )[b—c+b—c Clcos(@&)Jcmsin(“;iAé) ]
+\/TAfclsin(@§)+czcos(%‘g)]*2.
b—c b—c clcos(@é)‘l'cﬂin(

- %(b+c)2mn[ (3.12)

|
>
[
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Case 4: Ap = %(—2a2mn+b2mn— c?mn), Ay = a(b—c)mn,Ar = —%(b—c)zmn,Bl =0,By=0.k=—Am>:
For A > 0 and b # ¢, we have

2

1
Ull(g) = 6(—202mn+b2mn—c mn)

crriexp(ri§) +caraexp(r2§)
crexp(ri§) +caexp(r2§)
— o [Clrl exp(r1§) +caraexp(r2§) ] :
crexp(r &) +crexp(raé)

+ 2amn [

For A < 0 and b # ¢, we have

1
Up(é)= 5 (—2a2mn +b%mn — czmn)

—clsin(@é)—kczcos(@g)}
c cos(@é) +C281n(@§

(@éwczcos(@é)]z
VA Vg 1
F2¢8) =)

+ amn [a+ vV—=A

1 —cy sin
- Emn[a-l—\/—A !

cy cos( + ¢ sin(

where £ = —Am3% —I—m%3 +n%, A = a® 4 b* — ¢2. From the formula V(&) = "U(&), v(x,y,t) can be computed.

The solutions uy (x,y,t), us(x,y,1), ug(x,y,t) and ujo(x,y,) of the Eqs.(3.1)-(3.2) are simulated as traveling wave solutions for various values
of the physical parameters in Fig.3.1-Fig.3.8. Figs.3.1, 3.2 show kink waves solutions, Figs.3.3 and 3.4 show solitary waves solutions,
Figs.3.5, 3.6, 3.7 and 3.8 show periodic waves solutions of Eqgs.(3.1)-(3.2). Figs.3.1 and 3.2 are 3D and 2D plots of the traveling wave
solution uy (x,1,¢) and up(x, 1,1) in Eq.(3.10). 3D plot of the obtained solution uy(x, 1,7) is given for parameters o = 0.5, f =1, 6 =0.75,
m=025n=-05,a=0.5, b=0.25 ¢=0.25, ¢y =1, ¢y =1in Fig.3.1. Fig.3.2 demonstrate the same solution with 2D plot for
—40 <x <40 att = 1. Figs.3.3 and 3.4 are 3D and 2D plots of the traveling wave solution us(x,1,#) and us(x,1,1) in Eq.(3.11) for
a=05 =1, 6=075,m=1,n=-0.5,a=0.02, b=0.2, ¢ =0.01, ¢ =2, ¢ = 1, respectively. Figs.3.5 and 3.6 are 3D
and 2D plots of the traveling wave solution ug(x,1,#) and ug(x,1,1) in Eq.(3.11) for « = 0.5, B =1, 6 =0.75, m = 0.1, n = —0.5,
a=1,b=2, ¢c=5, c; =2, ¢y =2, respectively. Figs.3.7 and 3.8 show 3D and 2D plots of the traveling wave solution uq(x, 1,#) and
uio(x,1,1) in Eq.(3.12) for & =0.75, B =1, 6 =0.5,m=0.25,n=0.05,a=1, b=2, ¢ =3, ¢ =1, ¢ = 1, respectively. Note that
the 3D graphs describe the behavior of u in space x and time ¢ at fixed y = 1, which represents the change of amplitude and shape for each
obtained solitary wave solutions. 2D graphs describe the behavior of u in space x at fixed time ¢ = 1 and fixed y = 1. All graphics in figures
are drawn by the aid of Mathematica 10.

Figure 3.1: King wave solution uz(x, 1,¢) of Eq.(3.10).
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Figure 3.4: Solitary wave solution us(x, 1,1) of Eq.(3.11).
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Figure 3.5: Periodic wave solution ug(x,1,7) of Eq.(3.11).

-40 -20

Figure 3.7: Periodic wave solution u¢(x, 1,7) of Eq.(3.12).
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Figure 3.8: Periodic wave solution ujo(x, 1,1) of Eq.(3.12).

4. Conclusion

$(8)

In this paper, the conformable space-time fractional ANNV equations have been solved by using the simplified tan( 5" )-expansion method
(SITEM). Simulations of the kink wave, solitary wave and periodic wave solutions of the conformable space-time fractional ANNV equations
have been obtained. Note that SITEM has been applied to the Kundu-Eckhaus equation for the parameter p = 0 in [26] and Konopelchenko-
Dubrovsky equations for the nonzero parameter p in [27]. To our knowledge, conformable fractional ANNV equations have been solved for
only time fractional case. In our work, SITEM has been applied to both space and time fractional ANNV equations.

References

(1]

(2]
(3]

(4]
[5]
(6]
8
(91
[10]
[11]
[12]

[13]
[14]

[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]
[28]

Y. Y. Wang, Y. P. Zhang, C. Q. Dai, Re-study on localized structures based on variable separation solutions from the modified tanh-function method,
Nonlinear Dyn, 83 (2016), 1331-1339.

D. J. Ding, D. Q. Jin, C. Q. Dat, Analytical Solutions of Differential-Difference Sine-Gordon Equation, Thermal Science, 21 (2017), 1701-1705.

C. Q. Dai, J. Liu, Y. Fan, D. G. Yu, Two-dimensional localized Peregrine solution and breather excited in a variable-coefficient nonlinear Schrodinger
equation with partial nonlocality, Nonlinear Dyn., 88 (2017), 1373-1383.

C. Q. Dai, G. Q. Zhou, Exotic interactions between solitons of the (2 + 1)-dimensional asymmetric Nizhnik-Novikov-Veselov system, Chinese Phys., 16
(2007), 1201-1208.

T. Hong, Y. Z. Wang, Y. S. Huo, Bogoliubov quasiparticles carried by dark solitonic excitations in nonuniform Bose Einstein condensates, Chin. Phys.
Lett., 15 (1998), 550-552.

G. C. Das, Explosion of soliton in a multicomponent plasma, Phys. Plasmas, 4 (1997), 2095-2100.

S. Y. Lou, A direct perturbation method: Nonlinear Schrodinger equation with loss, Chin. Phys. Lett., 16 (1999), 659-661.

C. Q. Dai, S. S. Wu, X. Cen, New exact solutions of the (2+1)-dimensional asymmetric Nizhnik-Novikov-Veselov system, Int. J. Theor. Phys., 47 (2008),

1286-1293.
C. Q. Dai, Y. Y. Wang, New variable separation solutions of the (2 + 1)-dimensional asymmetric Nizhnik-Novikov-Veselo system, Nonlinear Anal., 71

(2009), 1496-1503.

S. Zhang, T. C. Xia, A generalized auxiliary equation method and its application to (2+1)-dimensional asymmetric Nizhnik-Novikov-Vesselov equations,
J. Phys. A: Math. Theor., 40 (2007), 227-248.

A. Borhanifar, M. M. Kabir, L. M. Vahdat, New periodic and soliton wave solutions for the generalized Zakharov system and (2 + 1)-dimensional
Nizhnik-Novikov-Veselov system, Chaos Soliton Fractals, 42 (2009), 1646-1654.

C. Deng, New abundant exact solutions for the (2 + 1)-dimensional generalized Nizhnik-Novikov-Veselo system, Commun. Nonlinear Sci. Numer.
Simula., 15 (2010), 3349-3357.

E. Yusufoglu, A. Bekir, Exact solutions of coupled nonlinear evolution equations, Chaos Soliton Fractals, 37 (2008), 842-848.

Y. J. Ren, H. Q. Zhang, A generalized F-expansion method to find abundant families of Jacobi Elliptic Function solutions of the (2 + 1)-dimensional
Nizhnik-Novikov-Veselov equation, Chaos Soliton Fractals, 27 (2006), 959-979.

J. Tang, F. Han, M. Zhao, W. Fu, Travelling wave solutions for the (2 + 1) dimensional Nizhnik-Novikov-Veselov equation, Appl. Math. Comput., 218
(2012), 11083-11088.

Y. Chen, Z. Z. Dong, Symmetry reduction and exact solutions of the generalized Nizhnik-Novikov-Veselov equation, Nonlinear Anal., 71 (2009), 810-817.
A. M. Wazwaz, Structures of multiple soliton solutions of the generalized, asymmetric and modified Nizhnik-Novikov-Veselov equations, Appl. Math.
Comput., 218 (2012), 11344-11349.

L. M. Yan, E. S. Xu, Generalized Exp-Function Method for Non-Linear Space-Time Fractional Differential Equations, Thermal Science, 18 (2014),

1573-1576.
O. Guner, New travelling wave solutions for fractional regularized long-wave equation and fractional coupled Nizhnik-Novikov-Veselov equation, J.

Optim. Control Theor. Appl., 8 (2018), 63-72.

Y. Liu, L. Yan, SSolutions of fractional Konopelchenko-Dubrovsky and Nizhnik-Novikov-Veselov equations using a generalized fractional subequation
method, Abstr. Appl. Anal., 2013 (2013), Article ID 839613, 7 pages, doi:10.1155/2013/839613.

0. Tasbozan, Y. Cenesiz, A. Kurt, D. Baleanu, New analytical solutions for conformable fractional PDEs arising in mathematical physics by exp-function
method, Open Phys., 15 (2017), 647-651.

A. Kurt, O. Tasbozan, D. Baleanu, New solutions for conformable fractional Nizhnik- Novikov-Veselov system via G' /G expansion method and homotopy
analysis methods, Opt. Quant. Electron., 49(333) (2017), 1-16.

J. Manafian, M. Foroutan, Application of tan(¢ (&) /2)-expansion method for the time-fractional Kuramoto-Sivashinsky equation, Opt. Quant. Electron.,
49(272) (2017), 1-18.

J. Manafian, M. Lakestani, Optical soliton solutions for the Gerdjikov-Ivanov model via tan(¢ (€)/2)-expansion method, Optik, 127 (2016), 9603-9620.
J. Manafian, M. F. Aghdaei, M. Zadahmad, Analytic study of sixth-order thin-film equation by tan(¢ (&) /2)-expansion method, Opt. Quant. Electron., 48
(2016), 410-424.

H. Liu, T. Zhang, A note on the improved tan(¢ (& )/2)-expansion method, Optik, 131 (2017), 273-278.

H. C. Yaslan, A. Girgin, Sitem for the conformable space-time fractional coupled kd equations, J. Eng. Tech. Appl. Sci., 3 (2018), 223-233.

R. Khalil, M. A. Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative, J. Comput. Appl. Math. 264 (2014), 65-70.



162 Journal of Mathematical Sciences and Modelling

[29] M. Boiti, J. J. P. Leon, M. Manna, F. Pempinelli, On the spectral transform of a Korteweg-de Vries equation in two spatial dimensions, Inverse Probl., 2
(1986), 271-279.



	Introduction
	Description of the conformable fractional derivative and its properties
	Analytic solutions to the conformable space-time fractional ANNV equations 
	Conclusion

